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PREFACE. 



The want of a systematic treatise upon the Calculxis of 
Variations has long been felt. The researches of Poisson, 
Jacobi, Ostrogradsky, and Delaunay, which have added 
so much to the completeness of the science as it came 
from the hands of Lagrange, are only known through the 
medimn of scientific journals and Transactions of learned 
Societies, and are thus inaccessible to many readers, and 
inconvenient of access to all. The student has also to com- 
plain of the want of a sufficient number of examples to 
illustrate the principles of the science, a defect which ren- 
ders these principles, from their very abstract nature, ex- 
ceedingly difficult to be understood by a beginner. These 
deficiencies it is the object of the present work to supply. 

The plan which has been adopted may be briefly 
stated as follows : 

After a short introductory sketch of the origin and 
history of the science, the author has, in the first Chapter, 
endeavoured to give a clear statement of its principles, 
considered as a branch of pure Analysis. In the follow- 
ing Chapter these principles have been applied to the 
investigation of the variation of those expressions with 
which, in the present state of mathematical and physical 
science, we are most generally concerned, namely, diffe- 
rential coefficients and definite integrals, the attention of 



the reader being directed solely to functions of one inde- 
pendent variable. 

In the third Chapter the author has considered, under 
the same limitation, the important problem of maxima 
and minima. Of this problem some examples have been 
given in immediate connexiou with the general methods 
of solution. But as the moat interesting examplea of the 
Calculus of Variations are to be found in its applications 
to particular sciences, it has been thought most expedient 
to place them in separate chapters under the head of the 
science to which they respectively belong. These ex- 
amples will be found in Chapters IV., VIII., and IX., 
containing respectively the applications of the Calculus 
of Variations to the Theory of Curves, Theory of Sur- 
faces, and Mechanics. 

In Chapters V., VI., and VII., is discussed the case 
of functions of more than one independent variable, and 
the extension of the methods of the Calculus of Variations 
to such quantities. 

Finally, in Chapter X. the author has given the appli- 
cation of the Calculus of Variations to the integration of 
functions of one or more independent variables, a branch 
of the science which has not met with much attention, 
but which appears to be of considerable importance. 

Besides the ordinary treatises upon this subject, the 
author has been much indebted to the two memoirs of 
M. Delaunay, published in the Journal de I'Ecole Poly- 
technique,* and in Liouville's Journal,f respectively, as 
also to a memoir published in the Transactions of the 
Academy of St. Petersburgh,J by M. Ostrogradsky, all of 

• JouroHl de I'Ecole Polyteclinique, torn, xvii. 

t Journal de Math., torn. vi. 

t Hem. <le TAcnd, dc Si. Petersb. a- d. 1838. 
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which he would strongly recommend to the attention of 
his readers. 

The author desires to take this opportimity of return- 
ing his sincere thanks to the Board of Trinity College, 
for the liberality with which they have contributed to 
defray the expense of the present work. 



6, Trinitt College, 
March, 1850. 



ERRATA. 



Page 22, line 1, after '* equatiou" read (A). 
— 46, line 15, before the second = read v, 

83, line 9, for f ^^ Y read ^^. 

\ dx^ J dx^ 



92, Une 16, for V(l + Ci^) read (1 + Ci«)t. 

105, line 11, for ui, read m'; and line 14, in the second member of the equation, 

for ^ read ^. 
161, line 2, for a*, read - ah 



Pages 179, 180, 184, 190, 191, for p, p, read - p, - p. 

Page 240, Ime 13, after - --^ read - -^. 

<fy dx 



CONTENTS. 



— ^ 

Paob. 
IjrrBODUcnosf, xJ 

CHAPTER L 
Defihitioics ahd PaccciPLEa, 1 

CHAPTER II. 
FuNcnoHB or one Indepehdejct Variable, 11 

CHAPTER III. 

Maxima and Minima or Indeterminate Functions op one Independent 
Variable, 31 

CIUPTER IV. 

Application or tiie Caixtulus of Variations to Geometry. — I. Theory or 
CUR\'ES, 137 

CHAPTER V. 
On Multipi^ Inteorala in General, 208 

CHAPTER VI. 
Functions op two or more Independent Variables 219 

CHAPTER VII. 

On Maxima and Minima of Functions or th-o or more Independent Va- 
riables, 289 

CHAPTER VIII. 

Application or the Calculus or Variations to Geometry. — II. Toeory or 
Surfaces, 276 

CHAPTER IX. 
Appucation of tiie Calculus of Variations to Mechanics, 287 

CHAPTER X. 

Appucation op the Caia-ulus of Variations to the Integration of Func- 
tions OF ONE OR MORE INDEPENDENT VARIABLES, 835 

b 



INTRODUCTION. 



Although the Calculus of Variations, properly so called, is justly 
due to the genius of Lagrange, many of the principles, as well as 
the results of the science, are of a more ancient date. Like the 
Cartesian Geometry, and many of the other analytic methods in 
use among mathematicians of the present day, its origin is to be 
sought, not in any systematic treatise, but in the investigation and 
solution of some particular problem. This, indeed, is the ordi- 
nary history of the great improvements in mathematical science. 
Some problem, physical or mathematical, is proposed, which is 
found to be insoluble by known methods ; and in the solution of 
such a problem a new principle is necessarily introduced. It is 
soon observed that this principle is not limited in its application 
to the particular question which occasioned its discovery, and it 
is then stated in an abstract form, and applied to problems of gra- 
dually increasing generality. Other principles, similar in their 
nature, are added ; and the original principle itself receives such 
modifications and extensions as are from time to time suggested 
by the various problems to which it is applied. Finally, these 
several parts are grouped together, a uniform system of notation 
is adopted, and the principles of the new method become entitled 
to rank as a distinct science. The mathematical historian cannot, 
of course, expect to be able in all cases to trace this process. The 
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several steps may be the work of a single mind, and the author, 
in giving his finished discovery to the public, may not think it 
necessary to detail the method by which his own mind was con- 
ducted to it. But, from the experience of those who have left us 
such a detail, as well as from the history of sciences which cannot 
be traced to an individual discoverer, we are warranted in con- 
cluding that the history of mathematical discovery is, generally 
at least, such as has been described above. 

In estimating the truth or falsehood of such a conclusion, and, 
more generally, in examining the laws which regulate the progress 
of the human mind in the discovery of truth, the most important 
evidence is derived from sciences which have been at their first 
promulgation most incomplete, and have owed their subsequent 
advancement rather to the successive labours of several, than to 
the efforts of a single mind. An individual discoverer seldom 
gives us the results of his labours in the same form in which they 
first presented themselves to his own mind. Still more rarely are 
the steps, by which he desires to conduct the mind of his reader 
to the perception of a truth, identical with those by which he 
himself arrived at it. These last are commonly tedious and in- 
elegant, and when the conclusion has been once reached, it is 
generally possible to discover some more compendious mode of 
arriving at it. And if both these discoveries be the work of a 
nngle mind, the first is seldom given to the reader. Thus while 
much is gained in the brevity and elegance of the published de- 
monstration, future inquirers are deprived of a most important aid 
to discovery, by the suppression of the process through which the 
mind of the author actually passed. It is unnecessary to say that 
such a suppression is impossible, where the original discovery and 
the finished demonstration have emanated from different persons. 
Hence the historical importance of those sciences whose principles 
have been given to the public, not in a complete and systematic 
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form, but gradually, and by methods more or less tedious or im- 
perfect. As there is, perhaps, no science which furnishes a better 
example of this than the Calculus of Variations, it may not be 
unprofitable to trace briefly the several steps of its progress. 

In the month of June, 1696,* John Bernouilli proposed to the 
mathematicians of his day the following problem : 

*^ PROBLEM A NOVUM, 

Ad cujus solutionem Mathematici invitantur. 
Datis in piano vcrticali duobus punctis A et B^ assignare mobili 
Jtf^ viam A MB per quam gravitate sua descendens, et moveri in- 
cipiens a puncto Ay brevissimo tempore perveniat ad alterum 
pimctum 5." 

The novelty of this problem, which appeared to differ essen- 
tially from any previously solved question of maxima and minima, 
attracted immediate attention, and we find three of the most illus- 
trious mathematicians of the day, Leibnitz, James Bernouilli, and 
De THdpital, engaged in the attempt to solve it. The first of 
these appears to have succeeded in obtaining a solution within the 
allotted time.f This, however, he did not publish, being, as he 
states, desirous that other mathematicians should be encouraged 
to attempt the solution. He, therefore, merely transmitted it to 
John Bernouilli, receiving in return the solution which that ma- 
thematician had previously obtained, to be published at the 
proper time. Subsequently, Leibnitz, influenced by the same 

* Previously to thiSf Newton had solved a problem of a similar nature, namely, the 
determination of the solid of least resistance. But he did not publish the method by 
which his result had been obtained, and no impulse seems to have been given by it to the 
nsearches of other mathematicians. The history of the Calculus of Variations, therefore, 
pst)perly begins with the problem of the brachystochrone. 

t James Bernouilli states that he also had solved the problem within the allotted 
period, but that, on learning that the proposer had extended it, he reserved his solution, 
with the intention of investigating and adding to it certain other problems of a similar 
nature. The fiict that his Isoperimetrical Problem — a problem which is greatly in ad- 
Tanoe of the bradiystochrone — was published along with his solution of the latter, is of 
itself almott taffident to prove the truth of this statement 
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motive, requested that the time originally prescribed by the au- 
thor might be extended, a request with which John Bemouilli com- 
plied, and again proposed the problem in a Programma published 
at Gbroningen in January, 1697. Three solutions of the problem 
appeared in the Acta Eruditorum for May, 1697, emanating res- 
pectively from the proposer, James Bemouilli, and the Marquis 
de rH6pital. The solution given by the two Bernouillis (that of 
De THdpital being without demonstration) rest substantially upon 
the same principle, namely, that ^< whatever maximum or mini- 
mum property is possessed by the entire curve must belong also 
to every element of it." But cTames Bemouilli is undoubtedly in 
advance of his brother, both in adopting a more direct process, 
and in stating, in abstract terms, the new principle upon which 
that process is founded. This, besides subjecting the assumed 
principle to a more rigid scrutiny, brings us a step nearer to a 
general analytical method. 

In the problems which James Bemouilli proposes at the close 
of the same paper, he gives the germs of two other important 
branches of the new method. These problems are: — 1. Among 
all curves drawn from a given point to a given vertical line to 
determine the curve of quickest descent. 2. Of all curves of the 
same length described upon a given base, to determine a curve 
such that the area of a second curve, each of whose ordinates is a 
given function of the corresponding ordinate or arc of the first, 
may be a maximum. 

In the difference between the first of these and the original 
question of the brachystochrone, we recognise the germ of the 
general problem subsequently considered by Lagrange, namely, 
'* If a given definite integral receive a maximum or minimum 
value, what are the conditions to be fulfilled at the limits of inte- 
gration T 

In the second, or isoperimetrical problem, we see the first step 
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to the general question of relative maxima and minima, in which 
the maximum or minimum curve is to be determined, not from 
among all possible curves, but from among those only which pos- 
sess some given property. The unsuccessful attempts of John 
Bemouilli to solve the second case of this latter problem showed 
at once the inaccuracy of the principle upon which the original 
question had been discussed. It had been there assumed that the 
curve might be considered as a rectilinear polygon, having an in- 
finite number of sides, and that whatever maximum or minimum 
property belongs to the entire curve belongs abo to each consecu- 
tive pair of these sides. By the application of this principle to 
the second case of the isoperimetrical problem, John Bemouilli 
obtained continually erroneous results ; nor does he appear to have 
been sensible of the cause of his mistake until the publication of 
James Bemouilli's *^ Analysis magni Problematis Isoperimetrici,*" 
in which the original principle is modified by the supposition that 
three elements of the curve (considered as a polygon) vary simul- 
taneously. 

This valuable memoir appeared in the Acta Eruditorum for 
May, 1701. It contains two important steps in the progress of 
the method, namely: — 1. The modification of the original prin- 
ciple just alluded to, by which it was rendered (although not 
universally true) more general in its application than it had pre- 
vioiisly been. 2. The method of taking into account the isoperi" 
fn^^rtco/ condition. Much was done afterwards by John Bemouilli 
in simplifying his brother s demonstration, as well as in establish- 
ing a more uniform system of equations for the solution of such 
problems.* But the actual limits of the power of the new method 



* The following principle, which was afterwards extensively used, is due to John 
Bemonini: 

If an equation of the form 



/('•*• 2' *«•)=/('•»• 2- *«=•) 



XVI INTRODUCTION. 

do not appear to have been materially extended until the subject 
was taken up by Euler. 

It would be impossible, in a brief sketch like the present, to 
give an adequate idea of the labours of this illustrious mathema- 
tician, to whom the Calculus of Variations is perhaps even more 
indebted than to Lagrange. We must, therefore, content our- 
selves with a rapid view of the principal additions made by him 
to the researches of the Bemouillis and some of their contempo- 
raries. 

Euler commences by a classification of the problems which he 
proposes to consider, foimded on the number of properties (exclu- 
sive of the maximum or minimum property) which the sought 
curve is required to have. 

In the first class are to be reckoned those problems in which, 
as in the case of the brachystochrone, a curve is sought possessing 
a maximum or minimum property, but not restricted by the ne- 
cessity of possessing any other given property. In the second 
class, including the isoperimetrical problems of James Bemouilli, 
he places those problems in which a second condition, such as a 
given length, a given area, &c., is attached to the curve. In 
problems of the third class, two such conditions are supposed to be 
added. By the introduction of problems of this last class, Euler, 
in his first memoir, extended the limits of the method consider- 
ably beyond the position in which the Bemouillis had left them. 
He also greatly facilitated the solution of all the ordinary problems, 
by the construction of a table of formulae, which are of very 
extensive application. Lastly, we may discover in Euler's first 

hold between any two consecutive points of a carve, the functions on each side being simi- 
lar in form, we must have 



/( X, y, jI» ^^ I = ^°*^ 



This principle, the truth of which is self-evident, was first used by John Bemouilli, and 
subsequently by Euler and others, in the solution of problems of maxima and minima. 
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memoir the germ of that general method of solving problems of 
relative maxima and minima, which he himself afterwards com- 
pleted, and which is now in general use. 

Elder's second memoir was published in 1736. In this me- 
moir we can trace the rapid advance of the method to complete 
generality. The use of the table of formula:, which had been it- 
self a vast improvement upon the previous methods, was now 
superseded by the discovery of a single equation, of so compre- 
hensive a nature, that no subsequent generalization of the science 
has removed it from the place it occupies, as the general solution 
of all cases in which the maximum or minimum property is ca- 
pable of being expressed by a formula such as 



iff:, y^^ '^\da: 



The principle upon which all previous solutions had been 
founded, namely, that what is true of the entire curve is also 
true of each of its elements, was rigorously examined, and shown 
to be, in an important class of problems, untrue. Thus the way 
was prepared for a more general method. Much was also done 
in facilitating the processes employed in the former memoir. 

Still greater advances to a complete system are made in the 
" Methodus inveniendi Lincas curvas Proprietate maximi mini- 
mivc gaudentes." In this great work, displaying an amount of 
mathematical genius almost unrivalled, Euler arranged, in a re- 
gular and systematic method, his former discoveries. The prob- 
lems which he proposes to solve arc divided into two great 
classes, absolute and relative ; in the former of which it is required 
to determine the maximum or minimum curve from among all 
curves whatever ; while in the second this curve is to be selected 
from those curves only which possess one or more given pro- 
perties. 

c 
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The principles of die method are stated in clear and logioi 
order, and the conceptions of the student are aided by a gi 
number of illustrations and examples. The defect, arising fi 
the want of generality in the principle noticed in his previouif 
memoir, is supphod, and equations of solution ore given for thoa 
cases in which that principle fails. Finally, a general method o 
solution is given for problems of relative maxima and minima^fl 
which remains in use to the present day. 

To estimate the importance of the labours of Eulcr, it is only^ 
necessary to compare with the " Methodua Inveniendi" the las 
memoir of John Bemouilli, wliich marks the extent to which thej 
method had been carried beibre the author of the former com<J 
menced his investigations. From being little more than thftfl 
solution of a particular problem, it had almost become a complcta I 
science. General methods had taken the place of the considera-S 
tion of individual questions, the principles of the science had been J 
clearly defined, and the whole had been arranged into a rcgiilaf 
didactic treatise. Still, however, much remained to be done, j 
The method of maxima and minima, as it came from the handi 
of Euler, wanted that which ia osecntial to every analytic methot 
namely, an analytic foundation. In deriving its principles fronrB 
geometry, Euler established a connexion which was not natural, J 
and whose inevitable tendency was to limit the extent to whi 
those principles were capable of bciug carried. The method, tooj 
by which he arrives at his conclusions, is tedious and difficult, andl 
in the hands of a less accomplished mathematician would probably-a 
be unsuccessful There was also wanting in the method of Eulefj 
a definite system of notation by which its distinctive characte 
might be marked. The omission of the " definite equations," 
they were termed by Lagrange, without which the problem* 
would be in general indeterminate, is a serious defect in Eulern 
theory ; and, lastly, there seems to have been no attempt made to9 
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extend it to mrfaees possessed of a maximum or minimum pro- 
perty, or, in other words, to cases in which the property in 
question is expressed by an integral of a degree higher than the 
first. 

These defects were removed by the genius of Lagrange. In 
separating the principles of the Calculus of Variations from the 
geometrical considerations from which his predecessors had de- 
rived them, he not only placed the science upon its true and legi- 
timate foundation, but opened a new and extensive field for its 
future applications. By the invention of a simple and definite 
notation he gave distinctness and permanence to the new method, 
securing it from being confounded with the other infinitesimal 
methods, to which it is in some degree similar. 

In the investigation of the definite equations, the general me- 
thod of maxima and minima, where the variables are not inde- 
pendent of one another, and, above all, in his applications of its 
principles to Mechanics, Lagrange increased so largely both the 
completeness and the extent of the new science, that he is, for all 
these reasons, justly reputed the inventor of the Calculus of Va- 
riations. It is, however, the less necessary to enter minutely into 
the principles laid down by Lagrange, as it is the object of the 
following treatise to develope them. For although much has been 
done by Poisson, Jacobi, Ostrogradsky, Sarrus,* Delaunay, and 
others, to extend its methods and supply its deficiencies, the Cal- 
culus of Variations is now, in its essential principles, the same as 
when it came from the hands of Lagrange. 

In concluding this brief sketch of the history of the Calculus 
of Variations, the author would refer any of his readers, who are 



* I regret moch that, in conaeqneiice of the delay in the publication of BL Saimt' 
Memoir, which was crowned by the Academy of Sciences in 1843, I have been unable to 
ooDsnlt it prerioosly to the publication of the present Treatise. 
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desirous of more extensive information on this part of the subject, 
to Woodhouse's Isoperimetrical Problems, in which the various 
improvements made by successive mathematicians are detailed 
with great clearness, and from which the preceding account has 
been in a great measure compiled. 



CALCULUS OF VARIATIONS. 



CHAPTER I 

DEFINITIONS AND PRINCIPLES. 

1. One variable quantity is said to be a function of any numl)or 
of others, when there exists between them a certain relation, ren- 
dering the value of the first dependent on the values of the others, 
which are termed independent variables. The nature of the rela- 
tion subsisting between the first, or dependent variable, and the 
others, or independent variables, is termed the foinn of the function. 
This is ordinarily expressed by the notation m = (ji, xo, 3*3... .), 
where ^1, x^^ &c., are the independent variables, u is the dependent 
variable, and ^ is a general symbol, denoting the form of the 
function. 

2. From this definition it is evident that the value of a depen- 
dent variable or function depends upon two different things, viz. : 
1. the values of the independent variables ; 2. the form of the 
function, or nature of the relation by which it is connected with 
them. A change in either of these will change the value of the 
function. Thus, for example, let the function be u = sin . x, and 
it is evident that the value of u may be changed, either by a 
change in the value of x^ or by a change oi* the functional symbol 
sin. into any other, such as cos., tan., log., &c. Functions may, 
therefore, be divided into — 1. Determinate, or those whose form 
is not supposed to change ; 2. Indeterminate, or those whose form 
is variable. This division is analogous to that of ordinary quan- 
tities into constant and variable. The changes in value of which 

B 
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determinate functions are susceptible, arising solely from a change 
in the vahie of some one or more of the independent variables, 
have been already fully discussed in the Differential Calcuhis. 
But the changes in value of which indeterminate functions arc 
susceptible, arising, as they do, from a different cause, require to 
be treated in a different way, the rules of the Differential Calculus 
not being (as will be seen hereafter) universally applicable to 
them. It is with such changes in value, those, namely, which 
arise from a change in form, that we shall be, in our present sub- 
ject, principally* concerned, inasmuch as these changes only are 
peculiar to the Calculus of Variations. 

3. It is evident that the form of one function may be so con- 
nected with the form or forms of one or more others, that if the 
form or forms of the latter be determined, that of the first is de- 
termined also. Thus, for example, the form of the differential 
coefficient of any function depends on, and may be deduced from, 
the form of the function itself. This species of relation between 
functions may be denoted by giving the name of primitive func- 
tions to the latter, whose forms are independent, and that of 
derived function to the former, whose form depends on those of 
the primitives. We shall denote it analytically by the symbols 
F, F, &c. ; i. e. we shall use the symbol F,<^ to represent a 
function whose form depends on that of the function 0. Now if 
the form of one or more of the primitive functions be supposed to 
change, it is evident that the form of the derived function will 
undergo a corresponding change ; and if the relation between the 
forms of the primitive and derived functions be supposed inva- 
riable, the change in the form of the latter will not be arbitrary, 
but connected by a fixed relation with the change in the form of 
the former. To deduce this relation, or, in other words, '• to in- 
vestigate the change in a derived function, in consequence of a 
change in tfiefortn of its primitive^ is the object of the Calculus of 
Variations. 

4. As it is essential no less to the problems of the Calculus of 
Variations, than to those of the Differential Calculus, that the 



• I say principally^ because, as will be seen, many pmblemB in the Calculus of 
Variations involve the consideration of increments of both kinds. 
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increments assigned to the variable quantities should be susceptible 
of indefinite diminution, it becomes a question of imj>ortance to 
determine a method of giving such an increment to a function by 
means of a change in its form. It is, moreover, essential that this 
increment should continue indefinitely small for all values of the 

independent variables. Hence if u = (x„ x^ ) be the given 

function in its original state, and if u = 0' (jr,, ^3 . . . .) be the func- 
tion after having undergone the required change of form, and if 
t be a constant quantity of whatever degree of smallness n -u is 
intended to have, it is evident that 

^ (^1, Xt ) - (Xi, X j . . . .) 

t 

must be finite for all values of j^i, »r;», &c., which are consistent 
with the conditions of the problem. Assume 

^ (J?i, .rg . . . .^ = - - .- ■ 

and we have u -u= i\p (.Ti, j^^ • • • •)» or u = w + t;^ (^1, a^ . . . .), 
where \p{x\ x^, . . .) is a function subject to no other restriction 
than that of not becoming infinite for any values of j-i, jto, &c., 
which are consistent with the conditions of the problem. 

Hence it appears that the required method of assigning to a 
given primitive function an increment susceptible of indefinite 
diminution for all values of the variable, is to add to it another 
function (subject to the foregoing restriction), multiplied by a 
constant quantity, which is to be assumed of whatever order of 
magnitude the increment is required to have. Such an increment 
is properly termed a variation, which may, therefore, be defined 
to be " The indejinitely small change in value which a function re* 
ceives in consequaice of a change in its form.'' From this and the 
preceding number it immediately appears that the variation of a 
primitive function is perfectly arbitrary, and that the variation of 
a derived function depends on that of its primitive. 

5. Let tt = (a?i, X2. . ' .), an indeterminate function of any 
number of variables, and let v = F. u,* a function derived from m, 

* It must \te carefully kept In mind that r is not a function of k, as the symbol F de- 
notes a relation between forms^ not between magnitudet. 
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i. e. a function whose form depends on the form of u. Let it be 
required to find the variation of v, i. e. the change which t; under- 
goes in consequence of an indefinitely small change in the form 
oft/. 

Substitute, according to the method in (4), for 

and let the operation denoted by F be performed on the function 
so changed, sufficiently far to obtain the coefficient of the first 
power of i. If this coefficient be denoted by ai, iw will be the 
required variation. This appears by precisely the same reasoning 
as that employed in the Differential Calculus in the investigation 
of a differential. 

This is the most general problem of the Calculus of Variations. 
But as, in the present state of mathematical science, we are con- 
cerned with but two species of derived functions, sc, those which 
are derived by the process of differentiation, denoted by the sym- 
bol dy and those which are derived by the process of integration, 
denoted by the symbol J, the investigation of so general a problem 
is quite unnecessary. We shall, therefore, proceed to consider 
a particular case, which is, however, sufficiently general for all 
purposes to which the Calculus of Variations has been hitherto 
applied. 

Let the symbol of derivation, F, be distributivey i! e. such as to 
satisfy the equation 

F.^ + F.01 = /".(^ + 0i), 

where tp and 0| are functions of any number of variables; and let 
it be required to find the variation of v = F. 0. Substitute, ac- 
cording to the method given above, in F.tj^y (jt + i\p £ov 0. Now 
since, by the equation of condition, 

F(^ + {iP)^F(t^-¥Fi\Py 

it is evident that the total increment of F.tjt is F,i\p. But F.ixp = 
iF.sfj (yid. Note A). Hence, according to the principle above 
stated, the variation of F. tp is iF. \pj or F. ixp. It is easily seen 
that the equation of condition. 
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is satisfied by the two modes of derivation represented by the 
symbols d and |. 

6. Hitherto we have only considered that species of increment 
which is peculiar to the Calculus of Variations, viz., that which a 
function receives in consequence of a change in its form. But as 
the problems with which we are concerned in this science fre- 
quently involve the consideration of the increments which a func- 
tion receives in consequence of change in one or more of its 
independent variables, the following principle is necessary to the 
determination of the complete change on the function. 

If, from the operation of any cause whatever, a quantity receive 
an increment whic/i is indefinitely smcdl, in comparison with the 
quantity itself ; and if, from the operation of anot/ier cause, the same 
quantity receive another sucfi increment, and so on for any number 
of causes, the increment which it would receive from the combined 
action of all these causes is the sum of the increments which eachpro* 
duces when acting separately. 

The truth of this principle appears at once from the supposition 
that the increment is indefinitely small when compared with the 
quantity increased. 

It is, in fact, perfectly analogous to the principle of the super- 
position of small motions in Mechanics, and may be proved in a 
similar manner. 

As the increments with which the Calculus of Variations is 
concerned are of two essentially different species, it may be well, 
before proceeding further, to establish a distinct notation to ex- 
press them. This is the more necessary, as many writers on the 
Calculus of Variations have been led into considerable difficulties 
by an unsteady use of the symbol 8, a symbol which they employ 
sometimes to express the increment which a function receives in 
consequence of a change of form only, and sometimes to express 
the increment which it receives from the variation, not only of its 
form, but also of its independent variables. 

We shall, then, use the symbol 8 to denote that species of in- 
crement which is peculiar to the Calculus of Variations, that, 
namely, which a function receives in consequence of a change in 
its form only. We shall, as in the DiHbrential Calculus, denote 
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by the symbol d that increment which a function receives in 
consequence of a change in the magnitude of its independent 
variables. 

Finally, we shall use the symbol D to express the total in- 
crement of which any function is susceptible, arising from the 
variation of every quantity connected with it which can be va- 
ried. Hence, if u be a determinate function of variable quan- 
tities, 

Du = du ; 

if u be an indeterminate function of constant quantities, 

and if u be an indeterminate function of variable quantities, 

Du = Su + du. 

As an independent variable is capable of but one species of incre- 
ment, it is immaterial what symbol be employed to express it. 
We shall, however, in general, denote the increment of an inde- 
pendent variable by the symbol d; and whenever it may be ne- 
cessary to vary this notation, we shall be careful to state it 
distinctly, so as to preclude the possibility of any mistake as to 
the meaning of the symbol employed. 

7. We shall now proceed to apply the principles which have 
been established, to the investigation of the variations of the seve- 
ral species of quantities with which we are concerned in this 
science. 

(1.) Let 

a determinate fimction of any number of independent variables, 
and let it be required to find its complete increment. Here the 
form of the function not being supposed to vary, 

Du = du= -=— . (ici + -J— . dx2 + &c. + j— . dx^. 
ax\ dX2 dXn 

(2.) Let 

a primitive indeterminate function. In this case 

Du = 8m + du. 
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But 

du = -J- . (Lr^ + &c. + -— . rfj*,,, 
aJCi d^n 

and 

hence 

-. rfu du du 

(3.) Let 

u=F.^(ai,Xiy — Xn)y 

and it is evident that 

Ih* = :p- . c/x, + -r— . dX2 + &C. + -7- . dxn + Sw, 
axi axi dxn 

where Su is to be determined according to the method in Art. 5. 
(4.) Let 

a derived function, in which the symbol F satisfies the equation 
and since (Art. 5), 

Du = J— . dri + -J— . dXi + &c. + -r- . dxn ^ F,i<b, 
ax\ axi axn 

(5.) Let 

a determinate function of the quantities within the brackets, of 
which X\^ x% are independent variables, and u^u^ inde- 
terminate functions of any or all of these variables ; and let it be 
required to find the complete increment of F, i. c. D, V. 

Here it is evident that V may vary either in consequence of 
a change in one or more of the independent variables, Xi^ x^^ . . . . 
or in consequence of a change in the form of one or more of the 
functions t/i, u^ 

If, for example, Xi vary, while everything else remains con- 
stant, the corresponding change in V will be 

fdV dV du, dV du^i . \ ^ 
I -J— . + -J— • -7- . + -J- . -^ 4 &c. ) . ^.ri ; 
\dx\ du\ dxi du% dx\ J 
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similarly, for x-ii 

fdV dV dui dV du2 ^ \ ^ 
-J- + j^ . 3- + -7- . 3- + &c. W/.r2 : 
\CMr2 dui dxi du2 dx2 J 

and so on for the other independent variables. 

Now, let the form of the function u\ vary, while everything 
else remains constant, and, since Fis a function of wi, the corres- 
ponding change in V will be 

dV . 
-J- . gtii ; 
dui 

the truth of this theorem depending solely on the fact that T is a 
function of mi, and being altogether independent of the species of 
increment assigned to wi. Similar terms being introduced by the 
functions ug, tis, , the complete increment will be 

i) F - r^ + ^ *^ + ^ *^ + &c w. 

\dx\ du\ dx\ dtti dx\ J 

+ [-7— + &C. J rf^2, 

■f &c. 

+ -p- . gUi + -r- . gU2 + &C. 

du\ av^ 

The expression for the variation^ properly so called, will evidently 

be 

,„ dV^ dV^ . 

du\ du% 

(6.) Finally, let it be required to find the complete variation 
oi U-F. F, where 

F=/(a?i, a?2 — til, tfi — )» 

and i<^ is a symbol of derivation, which satisfies the condition 

F.(^ + F.t^x = F. (0 + 0,). 

We shall proceed, as before, to determine separately the va- 
riations arising from changes in the several variable elements 
which i7 contains. Let xi vary, while all the other elements, 
viz., the independent variables, jrg, ^3 • • -i and the fonns of the se- 
veral functions, t^i, ug . . ., remain constant, and let it be required 
to find the corresponding change in U, Now, since F is a deter- 
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minate function of x^ x^ . . . ui, ua . . . ., it is evident that, as long 

as the forms of the functions U|, u« . . . remain unchanged, F will 

be a determinate function of the independent variables ^i, ^r^ . . . ; 

and since the symbol of derivation jPis determinate, {/will also 

be a determinate fonction of ;ri, ^ Hence, if xi vary while 

everything else remains constant, the corresponding change in U 

will be 

dU ^ 

1" '^^^ 
ax\ 

— denoting the complete differential coefficient of U^ with re- 
gard to x\. Similar terms will, of course, be introduced by the 
variation of ^, ;r^ • • . . It remains then to find the variation^ pro- 
perly so called, ^., that part of the complete increment which 
depends upon the change in the form of any of the functions 

U], tfi • • • • 

Now it might be at first sight supposed that the variation 
arising from a change of any kind in ux should be, as before, 

dU ^ 

aux 
But it must be remembered that the truth of this theorem of the 
Differential Calculus depends entirely upon the supposition that 
{7 is a function of Ui, i. e. a quantity whose magnitude depends 
upon the magnitude of ui. But Z7is not a function of ui, inasmuch 
as the relation between them is a relation of fomi^ not of magni- 
tude; and it is therefore no longer true that the increment of U is 

dU 

j—.hUx. 

aux 
But although U is not a function of Ui, it is a function derived 
from ui, for it is evident that the form of 17 depends upon the form 
of y^ which itself depends upon the form of ui. Since, then, 
Z7=jP. r, we have (Art. 5) SU = F.BF; and since, from the pre- 
ceding paragraph, 

.,. dy ^ dV ^ . 

dui dui 

it is evident that the part of SU which results from a change in 
the form of ui is 

dux 
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Hence the complete expression is 

fdV^ dV 



\du\ dui J 



We have in this proposition an instance of the caution requisite in 
applying the principles of the Differential Calculus to any cases in 
which the variation which we consider arises from a change in the 
form of the function. 

8. Having thus stated the general principles of the Calculus 
of Variations, we shall next proceed to consider the several cases 
to which, in the actual state of mathematical and physical science, 
they may be applied ; those cases, namely, in which the functions 
are derived from one another by the processes of differentiation 
and integration. 
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CHAPTER II. 

FUVCTIONS OF ONB INDBPBNDBHT VAHIABLE. 

Pbop. I. 
9. To find the complete variation of the differential coefficient 

r^« y being a function of the single independent variable x. 

It is evident that there are but two modes in which such a 
differential coefficient can be varied, «c., either by a change in the 
independent variable, or by a change in the form of the function. 
The complete variation will, therefore, according to the principle 
stated in Art 6, Chap. I., be found by taking the sum of the in- 
crements produced by the separate action of these causes. Now 
if the independent variable x receive the increment dx^ the form 
of the function y remaining unchanged, it is plain that the corres- 

ponding increment of -7^ will be -rz^ - dx. Hence, according to 

the notation established in Art. 6, we shall have for the complete 
variation. 

But since the symbol of derivation, -7- , satisfies the equation 



it is evident that 






8 ^y ^ ^'^ 



Substituting this value in the expression for D . -7^, we have, 
finally, 

rf-y rf-^ly . rf-.Sy 
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It is necessary to notice here a restriction upon the quantity 
8y. It will be remembered that in the preceding chapter, where 
we found Su = i\f/ (au a^ . . . .)> ^^ ^^ noticed, as a necessary re- 
striction upon the function xp, that it should not become infinite 
for any values of the independent variables consistent with the 
conditions of the question. This is sufficient as long as we are 
concerned only with the function itself; but when the question 
involves the consideration of functions derived from the original, 
it is necessary that the functions similarly derived from \p should 
also be finite for all admissible values of the independent variables. 
In other words, when it is stated in Art. 7, No. (4), that 

it is, of course, supposed that F, \p does not become infinite for 
any values of Xu ^3> &c. which are consistent with the conditions 
of the question. In the present case, where there is but one inde- 
pendent variable, 

It is, therefore, necessary to assume the function \p of such a form 

as to render — j~- finite for all admissible values of x. This re- 

aar 

mark will be found of great importance in the application of the 

Calculus of Variations to the theory of maxima and minima. 

Prop. II. 
10. To find the complete variation of 

a determinate function of ;r, y, and its first 7i differential co- 
efficients. 

This is evidently a case of the general question discussed in 
Art. 7, No (5), of the preceding chapter, and its solution may be 
derived from the formula there given, by reducing the number of 

independent variables to one, and putting Ui = y, u-> = -^, &c. If 
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these flubetitutioiiB be made, and if, for the sake of brevity, we 
awume 



dx dxi* di^ 

we shall have 

.A%ti',8.|.i'.8,g*i..tJ>.8.g; 

or, if we substitote for 

St ^^ a ^ Si ^ 

*■«/«' *<ir» *rf«f' 

their values derived from the preceding proposition, 

The variation Stf being, as before, expressed by iipx^ it appears 
from the concluding remark of the preceding proposition, that it 
is necessary to assume the function xf^ of such a form, that neither 
itaelf, nor any of its first n differential coefficients, become infinite 
for any value of x consistent with the conditions of the question. 

Prop. III. 
11. To find the complete variation of 

t;=|Vdx,whe«K=/(x,3,,| g). 

The value of a definite integral may be varied in one of three 
ways : m. 1. By a change in the superior limit Xi, 2. By a change 
in the inferior limit xo. 3. By a change in the form of the func- 
tion to be integrated.* The complete variation will be, as before, 

* It if ofual, in investigating the variation of a definite integral, to aaugn an incm- 
ment to the independent variable. But as this quantity does not enter into the final rssalt, 
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the sum of the partial variations so obtained. Let the value of V 
at the superior limit be denoted by Fi, and let that limit be in- 
creased by dxif the form of the function V remaining imchanged. 
The corresponding increment of {/is Vidxi, Similarly, if the 
inferior limit xq receive the increment dixo, the corresponding in- 
crement of U will he - Vq dx^. Hence 

D . U^ Vidxi - Vodxo + S . f'Vdr. 

It remains, therefore, to find S . I Fete, i. e., the change in the 

value of the definite integral produced by a change in the form of 
the function F. Now, since the operation denoted by the symbol 

( ),da satbfies the equation 

we have (Art. 5, Chap. I.) 

8.r'F(te = r8F.(te. 



I 



.r>i.-r 

Jxo Jxo 



As F is a determinate function of a?, y, ~, ^, &c., its form, 

considered as a function of the independent variable ^, can be 
changed only by a change in the form of the function y. The 
value of 8 F will, therefore, be, as found in the preceding propo- 
sition, 

and, therefore. 

This may be reduced by the method of integration by parts, as 
follows : 

which depends entirelj upon the valaee of the limits and the form of the fiinction to be 
integrated, it may natnnlly be expected that the complete variation will contain no 
term depending upon the increment of the independent variable, as distinguished firom 
the increments of its limiting values. Accordingly, if an increment be assigned to the 
independent variable, it will be found that the coefficient of that increment, under the 
dgn of intagratioii, will vanish of itself. 
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where (PiSy)i, {PiSff)o denote the values of PiSy at the superior 
and inferior limits respectively. Similarly, 

or, if we integrate the last term again, 

Similarly, if we integrate n times successively the term 
we shall find 

-{"'^-^ ). 

Collecting the coefEcients of the several q 



Its of the several quantities, 
we find 

^(''-'^'-'■),(t),-<''-^>(f). 

4 &C. 
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and, therefore, 

DPvdx^Vxdxi-Vodxo 



.(/..-M.(f)-(p,-*«.).(f), 



+ &C. 









12. This expression, as will be seen, consists of three parts, 
essentially distinct, viz. : 1. The terms 

Vidxi - Vodxo, 

which are independent of the change in the form of the function, 
and depend solely upon the variation of the limits. 2. The terms 

(Pi - &c.)i 8?/i - &c., 

which depend on the change in the form of the function, not for 
every value of a:, but for the limiting values only of that variable. 
3. The terms under the sign of integration, sc. 



C(^- S' ^ '^•) «^ • ''^' 



depending on the general change in the form of the function. 
The nature of this difference will appear most clearly, if we re- 
collect that dt/-i\px. For it appears immediately — 1. That the 
value of the first class of terms is wholly independent of the form 
of the function \p. 2. That for the determination of the value of 
the terms of the second class it is not necessary to determine the 
form of the function \p, but only the valtiea which that function 
and its first n - 1 differential coefficients have at the limits. 
3. That the value of the term 



ti^-'-^*^)^'^ 



depends on the form of the function ^, and cannot be determined 
as long as that form remains arbitrary. 
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Pbop. IV. 
13. If ^contain explicitly the limiting values of any number of 
the quantities or, y, -^, &c., i. e. if 

^=/{«.y.|....g,«.,y.,(|),... .•,i«.(D,...}. 

find the complete variation of I Fdx. 

As yi, xu andy«, Xfh are connected by the same general relation 

as y, X, it is plain that the integral I Fdx can be varied only by 

one of the three methods given in the foregoing proposition. 
Now if Xi receive the increment dxi^ the form of the function y 
remaining unchanged, the corresponding increase on the integral 
will be 



\'''<(Sy^,m.^:r^-(MV^)- 



1 



dxi. 



Similarly, if xq receive the increment dxoj the corresponding 



change in I 



Vdx will be 

Xo 



jxSd^ dyo \di/o . f^\ '\dx^)o ') 

' XdxJo 



dxo. 



Now let the form of the function change, while everything else 

remains the same, and it is evident that the change in I Fdx will 
be ^'" 



1 d i-^) \dxJo I ^ rdy\ 

]s^ ' \dxjl ]jr9 \dx/( 

•f &c. 



dx 
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Assume 

dV dV dV . 

fix = -J— VI = -T— IT] = ,\ . iBC. 

dr, dyi d^W\ 

' \dtc/i 

dV dV dV 



dxo """dyo "'TI^' 



d 






Integrating by parts, as before, and adding the three expressions 
just given, we find the complete variation. 

+ &c. 

Prop. V. 
14. To find the complete variation of 

J7=fVdr, where F=/(.r.y,|...g, .,g... 
y and z being indeterminate functions of x. 






The value of this integral may be changed either — 1. by a 
change in Xi ; 2. by a change in xq ; 3. by a change in the form 
of the function y ; or, 4. by a change in the form of the function 
z. The complete variation will, therefore, be found by taking the 
sum of the partial variations arising from each of these causes. 
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Let, as before^ 

dV dV dV p dV 



and 



<fa' dy' ' J dy a^ 



dV dV dV 



dx ox* 

and it will appear, by the application of similar principles to 
those employed in Prop. III., that 

DU^Vxdxi' V^dxo 

+ &C. 






+ 



f*i/-. dP, d»P, - . -,.«fP,\« 
(i',-!^.4o.),8.-,-(i'.-'5.^^S.-. 



+ &C. 







Similarly, if V contained any number of indeterminate func- 
tions, each of these functions would introduce into the expression 
for ^U ox DU 9k series of terms depending on the variation of 
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that function, and precisely similar to those found in Prop. III. 
These expressions are equally true, whether it be siipposcJ that 
the functions y, s, &o., are really independent, or that these func- 
tions are connected by any equation or equations. 



Prop. VI, 

15. To find the variation of 



C/. ['><&, where r.f[x. 



'di-' 



dx' 






I 



the functions y and z being connected by the equation (differen- 
tial or other) X = 0. 

The expression arrived at in Prop. V. is, as appears from the 
concluding remark, applicable to the present case, the trutli of the 
principle on which it was obtained being unconnected with the 
dependence or independence of the quantities Sy, Zz. But aa it 
is essential, in the application of the Calculus of Variations, that 
these quantities should be considered as being really independent 
of each other, the expression of Prop. V. requires certain modifi- 
cations before it can be made use of Now, if the equation i = 
can be solved for either of the functions y or ;, so as to give a 
result of the form J=/(x, v, -j^, Ac.), it is evident that the values 



of the form J=/[x,i/, -^, &c.], it is evident 
of the several quantilJcs, 

dz dh d"z 

dx' dj? di" 

may be obtained by simple differentiation; and if the values 
found be substituted in /-', that quantity will become simply afuni 
tionofjr, y, and its differential coefficients. In this case, then, 
the variation of /'is found as in Prop. III. But as the equation 
i = is, in general, a differential equation, not susceptible of inte- 
gration, this method can rarely be applied, and it is, therefore, 
necessary to seek some other mode of removing the difficulty. 
This has been furnished by the illustrious Lagrange, the principle 
of whose method we shall partly state here, reserving a fuller ex- 
planation of it till we come to the application of the Calculus 
Variations to the theory of maxima and minima. At present 
will be sufficient to show that this method may be made to 



1 



iulus of 
esent it 
furnish 
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an expieasion for d.jVdx^ in which but one of the variations, Sy 
or &, enters under the sign of integration. 
16* Assume 

dL ^ dL dL ^ 

/ dL dL , J. 

Now, since the equation 

must, according to the hypothesis, be satisfied by all forms of the 
functions y and z, which are admissible in the question under con- 
sideration, it is plain that we must have iL = 0, or 

If this equation can be integrated so as to furnish a value for either 
of the quantities Sy or &s in terms of the other, — if, for example, 

iz can be found in terms of Sy, — the quantities -7^, ~t^^ &<^*> niay 

be deduced by simple differentiation in terms of Sy, -r^, &c. ; 

and if these values be substituted in the expression for Sf/ found 
in Prop, v., that expression will be found to contain but one ar- 
bitrary variation, iy^ and its differential coefficients, -.- , -r-^, &/c, 

ax dor 

In this case the expression for 8^ would have received the neces- 
sary modification, and the solution of the problem would be so far 
complete. But as it is rarely possible to integrate equation (A), 
this method is generally inapplicable. 
The value of SF being 

^ dx da^ dx dsr 

+ &c., 

it is evident that, without altering the truth of this expression, we 
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may add to it the left hand member of equation multiplied by an 
indeterminate quantity X. The expression for 8 F" will then be- 
come 

8 r= (iVr+ Xa)8y + (Pi+ X/3) § + &c- 

-f(iV' + Xa')S.-*-(Pi-fX/3') J 

+ &c. 
and hence it is easy to see that the expression for 8^ will become 



+ 



(P..X,-&.),(f)-(P..X,-&.^(f), 



+ &c. 



+ 



+ 






+ &c. 



|-(a^vx«'-?5^^^.&c.)&. 






Now if it be required to find an expression for SU^ in which 
but one of the indeterminate variations, Stf or Sz^ shall appear un- 
der the sign of integration, this may be effected by means of the 
indeterminate quantity X. For if that quantity be assumed such 
as to satisfy the equation 
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iV+Aa- , '^'+ &c. = 0, 

or 

the expression will be independent of the variation Zz ; and if it 
be assumed such as to satisfy the equation 

ax 

it will be independent of Sy. 

We shall now proceed to give some examples of the applica- 
tion of this method. 

Pbop. VII. 

17. To find the complete variation of 

U^ £ Fdx. where V-f («,y, %■•■■% /«/«). 
and - / dy rf"y\ 

"'•^•('•^'i ^> 

Assume, as before, 

'fib; 
and 

rft7 dv dv 

'*=^' '"=^' "°7i' '*°'-^- 

Assume also, 

^ = {vdXf and JV' = -— •. 
*' dz 

The equation 

X = 

becomes, in this case, 

hence 

o=v, /3 = iri, 7 = ITS, Ac. a=0, /3' = -l, y = 0, &c. 

Making these substitutions in the general expression given in 
Prop. VI., we find 
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+ (Pg + Xw, - &c.). (§)^ - (P» + X,r, - &o.)o (§)^ 



+ &c. 

+ 
Jxo ^ (ix 



f^'{^,,,JJ£^^<?i£^.^)^ 



It is evident that, as P'j = 0, -Pg = 0, &c., no terms will occur 
containing ( -j- ) » ( "^ ) » <^- ^* ^^ evident also that the com- 
plete variation, DU, is found by adding Vidxi - Vodxo to the 
expression given above. 

To reduce this expression to one in which but one of the ar- 
bitrary variations, Sy, shall remain under the sign of integration, 
let X be assumed such as to satisfy the equation 

ax 
This will give 

X = - jN'dx = t (suppose). 

Substituting this value, and adding the terms Vidxi - Vodxo, we 
have ultimately 



+ 



(P,,,,,.^.).(f).-(i>.-..-&c.)o(f)^ 



+ &c. 



r(^..v-ff^.c^-^>,... 
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Similarly if V were a function of 

Xj y, ^, &c. jPvdiif, 

the equation 

Z = 

would become 

It is easy to see, then, that the coefficient of S^, under the sign of 
integration, is 

The expression will, therefore, be reduced to the same form as 
before, if we assume 

The quantities P'l, P%^ &c. being, as before, each « 0, the pre- 
ceding formula will become, by the substitution of tp for t, 

DU = Fidi. - Vodxf, + (Pi + tpiTi - ^^^^^'"''^ + &c.)^Sy. 
♦ (P, t i^ - 4c.), (^) - (P. + i,„ - &C.). (^). 

+ &c. 
+ &c. 

E 
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Prop. VIU. 
18. To find the variation of a function of 

whose form is given by a differential equation of the first order. 
Let 

the form of the fiinction/ being such as to satisfy the equation 

The equation 

i = 

being supposed to hold for all forms of the function y, it is clear 
that we must have 

which, if we put as before, 

dL ^ dL 



and 



da 



AT/ dL jy dL 

'dir JdD^ 

' dx 



will become 



or, assuming, for the sake of brevity, 

ax 
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Multiply this equation by an indeterminate factor X, and integrate 
by parts. This will give 

XP«J7+ f(jV'X-^) 8J7+|X8u = 0. 

As we may always suppose the equation X » to have been 

solved for -^^ it is evident that we may suppose P' « 1 ; and as 

the factor A is indeterminate, it may be assumed such as to satisfy 
the equation 

giving 

This reduces the equation to 

or, finally, 

We have thus S 27 expressed in terms of Sy, -7^, <&c., combined 

with or, y, -^, &c., U. But the form in which this variation is 

here found renders it comparatively useless, and although we may 
derive fix>m this expression the value of 

it will be always better to investigate this directly by the method 
of Prop. VI. 
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19. Hitherto we have made no particular hjrpothesis as to the 
invariability of the form of the function \p or Sy. And the con- 
clusions at which we have arrived would hold equally whether 
we suppose that function to bo of a constant or of a variable 
form. 
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Thus, for example, if the symbol of derivation, i^, satisfy the 
condition 

it is equally true that 

whether it be supposed that the form of the function \p does or 
does not change. 

But this circumstance is no longer indifferent when we come 
to consider the second variation, i. e. the variation of the variation. 
Thus, in the example just given, we should have, in general, 

If, therefore, the form of the function xf^ were invariable, this 
would become 

S^F, = F. = 0.* 

This we shall, in general, suppose to be the case, and shall, there- 
fore, define a primitive function to be one whose variation is of 
arbitrary, but invariable form. In other words, if t< be a primitive 
indeterminate function of any number of variables, we shall sup- 
pose that the variation Su is such as to satisfy the equation 

This completes the analogy between a primitive function and 
an independent variable. 

Peop. IX. 
20. To find the second variation of the differential coefficient 

We have seen already (Prop. I.) that 

* It ia evident, ^m the general equation of condition, that F.O = 0. For 

F.^=F. (0+ 0) = F.^ + F.O. 
Hence 

F.Os=F.0-F.0 = O. 
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Hence it is plain that 

But since y is a primitiye function, 



and, therefore. 



Hence 






Pbop. X. 
21. To find the second variation of Fy where 



>'-/(-^'l-S)- 



We have seen (Prop. H.) that 

^^ dV^ dV dSy . dV rf-gy 

dy ^ ^ dy dx d ^ 

' dx ' dsf 



hence 



But since 



^ ' dx ' 

8«„ = 0, ^ = 0, &c. 
ax 

^^^)'^^%- 

dV , 
Determining the value of S . -^ in the same way as S^, we find 

^ dV (PV^ d^V dSy . d^V rf-gy 
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Similarly 

/_rfF_ ^^ %g dV 

'' dx ) dx ' J dy* 



["■% 



dx ' ' dx 

and 

&c. = <&c. 
Hence we find ultimately, 

^^ dyd.± '^ (d.|)* ^^'^ 



Peop. XI. 
22. To find the second variation of 

;rdr. where F=/(x,y,|....g). 
It has been already shown (Prop. III.) that 

and for the same reason it is evident that 

P\Vdx^^^Vdx. 

Substituting for S^F its value as found in the foregoing proposi- 
tion, we have 

^\Vdx 



''^ dyd.^£ "^ (d.|y ^^^ 



dr. 



It is easy to see that a similar method will give third, fourth, &c. 
variations ; but it is unnecessary, for any practical purpose, to 
pursue this discussion any further. 
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CHAPTER UI. 

MAXIMA AHD MIVIMA OF INDBTEEMIVATB FUNCTIOVS OF OVS 

nrDSPBHDBVT VARUBLS. 

23. A nuunmum value of a fimction is one which exceeds any 
other value of that function which can be produced by an indefi- 
nitely small change in any of its varying elements.^ Similarly, a 
minimum value is one which is less than any value which can be 
so produced. 

In the mode of variation peculiar to the science with which 
we are at present concerned, a maximum or minimum may be de« 
fined to be a value of a derived function which exceeds or falls 
short of all other values which can be produced by an indefinitely 
small change in the form of its primitive. 

The problem of maxima and minima, solved by the Difieren- 
tial Calculus, is, as is well known, as follows : 

Let or be an independent variable, and u {=f(x)] a function 
of that variable ; find what value of a will render u a maximum or 
minimum. 

The corresponding problem which the Calciilus of Variations 
proposes to solve is this : 

Let ^ be a primitive indeterminate function, and let u (= F.^) 
be a function derived therefrom ; find what /orm of ^ will render 
u a maximum or minimum.f 

The general method of solution is as follows : — Substitute in 
the derived function u or -F.0, ^ + i\p for 0. Let F.(^ + ixf) be 

* TbiB definition is given in order to prevent the common mifltake, that maximum 
and minimmn values of Amotions are the greatest and the least values which those func- 
tions can have. 

t I am aware that this problem (and indeed the science generally) is commonly de- 
fined with special reference to the case of definite integrals. But in stating the principles 
of a science it seems proper to give them all the generality of which they are susceptible, 
even though it be impossible, in the present state of mathematical knowledge, to give 
equally general applications of them. 
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expanded in powers of i, and it will appear by reasoning precisely 
the same as that employed in the Differential Calculus, that, if ^ 
be a function of such a form as to render F,ip o, maximum or 
minimum, the coefficient oft in the expansion must vanish, and 
that of i^ preserve the same sign (negative for a maximum, and 
positive for a minimum) for all forms of the function \p which the 
conditions of the question admit of. In other words, if the form 
only of be varied, we must have Su = 0; and if both form and 
independent variables be varied, we must have Du = 0. 

We shall proceed to apply this theory to the case of functions 
derived by the processes of differentiation and integration. 

Prop. I. 

24. Let y be an indeterminate function of the single indepen- 
dent variable a;, and let it be required to find what form of the 
fimction y will render 






a maximum or mmimum. 
Assume 

and let 

rfM = ifd» + iVi/y + Pirf.^+Pad.S + &c. 

ax ax* 

then (Chap. II. Prop. II.) 

Now, if the form of the function y be such as to render u a maxi- 
mum or minimum, 

or 

This equation it is manifestly impossible, in general, to satisfy, 
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without destroying the independence of the form of the function 
\p or 8y, for unless the quantities iV, Pi, Pj, &c., be separately 
zero, the equation 

will establish a relation between the form of the function Sy or \(/^ 
and the form of the function y or 0. Such a relation would, of 
course, render the entire proceeding nugatory. Nor is it in gene- 
ral possible to satisfy the equations 

JV=0, Pi = 0, &c., 

inasmuch as each of these equations establishes a general relation 
between y and x, or, in other words, determines the form of the 
function y. Unless then it should so happen, that the forms of 
the function y, as determined by all these equations, should agree, 
it is plain that the equations 

JV^O, Pi«0, &c., . 

cannot be satisfied ; and as this will not happen generally, it is 
evident that the problem does not ordinarily admit of being 
solved. 

If the function u contain but one of the quantities 

V ^ ^ &c 

or if, by the conditions of the question, the values of all but one of 
these quantities be fixed for each value of or, the equation 

JVSy+p,2^ + &c. = 

will be reduced to a single term, and may therefore be satisfied. 
Thus, for example, let 



«=/('• ^'1-)' 



and let it be required to determine, among the forms of the func- 
tion y which render that function of a given value for a given 

F 
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value of ^, that form which renders u a maximum or minimum. 
In this case the equation 

da 

is reduced to Pi = 0, and maj therefore be satisfied. 

This willy perhaps, be most easily understood when stated 
geometrically. In that form the problem is as follows : 

To determine a curve such that at every point the function 



/ {'■ y I) 



may be a maximum or minimum, it being understood that the 
curve so found is, at each of its points, to be compared only with 
curves which pass through that point. 

25. As an example of this case, let it be required to find a 
curve such that if at any point T (Fig. 1) a tangent be drawn, 
and produced to cut two given ordinates, CM, CATy the product 
CM. CM\ may be a maximum or minimum. 

Let be the origin, and assume 

We have, then, 

and, therefore, 

F=Cif.Cif'=(y+|(a-*))(y + g(a'-*)). 



Hence 



Sr. (2y + (« + «■- 2i)^)s, 



.{(,.|(.-,))(a--.);(,4(a--.))(a-,)}f. 

Now if it be one of the conditions of the problem that the curve 
is at each of its points to be compared only with curves passing 
through that point, it is evident that we must have 

8y = 0, 
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which reduces the equation 

8F=0 
to 

or, by reduction, 

y a- X a -x 

Integrating this, we find 

y« = ±«»(a-a:)(a-a:). (A) 

e^ being an arbitrary constant. The curve is therefore an hyper- 
bola or an ellipse, according as we use the upper or lower sign. 

Let us next consider the second variation, P V. 

We have already seen (Art. 21) that, in general, 

Hence, in the present case, where 

and Sy disappears by the conditions of the question. 

Substituting for 2{a-x) (a - x) its value, given by equation (A), 
we have 

The maximum value, corresponding to the negative sign, belongs 
therefore to the ellipse; and the minimum, corresponding to the 
positive sign, to the hyperbola. It is plain aUo that in the former 
case the curve lies wholly within the lines CJ/, CM\ and in the 
latter wholly without them. 
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Prop. II. 
26. Let 

P.fV^wl,e™r./(.,„|,...g), 

and let it be required to determine the form of the function y, and 
the values of the limits Xq and xi, which will render 17 a maximum 
or minimum. 

In this case we have (Chap. II. Prop. III.) 

DU^Vidxi- Vodxo 

+ &c. 

In seeking to determine the method of satisfying this equation, 
it is, in the first place, to be observed, that we may have to deal 
with one of two different cases: — 1. The variation 8y, or the form 
of the function \p, may be wholly unrestricted (except by the con- 
siderations in Prop. II. of the preceding chapter). 2. The prob- 
lem may be such as to render it necessary to assume only those 
forms of the function }p which satisfy a certain condition or con- 
ditions. 

In the first case we seek to determine, among all possible func- 
tions, that one which will render U a maximum or minimum. 
In the second case, we seek to determine the required function, 
not from among all possible functions, but from a certain class,* 
8c. from among those which satisfy certain conditions. Maxima 
and minima belonging to the first class are termed absolute^ while 
those belonging to the second class are denominated relative. 
Problems involving maxima and minima of the latter species are 

* This class may, of course, contain an infinite number of functions. 
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also firequently called (from a remarkable class among them) 
isoperimeirical. 

We shall first consider the case of absolute maxima and 
minima. 

27. Assume 

a,= ri(&i + (Pi-^ + &c.) 8yi ^ (P, - &c.) (^) +&c. 
and 

oo = f^odoo + ( -P| — -j^ + &C.J 8yo + Ac- 
also 

Equation (A) becomes then 

ai - Oo + I pBydx = 0. 

Now this equation cannot be satisfied, without restricting the ge- 
nerality of Sy or xl^f in any other way than by making 

For if fli - do be not = we must have 



r 



an equation which, as is easily seen, implies that the integral of 
an arbitrary function may be expressed (without determining, or 
even restricting its general form) in terms of the limiting values 
of itself and a certain number of its differential coefficients. This 
is manifestly untrue. We have, therefore, 

0,-00 = 0, {''pSf/dx^O, 

Now it is known that, as the result of the process of integration 
depends in general on the form of the function to be integrated, 
it is impossible to determine the value of an expression such as 

£pStfda without, at least, restricting* the generality of the func- 

* I My regtrieting^ becAose there are many cases of definite integrals, whose value can 
be determined without an absolute determination of the form of the function to be inte- 
grated. 
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tion Sy. Hence it is evident that it is impossible to satLify the 
equation 



f 



Xq 



without either restricting the generality of the form of Sy or 
making /3 = 0. As the former supposition is inadmissible, it is 
plain that we must have /3 = 0, or 

a differential equation, by which the form of the function y is 

determined. 

The equations 

oi - oo = 0, and j3 = 0, 

differ essentially from one another, the second establishing a ge- 
neral relation between y and x^ while the former is concerned 
merely with the values which these quantities have at the limits 
of integration. If this were not so, the solution of the problem 
would be impossible, as we could not have more than one general 
relation between y and a. The coefficients of the several incre- 
ments in the equation 

ai - ao = 0, 
or 

. (P. - 4c., (f),-(P, -*.)(§), (B, 

+ &C. 



(p tlM. (p t:lk\ =0 



being constants, it is plain that this equation, if capable of being 
satisfied, can be satisfied only by means of the arbitrary constants 
which enter into the solution of the equation 
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This is, in general, a differential equation of the order 2fi, for 
since V^ and, therefore, in general^ P^ contains -7^^ it is plain 

that * will contain -j-— . The solution of this equation will, 

therefore, involve 2n arbitrary constants. Now if the limiting 
values of 

dy #-»y 

' *' 5i • ' • • d^^ 

be completely unrestricted, the equation 

Oi - Oo = 

will contain 2(n + 1) arbitrary increments, viz. : 

In such a case it would be impossible to satisfy the equation 

inasmuch as it would be necessary to equate to zero the coeffi- 
cient of each of these arbitrary increments, which would furnish 
2 (11+ 1) equations between 2n quantities ; and this was to be 
expected, for if there were no restriction on either the form of the 
function y or the limits of integration, it is easy to see that the 
integral might be made to have any value from zero to infinity, 
and would, therefore, be incapable of either maximum or mini- 
mum. The nature of the restriction upon the limits will, of 
course, be determined in each particular case by the conditions of 
the problem to be solved. 

(1.) LfCt the limiting values of «, sc. oq and Xi^ be given, i. e. 
let the question be, to determine such a form of the function y as 
will render J VdXy when taken hetvreen fixed limits, a maximum 
or minimum. 

In this case dxi « 0, dxo = 0, and the equation 

is equivalent to 
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(/..-^^•.4e.),.0, (p.-'g.io.).-"- 

(P2 - &c.)i = 0, (P2 - &c.)o = 0, (C) 

&c. = 0, &c. = 0, 

{Pn)l = 0, (P„)o = 0. 

Now it is plain that the number of these equations (2n) is pre^ 

cisely the same as the number of arbitrary constants in the general 

solution of the equation 

^ = 0, 

and that, therefore, the solution of the question is in this case 
complete. 

(2.) Let the limiting values of both x and y be given. 

In this case dxi = 0, Syi = 0, dxo = 0, Syo = ; and the equation 

is equivalent to but 2n-2 equations, those, namely, which are 
formed by equating to zero the coefficients of the several va- 
riations, 

But as two additional equations are furnished by the substitution^ 
in the general solution, of the given limiting values of a and y, 
the number of equations remains still 2n. Thus, if the integral of 
the equation 

were 

/(^> y» C|, ca Cin) = 0, 

C], c^, &c. being arbitrary constants, we should have for the deter; 
mination of these constants the 2n equations, 

(Pa - &c.)i = 0, (Pa - «fec.)o = <>. (P) 

iPn)l = 0, (P,)o = 0. 
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(3.) Similarly, if the limiting yalues of «, y, -^ were given, 
the new datum would remove two equations from (D), namely, 

(i..-^'.4c.)_.0, (ft-^VicX-O. 

But at the same time two new equations would be derived from 
the given limiting values of -^, as follows : 
Let the equation 

be differentiated with regard to «, and let the result be exprened 

/' [x, y, ^, Ci, (^ . . . . 0»nj = 0, 

then the two new equations will be 

/(*i> yu (-^j 9 Cud <^J " 0, 

fy^ yoi [^J yCud O - 0, 

[^ j and (-^J being the given limiting values of j^. 

aPy 
In the same way, if the limiting values of -7^ were given, the 

number of the equations (D) would be further diminished by two, 
and at the same time two new equations would be formed by dif- 
ferentiating twice the equation 

/(*>y> cifd C««) »0, 

and substituting in the result the given limiting values of 

rfy (Py 

In all these cases, then, the number of equations is 2n, the same 
as that of the arbitrary constants ; and the same would be true if 
the limiting values of any number of the quantities 

G 
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dy (Py (Py d^^y 
^'di'd^'d^""d^i' 

were given. For it is evident that, by fixing the limiting values 
of any number of these quantities, as many new equations would 
be obtained as are removed from the equation 

Oi - do = 0. 

(4.) Instead of supposing the limiting values of a?, y, ^, &c. 

to be fixed, let any two or more of these limiting values be con- 
nected by a fixed equation or equations. 

In this case it is evident that the variations of the quantities 
so connected would be no longer independent, and, therefore, that 
two or more of the terms of the equation 

would be reduced to one. This would, of course, reduce the 
number of equations to which that equation is equivalent, and, at 
the same time, introduce a sufficient nimiber of new equations to 
make up the deficiency. Thus, for example, if the liTniting 
values of y and x were connected by the determinate equations 

yi=/i(a?i), yo=/o(a:o), 
we should have between Syu dx\y Syoj dxo, the equations 

(^) ^i+^i=/^(^i)-^^i» V^J dxo + Syo = foQco) . dxo. 

If the values of Syi, Syo derived from these equations be substi- 
tuted in 

oi - Qo = ; 

and if the coefficients of the independent variations be equated to 
zero, it will be found that that equation is equivalent to the fol- 
lowing : 

''•*('''-§^*«-),{/.('-)-(i),}-<>. 

(P4-&C.)l=0, (Pi~&C.)o = 0, 

&c. &c. 
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the remaining equations being the same as before. These equa- 
tions, which are in number 2n^ are, with the four equations, 

yi=/i(a?i), yo=/o(aro), 

/(^i»yi» <?ii <^ . . . • dn) = 0, /(a?o, yo» CuC^ o»n) = 0, 

sufficient to determine the 2n + 4 quantities, 

Similarly, if the limiting values o£x and -^ were connected 
by the equations 

we should have 

hence the first three terms of each of the quantities oi, oq would 
be reduced to one, and consequently the number of equations 
furnished by ai - a© = to 2n - 2. 

To determine the 2n + 4 quantities, t/u <^*> cu &Cn ^m there 
are, besides the 2n - 2 equations just mentioned, and the four 
which occurred in the first part of this case, two others, namely, 

/ («b !fu /i(«i)» ci . . . . c) = 0, /(xo, yo,/o(^), ci . . . . c,) = 0, 

formed by differentiating the general solution 

/(^»y»ci Ci,) = 0, 

and substituting in the result the limiting values of 

The same reasoning will show that in all cases in which the 
conditions of the question, by annulling or restricting any of the 
independent variations, 



^" »©,■ 



&c., 



diminish the number of equations furnished by oi - oq = 0, they, 
at the same time, introduce the same number of new equations, 
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thus leaving the total amount unchanged. Henoe it ap{>e«r8 that 
the equations furnished bj the condition DU=0 are, in general, 
i^ecessaiy and sufficient for the solution of the problem, i. e. for 
the complete determination of the form of the function y. 

28. Before giving any examples of the foregoing theory, it 
may be well to notice some exceptions to which it is liable. 

(1.) If F be a linear function of the highest differential co- 
efficient which it contains, it is manifest that P« will not contain 

T^, and, therefore, that -7—^ will be, at most, of the order 2n- 1. 

Therefore the equation 

cannot be of an order higher than 2n - 1, and its solution will 

only contain 2n - 1 disposable constants. In this case, then, the 

equation 

d - Oo = 0, 

which is, as we have seen, equivalent to 2n equations, cannot, in 
general, be satisfied. 

It is, indeed, easy to show that if F be a linear function of the 
highest differential coefficient which it contains, the equation 

/3 = 

can never rise above the order 2n - 2. To prove this, let 

eaf 
then V" Bv+ ff, where B and ff are functions of 

dy ^ 

As we have seen already that the equation 

/3 = 

does not contain -r-^j it only remains to show that it does not 

da^ '' 

contain , ^ , . Now this coefficient, if it occur at all, can be 
or*""* 

found only in one of the terms , "" , —r^' But since 
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y.,^.„. P..,, ^.g. 

In order, then, to find the coefficient of t-sti ^ tt-t ot in -r--, 

(Mr*'' (ur aar 

It will be necessary to form the values of -j-, ^-^, Ac., -j— , reject- 
ing at each step every term except that of the highest order. 
Assuming ti « -t-;;^^ we have 

€UB \cusj \dyj ax \duj dx 

In this expression the term i-^j . ^, or ( -j- J . ^, is the only 

one to be retained, as it is evident that all the other terms are of 
an order less than n. 

Similarly in — the only term of the order n + 1 is 1-t-) • -7-^9 
and in the same way it can be shown that the only term in 
g. '^hich is of the order 2» - 1, is (^ . g. or (^ . gl^. 

But since 

..>,.,. p.,...©.©. 

if then we proceed as before to form the values of 

dx ' da^ dar^ ' 

retaining after each differentiation only the term of the highest 
order, it will appear, as before, that the only term of the order 

As this result is the same with that found for the term of the 

d'^Pn 
highest order in , , it is evident that that term will disappear 

from 

d^^Pn.1 d-Pn 

ds^'i daf' 
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and therefore from the equation 

Hence it is evident that this equation cannot be of an order higher 
than 2n ~ 2. 

This reduction of the equation 

/3=iO 

to another whose order is less by two than that of the first, is not 
noticed by Lacroix, who merely shows* that when F'is a linear 
function of the highest differential coefficient, this equation will 
be depressed by one order. It was first remarked by the illustrious 
Eiiler,! whose demonstration, however, as far as it is general, 
proves rather that such a reduction was to be expected, than that 
it actually takes place. His demonstration is nearly as follows: 
Assume, as above, 

then, since F is a linear function of v, we must have 

y^Ov + ff, 

and ff not containing differential coefficients of an order higher 
than n - 1. Hence 

j Vdx =^ I Ovdx + 1 ffdx. 

Now it is easy to see that the integral jOvda can be reduced to 
the form 

01 + ^OidXf 

01, 02 not containing any differential coefficient higher than u. 
For if we assume 

I Ovdx = 01 + \O2dXf 

and differentiate, we find 

^ fdOA fdei\ dy ^ fdOA du ^ 

* Traitd de Calc, torn, ii p. 740. f ^eth, Inven., pp. 62, 76. 
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Hence as v « -7-, it is evident that the equation 

dx 

is satisfied by making 

©..,»a.-{(§).(|).|.*.}, 

the first of which conditions shows that 0\ is found by integrating 
6 with regard to u solely. From this it appears that when V is 
a linear Amotion of the highest difierential coefficient which it 
contains, \Vdx can always be reduced to another, \V\dx^ in which 
V\ contains no differential coefficient of an order higher than n - 1 . 
If then this reduction be made previous to the application of the 
Calculus of Variations, it is evident that the order of the differen- 
tial equation arrived at will be 2n - 2. 

This mode of demonstration is important, as showing that the 
case which wo have been considering cannot properly be re- 
garded in the light of an exception to the generality of the method. 
For, if the given integral be reduced to its lowest terms, pre- 
vious to the application of the Calculus of Variations, it will 
assume the form 

or, when taken between limits, 

in which ^i, ^ contain differential coefficients of an order equal 
to that of the highest coefficient contained in ^'. This case is 
considered in a subsequent proposition, and is evidently distinct 
from that which we have been considering in the present propo- 
sition, in which the quantity which is to be made a maximum or 
minimum contains no terms free from the sign of integration. 
Hence it appears that the existence of a case such as that which 
we have been here discussing merely denotes the necessity of re- 
ducing an integral to its lowest terms, previously to the applica- 
tion of the Calculus of Variations. 

(2.) Another exception to this theory is as follows : 
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dF 

Let r= yf{x) + F{xy p) ; then N=f(x), and P= j-. The 
equation 

da 
becomes in this case immediately integrable, giving 

P^\f{x)dx-\^c =/i (a?) + c. 
This equation, being solved for p, gives a result of ihe form 

p = F(x, o), 

and, therefore, 

y = /; (a:, c) + c . 

Now let it be supposed that the limiting values of a? are given, 
those of y remaining indeterminate. The equation 

ai - oo = 

is equivalent to 

Pi = 0, Po = 0, 
or 

/i(a:i) + c = 0, /i(a?o) + c = 0. 

These equations, containing but one indeterminate quantity, c, 
cannot, of course, in general be satisfied, and, therefore, although 
the general solution contains the requisite number of constants, 
the problem in this shape does not admit of a solution. If^ 
however, /(a:) = 0, so that 

V^ Fix, p), 

the two equations 

Po = 0, Pi = 0, 

become identical, and the problem becomes soluble, but indeter- 
minate, containing one arbitrary constant. 

The conclusion here arrived at is not peculiar to functions of 
the first order. If F be of such a form as to satisfy the equation 

and if the limiting values of x only are given, it is easy to see that 
the same reasoning will apply. The equation 
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will be, as in the case of functions of the first order, immediately 
integrable, giving 

P-^ + &c.=/i(a:) + <?; 

and the first two equations furnished by ai - oo == 0, will be 

/i(a?i) + c = 0, /i(a!to) + c = 0, 

which cannot be satisfied generally imless f\(x) » 0, i. e. imless 

y disappear altogether from V, And in general let -r^ be the 

lowest differential coefficient contained in V. Then if F be such 
as to satisfy the equation 

and if only the limiting values of x and of coefficients higher than 
the j9^ be given, similar reasoning will show that the problem 
does not admit of a solution. 

(3.) Let iV = 0, and let the limiting values of x only be given. 
In this case the equation 

beeo.es '-' 

dx dj* ^^- ^' 
or, integrating. 

Pi — 3— + &c. = c. 
ax 

Hence it is evident that the two conditions furnished by equating 
to zero the coefficients of Syi, Syo» namely, 

(«-^^. *..)_. 0, (p-f .4c.)^-0, 

are equivalent to but one, namely, c = 0, and that, therefore, the 

equation 

ai - oo = 

is equivalent to but 2n - 1 equations, instead of 2n, as before. 
The problem is, therefore, in this case, indeterminate. 

H 
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This might have been anticipated, for as y does not enter either 
into the function F, or into the conditions which are supposed to 

be fulfilled at the limits, we might have taken -j- for the primi- 
tive function, and it would then have required all the equations 
which DU^O affords, to determine an equation without arbitrary 

dv 
constants between x and -~. The relation between z and v, de- 

da 

rived by integration from that between x and ^, will, therefore^ 

contain one arbitrary constant. But if either of the limiting va- 
lues of ^ were given, the problem would become determinate as 

before. Similarly, if iV^= 0, Pi = 0, and if the limiting values of 

dv 
y and —■ be both indeterminate, the solution will involve two ar- 
ax 

bitrary constants, and would be rendered determinate only by 

d,ii 
fixing at least one of the limiting values for both y and -^. And, 

in general, if the first m terms of the equation 

ax 
disappear, and if no limitation of the extreme values of y, -^ . . . 

, ^^ be given, the solution will involve m arbitrary constants. 
29. As in certain cases the equation 

j\r-^^ + &c. = 
ax 

admits of being integrated one or more times without a determi- 
nation of the form of the function F, we shall proceed to consider 
some of these cases, inasmuch as, by so doing, we shall be enabled 
to establish some general equations, which will greatly facilitate 
the application of the foregoing theory to particular examples. 
These cases may be arranged under two general classes, one of 
which has been already alluded to. 

(1.) Let the first m of the quantities y, -^, -7-^ .... be wanting 

in F, i. e. let 



■' \ ' </.B""' <te"/ 
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In this case the first m tenns of the equation 

ax 
are wanting, and that equation becomes 

which equation, being integrated tn times, becomes 

Pm -r^ + &C. = Co + CxX + OgO^ + &C. + C«-i X"'^ 

a differential equation of the order 2n - m. 
(2.) Let 

not containing the independent variable. 
In this case 

rfF-iVrfy + Pirf.^+P,d.^ + &c. 

or, if we substitute for iS^its value derived from the equation 
and, therefore, 



J \ da? dx ' dx J 
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Pn 7—^ be integrated by parts, its value will 
be found to be 

hence 
iV'daf^^ ^ ^> dx- daf)'^''^''d^ dx •<&•-» ^ **• 

^'^ ' dx' dir-i • 
and, therefore, 

^ da \ ^da^ dx' dx) 

^ fpd^y dPs d^y ^ (PPz dy\ 
\ dx^ dx ' dafi dx'* * dxJ 

+ &C. 

a differential equation, whicli is, at most, of the order 3n - 1. 

Hence it appears that if the function V do not contain the 
independent variable, the equation 

can be reduced, at least, one order. 

For the sake of convenience in the application of this formula, 
we shall give a few of the most important cases : 

df 



« ^-/ (I)- 



Here y=c + P\-^; but as F, and therefore Pi, are functions of 

ax 

-7^, this equation is equivalent to -7^ = Ci, or v = cix + c^. Hence 
dx dx 

it appears that linear functions have the property of giving a 

maximum or minimum value to every function of -j- which ad- 
mits of such a value. 
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(b) Ur.f{,.&).,h.nV.<:*P,±). 

<c) ur./(„g).u»n^...P.g-|.f. 

(3.) Let the simplifications of the form of V in both these 
classes be combined, i. e. let neither the independent variable nor 

the first m of the quantities y, ^, &c. be found in F. 

The equation 

becomes, as in case 1» by integration, 



Pm — :7— + Ac. = Cb + Ci4? + c^ + &c. + c«,.i «*•* ; 

Cm? 



hence 



dP 

Pi» =— 7^ - &C. + C^ + CiX + (J^ + &C. + Cm.1 ^'^ 

Substituting this value in the equation 

+ &0. 

+ (cb + cix + CiO^ + Ac. + c».i «*"0 ^?^- 
Integrating by parts, we find 

+ |(A) + Ci« + dx^ + &c. + Ci^i x*-i) -j-jj^ . rfr. (F) 
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But as in general 

+ ife.ife-l.»*^^-&c. + (-l)*.*.ife-l.ife-2...1.^^ 

if k be made successiyely 1,2, — m - 1, and the values of the 
integrals, 

be substituted in equation (F), the resulting equation will evi- 
dently be of the order 2n - m ~ 1, i. e. of an order tn + 1 degrees 
lower than that of the original differential equation. 
Thus, for example, let 






= 0, 



Here the equation /3 = is 

dPi (PPj 
dx da^ 

which becomes, by integration, 

z> dP^ 

Pi = -T- + C. 

dx 

Substituting this value in the equation 

and integrating, we find 

a differential equation of the second order. 

We shall next proceed to give some examples of the applica- 
tion of the foregoing formulae. 
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Example 1. 
30. To find the form of the function y which will render 

a maximum or minimum. 

Here T = / f ^ j, and, therefore, ((a), p. 52), 

y « ex + c . 

To determine the arbitrary constants c and </, 

(1.) If the limiting values of both y and x be given, we have 
the two equations, 

yo = cxto + c , yi = ca?i + c , 

the equation 

ai-ao = 

disappearing, inasmuch as 

(2.) If the limiting values of x only be given, the equation 

ai - oo = 
becomes 

c (8yi - 8yo) = 0, or c = 0; 

hence, in this case, the other constant, c , is indeterminate. This 
is an example of exception 2. 

(3.) If the limiting values of x and y be connected by the 
equations 

yi=/i(«i), yb-/o(^o), 

the increments ^i, dxi, Sy» dxoy are connected by the equations 

dxi = m\dxip 



Syo + \^) dxo = madxQj 





putting mi, niQ for/'i(a;i), /'o(^o). Hence the equation 

ai - a© = 
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is cqmvalent to 

or 

which equations, with the four others, 

yi = cxi + c\ tfo^cxo-^Cy yi=/i(iri), yo«/o(«D), 
ore sufficient to determine the six unknown quantities, 

Pu ^u yo> ^ <?• c. 

Example 3. 
31. To find the form of the function ^, which will make 

a maximum or minimum. 

In this case ^=/(y»/)» l^^nce ((b), p. 53), 



or smce 



n dx 



therefore 



dy* 
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or malring. for the sake of symmetiy. c = a-. 



dx = 



a*ify 



^(y»--a«-y 



This comes under the general class of binomial differentials in- 
cluded in the expression 

y^'^ (a + Ay^)**. 
In the present instance 

m =1, n = 2n, ^' = - 1, tj = 2. 
Now it is known that the expression 

y~'-i (a + ij^)«' 
is integrable if either 



m 



7 = t, or -7 + -. = I ;* 
n ^ V 

hence it is easy to sec that the equation 

^_ ?"^y_ 

is integrable if the value of n be any term of the scries 

1, i h i» &C- 

As the cases n=l and n = ^ will occur again, we shall not at 
present dwell further upon them. 
Let 



assume 
then 






dx = 



Hence 



x + c = 34 . 1 






V (-::'» -A^^)' 



* Via. Lacroix Traits Eleni., Art 192. 

I 
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But 

7(?rjr)--''<^-'')-'*''<'*-'"> 

Hence, fmally, 

therefore 

3a* 
a; + c = -y. [yV(y* - «') + «*'• {»* + \/(^ - <**))]• 

To determine the constants : 

(1). If the limiting values of a? and y be both given, the con- 
stants a and c are determined by the two equations, 

3a* 
3a* 

^0 + c = -^.[yo*\/(yo' - «*) + a' i {yo* + \/(yo* - o*)}]. 

(2.) If the limiting values of x only be given, the equation 

ai - ao = 
is equivalent to 

dy \ 




These equations are satisfied by making 

The first supposition gives evidently a = 0, as the general solution 
would otherwise be impossible. But if a = 0, it is easy to see 
that the only solution which the equation admits of is y = 0. For 
if y be not = 0, we must have a: + c = 0, and therefore 

i!Fi + c = 0, xo + c = 0, or 0*1 = Xo, 



OF OHB IHDEPBNDEHT VARIABLR. 59 

which is impossible.* The second supposition gives y\=y^- a» 
the value - a being evidently inadmissible ; hence, from the ge- 
neral solution, 

and therefore xi^xq^ which is impossible, as before. Hence, in 

this case, the problem does not admit of a finite solution. 

(3.) K the limiting values of both x and y be given for one 

limit, and only that of x for the other, it is evident that the 

equation 

ai - Oo = 

will become 

00^=0, or a;o + c = 0, 

which, with the equation 

3a* 

will suffice for the determination of the constants a and c. 

(4.) If the limiting values of x and y be connected by the 
equations ' 

y\ =/i {x\\ yo =/o(^), or dyi = midxu dyo = madxo, 

the equation 

ai - Oo = 

will be equivalent to the following, viz. : 

{K.P,(™,-|)},.0. {r.i.,(^-|)},.0; 

or, putting for V and Pi their values, and reducing, 

i.»,(|),.o, i.™.(|).-o.t 

* It is tmiieoenary to consider either of the suppoaitioDs, 

,. = 0.(^)^=0. or ,. = 0.(^)=0. 

ioAsmuch as the foregoiDg reaaoning shows that neither yi nor yo can vanish* 

t For the geometrical interpretation of these equations, vid. Ciiapter IV., where a 
mors general problem is discussed. 
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Example 3. 
32. To find the fonn of the function y, which will render 

dx 

a maximum or minimum. 

Since V does not contain the independent variable, thiB pro- 
blem is a case of the general one discussed in pp. 51, 53. We find, 
therefore, by applying equation (E) to this case. 





» 


' = C -1- J 


^ dx 


t X 


^diK^ dx' 


dx ' 


which, 


since 


d»y 






d^y 






r= 


dx 


Pi 

iPa 
dx 


ny" 


dx> 
dai* 


dx 



becomes 



n-i ^y 



hence, by integration, 

y* = ca; + c. 

This equation containing but two arbitrary constants, it is im- 
possible, in general, to satisfy by means of these constants more 
than two equations. Hence as the equation 

ai - Oo = 

is in general equivalent to four, it is impossible, by means of the 
two arbitrary constants, to satisfy this equation. The present 
problem is, in fact, a case of Exccp. 1, p. 44. And although in 
certain cases the equation 

ai - ao = 
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18 equivalent to but two, it will be found that the impossibility of 
satisfying it by any finite value of yi remains. This will appear 
by an enumeration of the several cases. 

(1.) Let the limiting values of x only be given, and it is 
evident that the equation 

a\ - ao = 
is equivalent to 

If the values of P^ P% be substituted, it will be found that 
these equations are equivalent to but two, namely, 

y\ =0, yo = 0. 

Hence, from the general solution, we find 

ca?i + c' = 0, cdTo + c' = 0, 

which can only be satisfied by 

c-0, c=0; 

and, therefore, the only possible solution of the problem is 

which would, of course, render the given definite integral zero 

also. 

(2.) If the limiting values of both x and y be given, the 

equation 

ai - ao = 
is reduced to 

(Pa)i = 0, (Pg)o = 0, or yx = 0, yo = 0, 

which cannot, of course, be satisfied, unless the given limiting 
values of y be each zero, in which case the solution becomes 

y = 0. 

(3.) If the limiting values of x and y be connected by the 
^ven equations, 

dyx = midxu dyo = ino^iro, 
the equations 

(P.)i=0, (P,)o = 0, 
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will give, as before, 

y\ = 0, yo = 0. 

This case is, therefore, reduced to the preceding. It appeazt, 
then, that the problem admits of no solution except 

y = 0. 

Example 4. 
33. To determine the fimction y, such as to render 

a maximum or minimum. 
In this case 

a — 



A^^Z) 



As Kdoes not contain the independent variable, we have (p. 53, 
(b)), 

ax 

or 

Hence, by reduction, 
and, therefore. 

Integrating this, we have 

or 

(y - cf \{X' by = a\ 
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This equation determines the form of the function y. To deter- 
mine the constants c, c , we shall consider the several cases which 
may arise. 

(1.) Let the limiting values of both x and y be ^ven. 

In this case we have 

dxa = 0, dxi = 0, Syo = 0, iy\ - 0. 

The equation 

ai - oo = 0, 

therefore, disappears, and the arbitrary constants, c, c, arc deter- 
mined by the equadons, 

(yi - cy + {xx - by = a«, 
formed by the substitution of the given limiting values, 

yo> a:^ yu ^u 

in the general solution. 

(2.) Let the limiting values of x be given, those of y remain- 
ing indeterminate. 

The equation 

ai - oo = 

is, in this case, equivalent to 

(Pi)o=0, (Pi)i = 0. 

Substituting for (Pi)o> (Pi)i> their values 

/ ^ \ I ^ \ 

dx \ I dx 



i^^ra. [v^i 



these equations give 

Ok) - 6 = 0, 

xi - 6 = 0. 

As these latter contain but one indeterminate quantity, 6, it is 
plain that they cannot be satisfied, and that, therefore, the given 
integral does not, in this case, admit of a maximum or minimum 
value. This is an example of Excep. 2, pp. 47, 48. The geo- 
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metrical interpretation will be found in the chapter on the appli- 
cations of the Calculus of Variations to GkK>meti7. 

(3.) Finally, let it be supposed that the limiting values ots 
and y are connected by the equations 

yo =/o(aro)i 

yi=/i(a?i); 
or, 

dyo = m(4xo, 
dyi = midxi ; 

/o,/i, denoting two given functions. 

Substituting for Ki, Fo, &c., in the equations of Art. 27 (4), 
we find 

».-V(i^l^:)-«(--l;):7^-* 



or, by reduction, 

Substituting for ^^ -p-, their values found by diiferentiating 
the general solution, and reducing, we have ultimately 

c + (xi - /)) mi = 0, 

which, with the four equations, 

(y« " 0^ + (^0 - ^'? =■ «^ yo =/oO''o), 

arc suflicicnt to determine the six quantities, 

^i7 yu .^o» ^01 ''» c. 
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pbop. m. 

34. Let 
where V has the same fonn as before, and 

r./{^,.,^\....(g),«,„„(2),....(0),}. 

and let it be required to determine the form of the function y and 
the values of the limits zo, ^u such as to render U a maximum or 
minimum. 

The general equation 

being derived solely from terms under the sign of integration, 
will evidently be the same as in the foregoing Proposition. Hence 
it will only be necessary to consider the terms which refer to the 
limits. Assume 

dr = M'dxo + N'dyo + Fid (^) + &c. + Fn^d T^)^ 

+ Mdx, + N^dy, ^ r,d (1)^ ^ &c. -f r..d (g)^. 

Then it is easily seen that the terms added to 2>^ by V* will be 

*•*'««* P'. (f ).* 4c.. /^.,(§)^ 

The left hand member of the equation 

ai - oo = 

will therefore be augmented by these terms ; and as they are ob- 
viously of the same form with those which are already found in 
that equation, the mode of treating it, in the several cases which 
may arise, is precisely the same as before. 

One important remark, however, must not be omitted. 

K 
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It will readily appear, from the reasoning of pp. 38-44, that 
the possibility of satisfying the condition 

depends upon the fact that the number of independent increments 
which enter into the equation 

ai - ao = 

does not, in general, exceed that of the arbitrary constants which 
are foimd in the integral of the equation 

= 0. 

If, then, any case should arise in which the number of these in- 
crements does exceed that of the constants, it is pkin that the 
condition 

would no longer be capable of being satisfied. Now, in the case 
before us, the number of the increments 



'^'^ ^^<" ©0 • • • • O^)o' 



relative to the inferior limit, which are found in the terms intro- 
duced by V*^ is evidently n + 2. The number of increments, 
relative to the same limit, which already exist in ao> is, as has 
been before observed, n + 1. If, then, 

n + 2 > n + 1, 

or, in other words, if 

n > n - 1, 

the problem does not admit of a solution. Similar conclusions 
apply, of course, to the superior limit. Hence it appears that, if 
the new quantity V contain any coefficient of an order higher 
than n- 1, the given function does not admit of either a maxi- 
mimi or a minimum. 

One instance of this has already been alluded to (p. 47), where 
it has been shown that if F be a linear function of the highest 
dificrential coefficient which it contains, the given integral 



{ 



Vdx 
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can be reduced to the form 

in which ^i, ^ contain coefficients of an order equal to that of 
the highest coefficient in ^, In this case, therefore, 

and, as we have before seen, it is impossible to satisfy the equation 

Examples of this Proposition will be found in Chapter IV. As 
the mode of treating any case which may arise is perfectly similar 
to that of Prop. II., we shall content ourselves with giving here a 
single example of the excepted case just alluded to, principally 
for the purpose of pointing out its idendty with a case formerly 
noticed. 

Example. 
35. Liet 



Here 



^-^■•'(i),-*-'(S.' 



whence 



Pi=-ny-i/^-ny-t. 



Substituting the values of V and Pi in the equation 

ire find, by reduction, 

or, integrating, 

if^ - ex -^^ c . 
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With regard to the terms outside the sign of integration, it is 
evident that 

a, = Fidxi -f {(Pi)i + N'\ 8yi + Pi (^)^, 



ao 



But 



hence 
Also 



hence 



Similarly, 



= Todiro + ((P,)o - N") Syo - P'l [^)^. 

(P,)l + AT' = - «y,-l. 



ao = Todxo - ny."-i8y. + ^. (^^)^. 




Now if we compare these values of ai, qq, with those which occur 
in Ex. 3, pp. 60, 61, it is easily seen that the coefficients of 



^'' (f ),. ^' (§).■ 



in the two expressions, are identical. 
The general solution, 

t^ = ex + c\ 

being also identical with that of Ex. 3, the conclusions there de- 
duced applying to the present case, showing that the problem 
admits of no solution except 

y = 0. 

The identity of the two problems may also be shown by proving, 
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according to the method of Euler (pp. 46, 47), that the value of 
{/ in p. 60, namely, 

dx 
may be reduced to the form 

Assume 

dx 

Differentiating both sides, we have 

^ dy dx dy dx . dydsfi ^ ^ ' 

dx ^^ 

Equating the coefficients of -j-^, we have 

dx* 



dx dx 



whence, by integration. 



/ denoting an arbitrary function. 

Substituting this value in the remaining terms of equation 
(G), we have 

^,,dy df df 

whence 

j'* 0'rfar = - w j^' yi / ^ '/{xu yi) + /(^o, yo). 



70 MAXIMA. ▲ND MINIMA OF INDETERMINATE FUNCTIONS 

But since 

we have, by substituting successively, Xi, yu and Xo^yih 

Hence, therefore, 

do; 

-^■■'(i).-^»"(i).-"r>'i'i^- 

Q. E. D. 

Prop. IV. 
36. Let 

U=T' Vdx, 
]*» 
where 

r=/{.,y,|....g, ^«.yo,(|)^....(g)^. 

and let it be required to determine the form of the function y, 
and the values of the limits Xq, xi, which will render UtL, maximum 
or minimum. 

The general equation, 

DU^O 

becomes in this case (Chap. II. Prop. IV.), 

[''-f:;{--(i).-(3b''«}'']'^' 
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-{('.-^*+*«-).-jr.-«''}*. 



1X0 

+ &C. 



C(^-§'^S*-*'>-<>- 






Putting this equation, as in Prop. II., under the fonn 



ai - 00 + 



(" ^»dx - 0, 



it is, in the first place, evident that )3 is the same as before, and 
that, therefore, the form of the general differential equation by 
which the form of the function y is determined, is not altered by 
the supposidon that F contains the limiting values of 

X, y, g, &c. 

The terms contained in ai - oo are also of the same nature as 
in Prop. IL, constituting, in fact, a scries of the form 

Aidxx^Bxhyx^Ci{^\ +&c. + ^oda?o + fiaSyo+ Cof^) + &c. 

A\i jBi, Ci, &c., Aoy Bo, Co, &c. being constants. 

For in the expressions 

1^1 pi 

/Kidx, &C., I fi^, &c., 
xo ]xo 

the same supposition is made as in the case of 

and the other coefficients of the several increments which enter 



72 MAXIMA AKD MINIMA OF IVDETBRMINATB FUHCTIOVS 

into Qi - oo in Prop. n. ; the supposition^ namely, that the value 
of y derived from the equation 

has been substituted in /ui, )tiot &c. If this substitution be made, 
and the operation of definite integration be then performed, the 
terms 

Xo jxo 

will become constants. 

Hence it is evident that the mode of treating the equation 

JD[7=0, 

in the several cases which may occur, is precisely similar to that 
given in Prop. II. 

The restriction on the possibility of the problem is analogoua 
to that which we found to hold in Prop. III. If either n or n 
exceed n - 1, it is easily seen that the number of arbitrary incie- 
ments in ai - oq is greater than the number of arbitrary constants 
in the integral of the equation 

= 0, 

and that, therefore, it is not, in general, possible to satisfy the con- 
dition 

From this and the preceding Proposition we infer that the 
quantity 

P + r Vdx 

does not, in general, admit of a maximum or minimum, if either 
For V contain either of the limiting values of a differential co- 
efficient of an order equal to or greater than the order of the 
highest general coefficient, 

which is found in F. 
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EaampU. 
37. Let 



U^\ — —dx, 



in whick a is a given function of xi, yi ; and let it be required to 
determine y so as to make U a minimnm. 

In this case, F being a Amotion of y and -^, not containing 
the independent variablei we have, (p. 53) (b), 

ax 
But since 



F= J_l_f^^» ^^^ ^^ 



y/{<^-y) ' ' V(a-y).'/(l+S) 



we have, by substituting these values, 



i/('^g) 



c + 



da? 



Whence, by reduction, 

or, putting ^ = 4, and solving for j^, 

This equation, which is easily integrated by putting 

a - y = 6 cos*©, 
gives 

ar + i'=6cos-i\/(iy2)+ ^{6(a-y)-(a-y)«). (I) 

L 
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To determine the arbitrary constants b and Vi 

1. If the limiting values of both x and y be given, it is plain 
that a will be a given constant, and that, therefore, the problem 
differs in no respect from that of Prop. II. All the terms of 
ai - ao will in this case disappear of themselves, and the constants 
£, V will be determined, as in Prop. II., by the substitution of the 
given limiting values of ^ and y in the general solution. 

2. Let the limiting values of a; be given, those of y remaining 
indeterminate* 

Since a is only a function o{x\y yi, we have, in the formula of 
Art. 13, p. 18, 

a. =[r..|;;{^..v.(|)J dr]dr.. {(PO..|;v.d,} Sjru 

ao = Forfxo+ (Pi)o8yo; 
or, since the limiting values, x\^ Xo, are fixed, and, therefore, 

dx\ = 0, dxo s= 0, 

ai = I (Pi)i + P vxdx I Syi, oo = (Pi)o8yo. 

The equation 

ai - ao = 

is, therefore, equivalent to 



But 



(Pi)i + r v.rf^ = 0, (Pi)o = 0. 

^ _dv _dv d^ _ dSy/iy^ 

dyi da dyi <'yi)^ (a - y)i 

Substituting the values of (Pi)i, {P\)ot vu in the above equations, 
we easily find that the second is equivalent to 

^1 = 0, oryo-a + i = 0; 
and the first to 
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/ I \ 



da 



Tl 



l/(-g) 



-ijm i — ^it.O; 



or, substituting for -^ its value derived from (H), 

v'(^f^)-i^j:;<-^-''- (K, 

If we put for dx its value, 



*V(a^). 



we have 



Substituting this value in (K), and recollecting that 

yo - a + 4 = 0, 
we have 

This equation may be satisfied by making cither 

6 - a + yi = 0, 

or 

da . 

dyi " 

The first of these gives 

yi = yo = a - i. 

Substituting this value of yi in the general solution (I), we find 

Xi + J' «= i cos-i 1 = 2iwb. 

Similarly, 

Xo + i' =» icos'^l = 2tVi. 
Hence 

2(i-t)7r t-t 
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The fonn of the function a being given, its value is found firom 
the equation 

« =/(^i> yi) -/(^i> « - *)• 

If we suppose the second factor of equation (L) to vaiUBli, it 
is easy to see that we shall have for the determination of the arbi- 
trary constants the equations 

aro + ft' = 2tV4, 

«i + i' - Jcos-i\/(^-li!i) + V {&(« - yi) - (« - yi)}», 

yi being given by the equation 

rfa _ - 

It is unnecessary to dwell further upon this example, which 
will occur again in the applications of the Calculus of VariatioiiB 
to Mechanics. 

Prop. V. 
38. If y be a fimction o(a which satisfies the equation 

Z)h Fc/a: = 0, 

Jxo 

to determine what further conditions are requisite, in order that 
the corresponding value of the given integral should be a real 
maximum or minimum, and to distinguish between maxima and 
minima. 

The solution of this problem, which is one of the most difficult 
in the whole science, may be justly said to be due to Jacobi. 
For although Legendre, and, subsequently, Lagrange, have exa- 
mined and partially solved it, the methods which they have 
given are encumbered with difficulties, which render them, in 
practice, comparatively useless. Both these writers have, it is 
true, succeeded in pointing out the criterion by which a maximum 
is distinguished from a minimum value, as well as in establishing 
one of the conditions essential to the existence of any such value. 
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But the condition thus established, although necessary, is easily 
seen to be insufficient ; and the methods by which they have en- 
deavoured to remedy this deficiency depend upon differential 
equations, or (in the latter case) inequalitiea^ which they have 
given no means of integrating. This important defect in the 
theory of maxima and minima has been fully supplied by the 
method of M. Jacobi, which we shall now proceed to state.* 

39. We have already seen that the form of the function y, 
which corresponds to a maximum or minimum value of a given 
integral, is determined by a differential equation of an order 
double of that of the highest differential coefficient which V con- 
tains. The value of y so determined is, therefore, of the form 

/ (J^» Ci, Cg, . . . . C211). 

If, then, this value of y be substituted in the given integral, it is 
evident that the value of that integral will depend partly upon 
the/orm of the function/, and partly upon the values of the seve- 
ral constants, Ci, e^, . . . . (^», which are introduced in the expres- 
sion for y. This consideration naturally suggests the division of 
the question, with which we are at present concerned, into two, 
namely, 

1. Whether the general /orm of the function y, as determined 
by the equation 

ax 

be such as to give a real maximum or minimum value to \Vdx^ 
for given values of the constants which enter into the solution of 
that equation. 

2. Whether the values so assigned to these constants in any 
particular case be such as to render the value of the given integral 
greater or less than that of any other which might be deduced 
from it by an indefinitely small change in any of these constants. 

* For the origiml Memoir of M. Jacobi, the reader is referred to Crelle, B. 17, S. 68, 
or to LioaviUe, Journal de Math., torn. iii. p. 44. The author of the present work has 
abo beeo largely indebted to a very able Memoir by M. Delaunay (Liouville, torn. vi. 
p. 209), containing a development of M. Jacobins discoveries. Such a development was 
the more to be desired, on account of the very succinct nature of M. Jacobi 's memoir. 
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These two questions are evidently perfectly distinct^ and 
therefore admit of being considered separately from each other. 
Thus, for example, if we can show that the value of the integral 
jFdx, corresponding to 

cannot be augmented either by an indefinitely small change in 
the form of the function/, the values of ci, (^, . . . . c^n remaining 
unchanged, or by a similar change in any one or more of these 
constants, the form of the function remaining unchanged, it is 
evident that the value so assigned to the integral is a real maxi- 
mum. Now we have already seen (Prop. II.) that if the limiting 
values of 

be given, the values of the constants ci, e^, . . . . dn will be found 
as functions of these limiting values ; and it is easy to see, con« 

versely, that if the values of ci, (^, C2n be ffivefiy the limiting 

values a, y, &c., must have been given also. 

Hence it is evident that the foregoing subdivision of the ques- 
tion may be stated as follows : 

1. Whether the form of the function y, as deduced from the 
equation 

be such as to render the given integral a maximum or minimunr 
for ffiven values of 

2. Whether the particular values of these quantities, derived 
from the equation 

ai - ao = 0, 

be such as to render the corresponding value of the given integral 
greater or less than any otlier which might be deduced from it by 
an indefinitely small cliange in any one or more of them. 

It is with the former of these questions only that the Calculus 
of Variations is, properly speaking, concerned. The second be- 
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longs to the ordinary problem of maxima and minima of functions 
of more than one variable, and is completely solved by the rules 
which the Differential Calculus furnishes for such cases. We shall, 
therefore, confine our attention to the former question. 

The essential condition of the existence of a maximum or 
minimum value of a given derived function is, as has been stated 
at the commencement of the present Chapter, that the value of y, 
which causes ihejirsi variation to vanish, should render the sign 
of the second independent of the form of Sy or \pj provided that 
that form be not inconsistent with any of the conditions of the 
question. Now in the case which we are here considering, in 
which the limiting values of y and its first n - 1 differential co- 
efficients, are supposed to be fixed, it is plain that no form of Sy 
IB admissible which does not satisfy the conditions 

It is, therefore, essential to the existence of a maximum or mini- 
mum, that the sign of the second variation of the given integral 
should be the same for every form of 8y which does satisfy these 
conditions, in addition to those noticed in Art. 9. 

It is, moreover, necessary that no such form of ?iy should ren- 
der the quantity under the integral sign in the second variation 
infinite, for any value of x within the limits of integration. 

Lastly, it is, in general, necessary that no form of Sy which 
satbfies the foregoing conditions should cause the second variation 
to vanish. For if any such form of Sy cause the second variation 
to vanish, without, at the same time, annulling the tfiirdj it is 
plain (as in the Differential Calculus) that there will be neither 
maximum nor minimum. 

40. It will contribute to the clearness of the subsequent dis- 
cussion, which is necessarily somewhat tedious, to premise that 
the object of the method which we are now about to state is to 
prove that the second variation of the given integral may be re- 
duced (by the method of integration by parts) to the form 
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t ^" {^^^ 






in wliich _ cPF 



and A^ Aij A2, .... ^n are functionB o(a. 

From this transformation it will immediately appear — 

1. That the sign of the second variation depends upon the 
sign of Qnt the other factor being essentially posiiivey and that, 
therefore, one of the required conditions is 

Q„ > or < 0, 

for all values of j; from o^o to 0:1. For, if Qn change its sign within 
the limits of integration, it is possible, as we shall hereafter show, 
to render the sign of the second variation either positive or nega- 
tive. In such a case there would be neither maximum nor mini- 
mum.* 

2. That if this condition be fulfilled, the value of the integral 
will be a maximum or minimum (according as Qn is negative or 
positive), provided that the quantity 



Qn {ASy 






do not become infinite for any 'value of x within the limits of 
integration, and provided also that no admissible value of iy Batisfy 
the equation 

Ahj + ^1 ^ + &c. = 0. 

3. We shall further show that, in order to determine whether 
or not this condition be satisfied, it is only necessary to have the 
complete integral of the equation 

and that, therefore, in every case in which we are enabled to 
solve the problem of Prop. II., we shall also have the means of 
deciding whether or not the solution so found give a real maxi- 
mum or minimum. 

* This condition haa been noticed both by Lcgendre and Lagrange. 
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We shall commonce with the following Lemmofi, which arc 
necessary to this investigation : 

Lemma I. 

41. If /3 be the coefficient oiStf under the sign of integration 
in the variation of a given integral, the variation S/3 may be put 
under the form 

Putting for /3 its value, 
and taking the variation, we have 

Conrider any term of this series, e. g., 

Forming the variation of Pm according to the usual rules, we 
have 

^y d^ d ^ 

'dx ' daf^ 



But since 



we have 



dV 
da^ 



dP^ d»V 



, d^y , d^y , d^'y' 
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Hence, if we assume^ for the sake of brevity, 

the general term of the series for 

daf" 
may be written 

d* / dPV d^u\ 

Now if m be equal to m', this term has already the required form. 
If m be not equal to in\ it is plain that in the expansion of 

daf^ 
there will be found a term 

d^ f d^V d^ \ 

And, as the terms in the original series for S/3 are alternately po» 
sitive and negative, the terms (1) and (2) will have the same or 
contrary signs, according as m - m' is even or odd. 

Hence it appears that the entire series for 8/3, with the excep- 
tion of those terms which have already the required form, may be 
arranged in groups of the form 

+ 



where 

dy^^^ dy^^'^ 

But, by a theorem of the Differential Calculus,* a group such 
the foregoing may always be represented by a series of the form 

+ Tum + &<5-; 



d^ dx"^'*^ 

* £or a proof of this theorenii vid. note npon p. 82. 
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m being supposed less than m. Hence the proposition is evident, 
as it is plain that no term can occur of an order higher than 



d^.At 






It is easily seen that 



An-± 



the upper sign corresponding to the case in which n is even, and 
the lower to that in which n is odd. 
For the coefiBcient of 

(d-SyV 
\daf ) 
in S/3 is evidently 

dPn d*F 



The cocf&cient of the same term in the series just given is An* 
Hence, as these coefiBcients must be identical, wc have 

Lemma II. 

42. If u be a function of x which satisfies the differential 
equation 

du . d^u 

{A, Au <&c., being functions of ^), the expression 

is integrable independently of y, and the integral may be ex- 
pressed as follows : 
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I 



. « dH (ft 



dm dx tu^ 

where t = -, and Bi, B^, &c., are functions o(x depending upon 
Ai, A3, &c. The value of the last of these, Bn, is 

B. = ^.tt«.« 



'H — •'-■fl" 



Lemma III. 
43. Let 

be the integral of the equation 

= 0, 



and let 



'^^ ''^&c. ''^ 



dci dci dcjtn 

be the differential coefEcients of y with regard to the several ar- 
bitrary constants which it contains. Then if 

Cii C^j .... Cjut 

be a new system of arbitrary constants, the complete integral of 

the equation 

8/3 = 
will be 

ty = Ci -7- + Ce -J— 4- cVc. + Can J — . 
aci aC'i ac2n 

For, if in the equation 

we suppose the several constants, ci, (^ . . . . c^r, to receive the in- 
definitely small increments dci, dc2, .... rfr^n, the corresponding 
increment of y will be 

-~ rfci + ^ dca + &c. -f -~- c/ci„. 
ac'i aci acin 

* The proof of thiti theorem of M. Jacobi \^'ill be found iu the note on p. Si. Aa it 
properly bclongb to the Integral (*alcu1us, I have, in the text, contented myself with 

enunciating^ i^* 

f These i-oiistaul> an*, «»f eourse, iudeliuitfly .«uui11. 
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But as the new value of y is derived from the former one by an 

indefinitely small change in the txtlues of the arbitrary constants 

which it contains, it is plain that this value will still continue to 

satisfy the equation 

/3-0. 

If, therefore, we make 

Sy = -p- rf<?i + -7^ rf<^ -r &c. + T^ rfr^„, 
aci ac% ac%n 

it is evident that this value of Sy will satisfy the equation 

But since dcx^ dci, .... dc2n are arbitrary increments, we may re- 
place them by the arbitrary constants Ci, Cs, . . . . Csr. Hence 
it appears that the expression 

•^ aci dci acin 

will satisfy the equation 

80 = 0. 

But as /3 contains, in general, 

dt/ ^ 
^'dx'"dx^-' 

it is plain that 8/3 will contain 

dSy d^'^Sy 

^^' dx ' £/x«« • 

The equation 

8/3 = 

will therefore be of the order 2n in Sy. Hence the value given 
above for Sy contains a number of arbitrary constants equal to the 
order of the equation. It is, therefore, the complete integral. 

Lemma IV. 

44. If /3 be the coefficient of 8y under the sign of integration 
in SUj the second variation will be given by the equation 



r^t^=r8/3?iMr. 
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For in the case which we are now considering, that, namely, in 
which the limiting values of 

dy d^y d^'^y 

are given, the first variation becomes 

SU^JPSydx. 

Taking the variation of both sides of this equation, and recollect- 
ing that 

we have 



8«£7 



= r S(iSydx. 

Jxo 



45. These Lemmas being premised, we shall next proceed to 
consider the mode of effecting the transformation indicated in 
Art. 40 ; and, to render the reasoning n!iore easily intelli^ble, we 
shall commence with the simplest cases. 

(1.) Let 

In this case (Art. 11) 
and therefore (Lemma I.), 

Let C|, C2 be the arbitrary constants contained in the integral of 
the equation 

and assume 

dci dog 

Then (Lemma III.) the equation 

8/3 = 
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is satisfied by making 

and therefore (Lemma II.) uS/3 is a perfect differential, whoso 
integral is of the form 

^ dx\u J' 
Assume 

and substitute this value in the second variation, 

This gives 

S'U^ruSpS^ydx. (a) 



But since 



(•^-^■s (?)-*■§• 



if we integrate the right hand member of equation (a) by parts, 
we have 

Now since the limiting values of y are fixed, we must have 

and, therefore, 

wiS'yi = 0, uoS'yo = 0. 

If, therefore, it be possible to determine the arbitrary constants 
which enter into the value of u in such a way that neither ti^ nor 
til may vanish, we have, necessarily, 

and, therefore. 



^^-f:<if)'^- 



Moreover, we have seen (Liemmas I. II.) that 
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Z?i=ii«^i = -tt' 



s 



^yV 



also, 

^y^iT' rf^ = " — ;? — 

Making these substitutions in the value of 8*£^, we find 

46. From this expression it immediately appears that the 
given integral U will not admit of either maximum or minimum 
if 



( 



^•|y 



change its sign between the limits of integration. For since we 
are at liberty to assume for Sy {= tV'(^)) any function which va- 
nishes at the limits of integration, and satisfies the conditions 

^(^) < Q^» -^ < «>» 

for all values of x lying between the limiting values, it is evident 
that we may, consistently with these conditions, suppose 

8,-0, f .0, 

for all values of x which make Qi negative. This supposition 
would render 8* U positive. But if we suppose Zy to satisfy the 
same conditions for all values of x which render Q\ positive, it is 
plain that we shall have 8® /7 negative. As, therefore, the second 
variation, PU^ may, in this case, be made either positive or nega- 
tive, the given integral will not admit of either maximum or 
minimum. 

Again, it is necessary to the existence of either maximum or 
minimum, that the quantity under the integral sign in S^t/ should 
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not become infinite for any value of x lying between the limiting 
values. Whether or not this condition be fulfilled, will be seen 
immediately when the complete integral of the equation 

is known. For in that case the values of the several quantities, 

are found by simple differentiation in terms of x. Let the values 
so found be substituted in the expression 

(d ^V ^" ^-^ ^^^' 

and it will at once appear whether or not it be possible to deter- 
mine the arbitrary constants which enter into ti, so as to render 
this expression finite for all values of ^ lying between x^ and Xi, 
Lastly, it is, in general, necessary to the existence of either 
maximum or minimum that no admissible value of Sy satisfy the 
equation 

or 

Sy = tt* 

Hence it is easily seen that the integral will not, in general, admit 
of either maximum or minimum, if it be possible to determine u 
so as to satisfy the conditions 

II, = 0, t<o = 0. 

This is also evident from the equation 

for we have seen (Lemma IIL) that the supposition 

satisfies the equation 

8/3 = 0, 

* It is plain from Uie form of m Uiat the arbitran- constant mny be nog1ect*Ml. 
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and therefore reduces the second variation to zero. If^ ther^ore^ 
u be an admissible value for Sy, i. c. if it be possible to detenmiit 
the arbitrary constants which enter into ti, so as to cause its liiiiil< 
ing values to vanish, there will be, in general, neither maximum 
nor minimum. 

47. If Qi remain finite for all values^of x between ob^ and oTi, 
it is evident, from the form to which the second variation has 
been reduced, that the quantity under the sign of integration can 
be rendered infinite only by one of the suppositions, 

du - 

-T- = oc, or w = 0. 

We have before seen (Art. 46) that the given integral will not» 
in general, admit of either maximum or minimum, if it be pos- 
sible so to determine (7i and C2 as to satisfy the equations 

Again, it appears from the latter of the two foregoing suppo- 
sitions, that it is further necessary that it be possible to determine 
these constants in such a way that u may not vanish for any value 
of a; between xq and x^. These cases admit of important geome- 
trical interpretations. 

Let AB (fig. 2) be a curve whose equation is 

the integral of the equation 

and let A^ B be the points corresponding to the limiting values 
of y and x. 

Then, in the first of the above-mentioned cases it is evidently 
possible to draw between A and B a second curve, satisfying the 
same general equation, and indefinitely near the first. For it has 
been already shown that the curve whose equation is 

satisfies the general equation 

13 »0. 
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And since 

Mi«0, Uo»0, 

it is plain that this curve passes through the points A, B. 

In the second case, it is possible to draw through A and some 
intermediate point C a curve satisfying the general differential 
equation, and indefinitely near to the firat. For if we make 



Ci ^ \dct 

I/O 



\dctJ^ 

W 
\dev 



it is plain that we shall have 

iio» 0. 

Now if u vanbh for some intermediate value of r, it is easily 
seen, as in the former case, that there must be some intermediate 
point C at which the curve 

will intersect the curve AB^ Hence it is evidently possible to 

draw the curve as above described. 

We have, therefore, the following rule : 

Let AB be the curve whose differential equation is 

/3-0. 

and which passes through the given points A^ B. Draw through 
A a curve satisfying the same general equation, and indefinitely 
near to AB, This curve will, in general, meet the curve AB at 
some other point C. Then it appears from the foregoing discus- 
sion that the given integral will not, in general, admit of a maxi- 
miun or minimum unless C fall beyond B. 

48. As an example of the foregoing theory, let us consider 
the case discussed in Ex. 1. 

Here we have 

whence 
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Now as the radical In Vis supposed to be taken positively through- 
out the integration, it is plain that Qi will continue always pan* 
tive. This is the first condition requisite to the existence of a 
minimum value of the integral. 

Let us now consider whether the other conditions be satisfied* 
The complete integral of the equation 

being, in this case, of the form 

y = cia: + cjp. 



we have 



and, therefore, 



dy _ dy .. 



u = C\x + Cg, ^ = Ci. 



Substituting these values in equation (b), p. 88, we have 

Now if we assume values for C\ and C2, such that C\X + C% maj 
not vanish for any value of ^ between xo and ^1, it is plain that 
the quantity under the sign of integration cannot become infinite. 
Lastly, it is easily seen that no admissible value of Sy will 
cause the second variation to vanish. For we have before seen 
(p. 89) that the only value of iy which satisfies this condition is 

and that, in order to render this an admissible value, we should 

have 

Ml = 0, Mo = 0. 

These equations become, in the present case, 

CiXi + Ca = 0, CiXq + C2 = 0, 

which are manifestly impossible for any finite values of Ci, C%. 
Hence it is evident that the value ofy found in Ex. 1 renders the 
given integral a minimum. 
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The conclusion here arrived at may be extended beyond the 
individual case. For we have seen, p. 52 (a), that, in general, if 



/^). 



the complete integral of the equation 

will be 

we, have, therefore, as before, 

u - Cia + Ct. 

Hence it will readily appear, as in the preceding article, that such 
▼alues may be assigned to Ci and Cs as to render the quantity 
under the sign of integration in ^U finite for all values of a; be- 
tween zo and xi ; and further, that no admissible value of iy will 
cause S*UU} vanish. 

Again, the value of Qt being 

and therefore constant, cannot change its sign. Hence, and from 
p. 52, we infer — 

(1.) That every integral of the form 



f:/(i) 



dx 



(which is not in itself integrable) admits of a maximum or mini- 
mum value when the limiting values of y and x are fixed. 
(2.) That this value is found by making 

and is, therefore, 

(xi - Xo)/{Ci). 

{3,) That, as in all other cases, the maximum and minimum 
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values are distiDguished from each other by the sign of Qi^ or (in 
this case) by that of 

49. Let 



In this case (Art. 11) 



and therefore (Lemma I.) 

Denoting by cu 029 C3> ^4 the arbitrary constants which enter into 
the integral of the equation 

^ = 0. 

and assuming 

it appears, as before, that the equation 

8/3 = 
is satisfied by making 

and that, therefore, 

is integrable. 

Assuming, as before, 

* Aa other examples of this theor>' will be given in the Mlowing diaptcr, I do not 
think it neoossar}* here to multiply them further. 
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and integrating by parts, we have 

the parts outside the sign of integradon vanishing, as before, at 
the limits. 

Now if C\, Ctt Ct, C4 be a new system of arbitrary constants, 
and if we make 

it is easily seen that the supposition 



^ U 



will satisfy the equation 



III "1 — + i, « u. 

ax ax 

For, since 

d B^ 

it is plain that every value of Sy which satisfies the equation 

8/3-0 
will also satisfy equation (d). But the supposition 

gives 

and therefore 8/3=0 (Lemma III.) 

Hence it appears that this supposition satbfics equation (d), 
and therefore renders the expression 



dx. \ //« dx / 



integrable. 
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Proceeding as before, assume 

and integrate by parts the second member of equation (c). 
Then, since, by the principle of Lemma II., 



dx \ * //-r ^ /te / dx 



we shall have, ultimately, 

The conclusions derived from this transformation are analogous 
to those obtained in the preceding case: 

(1.) It is essential to the existence of a maximum or minimum 
value that Ei should not change sign within the limits of inte- 
gration. But since 



£,.v^-).ft.{^)...A.,ij 






it is plain that the sign of Ei Is the same as that of 



U. 



dxV 



= (Q*). 



Hence, in the case of a maximum, we must have 

and in that of a minimum, 

Q2 > 0, 

for all values of x between .ro and ^'i. 

(2.) It is, moreover, necessary that the quantity under the sign 
of integration. 
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should not become infinite for any value of z within the limiting 
values. 

But since 

d ^ rf ^ 

^^ da 



if we assumci for the sake of brevity. 



u 
u 



and difierentiate, we shall find 

dx dv ' u a? dafi ' u 
the die* djfl dx 

Substituting this value, we find 



where 



«"^i:*K*^.t*®'^. 



du dNi du' d^u 
M dx djfl dx d^ 

^ — 3i7 — :"sr" 

II •— » — U *-7~ 

dx dx 

d^tt , d^u 

dx dx 

Hence we have, in the case of a maximum, 

(1.) Qi < for all values oix between xq and x^ 

(2.) Q, (^8y + ^' ^ + 3^)' °°t >°fi'^»«- 
(3.) The equation 

impossible for any admissible value of 8y. 

o 
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For a minimum the conditions are : 

(1) Qi>0 for all values of z between oq and ^i. 

(2. 

^ 'As before. 



::!) 



(3. 
Now if the general solution of the equation 

/3 = 

be known, the quantities u, u' are known also in terms of x and 
arbitrary constants. If then from these values we form the values 
of A and Au it will immediately appear whether or not these con- 
didons be satisfied. 

50. Conclusions similar to those of the preceding article may 
be drawn as to the geometrical interpretation of the foregoing 
conditions. 

Thus if the equation 

ASy^Ai^^^^^O 

be satisfied by any admissible value of Sy, it is easy to see that if 
AB (fig. 3) be a curve whose equation is 

/3 = 0, 

and which has, at the points A^ By the given limiting values of 

dy 

^' y' ^' 

it is possible to draw a second curve indefinitely near to the firsts 
satisfying the same dijScrcntial equation, and touching the curve 
AB at the points A^ B. 

For it will readily appear, as in the preceding case, that the 
general solution of 

is 

8y = u. 

If, then, this be an admissible value of 8y, we must have 
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Now the equation of a curve indefinitely near to the curve AB^ 
and satisfying the same differential equation, will evidently be of 
the form 

y =» y + w, 

y being the ordinate of the curve AB. And it is plain that if u 
satisfy the four equations (c), this second curve will touch the 
curve AB in the points Af B, 

And it may be readily shown, as in the foregoing case, that 
the given integral will not admit of either maximum or mini- 
mtun^ if a second curve can be drawn, as above described, between 
A and any intermediate point C 

51. As an example of the foregoing theory, let 

and let it be leqaircd to determine y, such as to make 

Vdx 



r 



a maximum or minimum, the limiting values of a;, y, and -^ be- 

dx 

ing given. 

In this case we have 

JV.O, P..0. A = m(g)"-\ 
The equation 

becomes, therefore, 

or, integrating tmce, and substituting for Pt its value. 

Hence it is easy to see that the complete integral will be 

y = (ciX -f (Jij)"*W c»A- + Q. (a) 
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From this we find 

Let us suppose m to be an integer. Now it is evident that if «• 
be even, the factor 

{cue + b)^^ 

is always positive. If m be odd, this factor is positive or n^a- 

tive according as we agree to take the positive or negative agn of 

the radical 

1 
± {ax + b)^^. 

In either case Q^ cannot change its sign. The remaining factor, 
m.m - 1, is evidently always positive, while m is any integer <Bf^ 
ferent from unity. But, as the effect of giving a negative mga to 

1 
(ax + J)*"i 

cPy 
would merely be to render -^, and therefore V^ negative, it is 

plain that, if we understand by a minimum that value which is 
nearest to zero, the value here found will in all cases be a mini- 
mum value. 

Let us next consider whether the other conditions stated in 
the previous Article be fulfilled. 

Putting, for the sake of brevity, 

2m -1 
m - 1 

and differentiating equation (a), with respect to the arbitrary 
constants which it contains, we find 

•^ = n(ciX + C2Y'^x, ^ = w (cix + cg)"*^ 
dcz ' dci 
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Hence 

and, similarlj, 

Now it is easy to see that if we make 

(7,-0, ft-O, Ci-0, (7,-0, 
the second variation will become 



dafi J 



Hence it is evident that the quantity under the sign of inte- 
gration in 8*^ may always be made finite, provided that Q» does 
not become infinite within the limits of integration. But we 
have already seen that 



Qi-m.m- l.(a* + i)"^^* 
Now since m is supposed to be an integer, it is plain that 

m-1 

cannot be negative, and therefore that Q^ cannot become infinite 
for any finite value oix. 

It remains then to consider whether the second variation can 
be made to vanish by any admissible form of Sy . Now we have 
seen that the most general value of Sy, which causes the second 
variation to vanish, is 

In order, therefore, that this may be an admissible value of Sy, it 
is plain that it must be possible to determine the constants which 
u contains, in such a way as to satisfy the equations 

«.-«. -.-0. ^)-o, ©.-0. <b, 
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Let us suppose 

^0 = 0. yo = 0, (1)^ = 0. 

These conditions reduce the complete integral to 

y = (ax + by - nai^'^ x - J", (c) 

putting a, 6, for ci, c%. Hence 

tt = n (aa: + i)""^ (Ci^? + Cj) + CsaP + C4, 

^ = nCi (eu? + i)»-* + n.n - 1 ((7iaj + Ci) (a* + J)*-' a + Ca. 
The four conditions (b) give, therefore, 

nCii^' + n.n-l Cift*-2a+Ci = 0; 
n((Mfi + 6)»-i {Cixi + G) + Cao?! + Ci* 0; 
nCi(ari + i)""* + n.n - 1 (Ci«i + C») (oxi + i)^ a + C» « 0. 

Eliminating the several quantities, 

C2 Cz Ci - 
C[' Ci' Ci' ^'^' 



(d) 



between these equations and the equations 

r/i = (aXi + by - nai"'^ Xi - 5" 

formed by the substitution of the given limiting values, 

in (c) and its first differential, we shall finally arrive at an equation 
containing these limiting values only. If this equation be satisfied 
either by these limiting values, or by any other system of values of 

which is found within the limits of integration, the given integral 
will not, in general, admit of cither maximum or minimum. 
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52. The question may, howeyer, be treated in somewhat a 
simpler manner, by the geometrical considerations of p. 98. For 
we have there seen that, if it be possible to make the second 
variation vanish, a curve may be drawn between the extreme 
points Af B, indefinitely near to the first, satisfying the same ge- 
neral equation, and having the same limiting values of the diffe- 
rential coefficient. Now it is evident that if the extreme points 
be such as to satisfy this condition, we must have 



(dy\ (dy\ db 
Wo Wo^ "• 

fd^\ ^f£y\ db^^ 

\dxdaJo \dxdbJo da ' 
Wi "^ \d6Ji dS " ^' 

\dadaJi \dxdbJi da 

Substituting the values of these differential coefficients derived 
from (c), it is easily seen that the first two are identical, as they 
ought to be. 

The third and fourth become, by the same process, 

t(an + b)*-^ - i^ijflfi + {(axi + *)""» - 6-i - (n - l)ab^xi] ^ - 0, 

(0*1 + b)^^ - i*-* + (n - 1) (axi + by-^axi 
+ (n - l)a {{axi + J)"-« - &»-»} ^ = 0. 

Eliminating -r- between these equations, and reducing, we have 

{ {axi + *)«-» - i-> ) « = (n - 1)« a» xi« {axi + J)"-« 6"-«. (c) 

Eliminating a and b between the equations (e) and (d), we find, 
as before, an equation between 



'^'y^'©.- 
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If this equation be satisfied either by these quantities or by any 
system of values of 

dy 

which is found within the limits of integration, we infer, as be- 
fore, that the given integral does not admit of either maximum or 
minimum. 

For example, suppose 

fn = J, n = — — =- « o, 

HI — 1 

equation (e) becomes, in this case, 

[{axi + 6)« - J«}« = 4a««i«(flw?i + b) 6, 

or, by reduction, 

cfix\^ *= ; 

or, since Xi cannot vanish, 

an=0, 

an impossible equation, since it would reduce equation (c) to 

yi = 0. 

It is, therefore, in the present case, impossible to draw a curve in 
the manner stated at the commencement of this article. 

Hence, and from p. 100, we infer that the value of the given 
integral is in this case a real minimum, 

53. The mode of applying the theory of M. Jacobi to func- 
tions involving differential coefficients of an order higher than 
the second, being strictly analogous to that* which has been stated 
in the preceding pages, it may be sufficient here to give a brief 
sketch of this extension. 

(1.) The second variation being, in general, of the form 

assume, as before. 
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and integrate the expression by parts. It will thus be reduced to 
the form 






(2.) Assume 



d - 
dx ax 

and integrate again by parts. The second variation will thus be 
reduced a second order. 

(3.) Assuming, for the sake of brevity, 



let o' be a quantity formed firom v in the same way in which t<i 
was formed from u, namely, by a change in the arbitrary constaots 
which it contains, and make 

dx dx ^' 

Integrate by parts as before, and proceed with similar assumptions 
and integrations, until the second variation is reduced to the form 



^t<^>' 



the upper sign being taken if n be even, and the lower, if n be 
odd. 

(4.) It is evident, from Lemmas I. and II., that this quantity 
has the same sign as Q«. For it appears, from the concluding 
remark of Lemma I., that 

P 
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Similarly, if Z)« be the coefficient of 

in the quantity which remains after the next integration, 



""-'»-fe)-'*-'feJ' 



and| finally, 



-'*-fe) 



But from Lemma I. we have 

A = ± Q«. 

Hence in all cases the form to which the second variation has 
been reduced is 



i:*-^) ■•(^')'- 



It appears, therefore, as in the preceding cases, that for a maxi- 
mum we must have 

Q« < 0, 
and for a minimum, 

<2n>0, 

for all values of rr from xo to xi. 

(5.) It is easily seen that the form to which we have reduced 
S^ 27 is identical with that indicated in Art. 40. For 

u 

d^y ^ d f^y\ 
dx dx\uj^ 

d^'y ^±n dSy\ ^±fl£ fSy] ^ 
dx dx\v dxJ dxXv dx\u J j^ 

dx 

&c. &c. &c. 
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If these several differentiations be actually performed, it is evident 
that the form ofS^U will be as stated in Art. 40. 

(6.) If ^, jB be the given extreme points of the curve satisfy- 
ing the several conditions of the question, the given integral will 
not, in general, admit of either maximum or minimum, if between 
A and B there be found two points, C, Z>, such that a second cxxrvo 
may be drawn through them indefinitely near to the first, satisfy- 
ing the same differential equation, and having at the points C, D 
the same values of 

dx' d3^'" <faf-»* 

(7.) As the determination of the curve which satisfies all the 
conditions of the question depends upon the solution of the system 
of equations formed by the substitution of the given limiting 
values of 4?, y, &c., in 

0-0, 

it is plain that there will be, in general, more than one such 
curve. Now if two of these curves become coincident, i. c., if 
the equations by which they arc determined have one or more 
pairs of equal roots, it appears from (6) that the given integral 
does not admit of either maximum or minimum. 



Pbop. VI. 

53. To determine the functions y, z, which will render 
I Vdx a maximum or minimum, where 

Jxo 

V~- A ^^ ^^ ^^ d'^z\ 

-^v'^'di'-'d^' ^'di""d^y 

The equation 

becomes, in this case (Chap. II. Prop. V.), 
V.dxx - PVoTo + (Pi - ^ H &c.)^ 8yi - (Pi - ^ , &c.) 8yo 
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+ &c. 



&c. ' (A) 



.(/'.-».).(S),-(^.-*^).(S). 

= 0. 

If the functions y, be independent of each other, their Ta- 
nations, Sy, Sz, will abo be independent; and, therefore, by the 
same reasoning as that employed in Prop. II., we must have the 
general equations, 

and the equation at the limits, 

Vidxi - V^xo + (Pi -^ + «&c.)^ Byi - (p, - ^ + &c.)^J^o 

.(P.-*c,,(f),-(P.-*e>(fX 



+ &c. (C) 
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+ &c. = 0. 

The mode of treating these equations is perfectly analogous to 
that used in Prop. II., and it appears conclusively, from the rea- 
soning there adopted, that the number of equations is not, in 
general, affected by any auxiliary equations which may be intro- 
duced. For every such equation will either remove a term from 
(C), by annulling the variation which enters into that term, or it 
will consolidate two terms into one ; thus in all cases diminishing 
by one the number of equations to which (C) is equivalent, and, 
at the same lime, increasing the number by one, namely, itself. 
In proving, therefore, that (B) and (C) furnish a sufficient num- 
ber of equations for the complete solution of the problem, it will 
be sufficient to show it for a single case, namely, that in which 
the limiting values of x only are fixed. Now it is easy to see 
that the equation 

is of the order 2n in y, and m + n in ^ ; and the equation 

of the order m + n in y, and 2m in z. These equations are, there- 
fore, of the form 

/ dy d^ dz d^*2 \ ^ 
( d'u d}^*^^ti dz cP**^\ 

If, according to the ordinary method, we differentiate the first 
of these 2m times, and the second m + n times, we shall thus have 
3m + n + 2 equations, between which, if we eliminate 

dz d?^^z 

^''d^""d^^' 
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we shall have a resulting equation in y of the order 2(m + fi), 
whose solution, therefore, will contain 2(m + n) arbitrary con- 
stants. Now it is evident that the equations at the lixmts are 
precisely 2{m + n) in number, namely, the 2n equations, 

(P8-&C.)0 = 0, (P8-&C.)j-0, 

(P,)o = 0, (P»)i = 0; 

and the 2m equations, 

(Fs - &c.)o = 0, (F, - &c.)i = 0, 

(F«)o-0, (F«)i-0. 

The problem is, therefore, in general, perfectly determinate. 
Similar exceptions to those noticed in the case of a single depen- 
dent variable will of course occur. Thus, for example, if N*^ 0, 
and neither of the limiting values of y be given, the problem is 
indeterminate, and the explanation is precisely the same as before. 

54. If ^ do not contain the independent variable, we may 
find a single equation of the order 2(m + n) ~ 1 without any par- 
ticular determination of the form of the fimction V. 

For since JIf = 0, wc have 

dr=i% + Pid.^ + P2rf.g + &c. + P.d.^ 
•^ (La dx^ daf^ 

+ N'dz^Fxd,^ + F2d.5^ + &c. + F«d. ?^. 

ax dar dbf* 

Substituting for N and N' their values, derived from the equa- 
tions 

/IP 
iV-^-f &c. = 0, 

A- « ^ + ^. = 0, 
dx 
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and proceeding exactly as in Art. (29), we find 

A more particular enumeration of the several cases which may 
occur is obviously unnecessary. 



55. To find the forms of the functions y and z which will 
render 



\^^i}*%*%> 



a maximum or minimum. 
Here 



^ ^ dz 

W% d^ TV CTJ? 

P» - 0, &C. Rt m 0, &c. 

The equations 



become, therefore, 






or, 

dy dz 

p rf£ ^ p ^ 



V^^%^ /(-S^S) 



c. 
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These equations, if solved for the two differential coefficients, 
will evidently give results of the form 

dy dz 

or, finally, 

To determine the arbitrary constants: 
(1.) If the limiting values of j?, y, ^ be given, the constants 
^> n, |>, 9 are determined by the foiur equations, 

(2.) Let the limiting values oix only be given, those of y and 
z remaining indeterminate. 

Here the terms without the sign of integration give, as is 
easily seen, the equations 

(Pi)i = 0, (FOi = 0, 

(Pi)o = 0, (i>'i)o = 0. 

« 

These are, however, only equivalent to the two equations, ■ 

m = 0, n = 0. 

The remaining constants, p, 7, are therefore indeterminate. This 
case is analogous to that of Ex. (3), Art. 28. 

(3.) Let the limiting values of a;, y, 2; be connected by the 
equations, 

/i (^i> y\y zi) = 0, /o (^0, yo, zo) = 0. 

Taking the complete increments of these equations, as in Art. 
27, (4), we have 



\dxi dyi dxi dzi dxj dy\ ^^ dz\ ^ ' 

(dfo dfo dyo dfo dzo\ , d/o ^ dfo ^ 
\cw*o ayo cwro ^0 «^o/ «yo «^o 



(a) 
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Assume 



and substitute for 





d/i 




dfo 


m\ » 




niQ 


dyo 
Wo' 




dxi 




dxo 




dfi 




dfo 




dz\ 




dzo . 


Ml = 


Wl' 


no 


"d/o' 




dx\ 




dj'o 


djfi 


dyo 


dz\ 


dzo 


dxi' 


• dro' 


dxi 


dxo 



their values derived from equation (a). We have then 

(1 + mmi + nn\)da;\ + miSyi + n\lz\ = 0, 
(1 + winio + nn^dxo + »wo8yo + n^zo « 0. 

Eliminating, by means of these equations, dxu dxoi from the 
equations 

ridri + (Pi)i8yi + (P'i)iS^i = 0, 

Fodxo + (Pi)o8yo + (Fo)o&o « 0, 

and equating to zero the coefficients of the variations 

8^i> 8^1 » 8yo» 8-20, 

we have 

»WiFi - (-Pi)i (I +mmi -fnni) = 0, 

«i f^\ - {P'i)i (1 + »wmi + nni) = 0, 

moFo - {Pi)o (1 + fnmo + nno) = 0, 

no Fo - (P'i)o (1 + »wfno + nno) = 0. 

Replacing V\^ (-Pi)> &c., by their values, and solving the first two 
equations for m, n, we easily find 

m = nil, n = n^ (b) 

Similarly, from the third and fourth equations we find 

w = mo» n = no. (c) 
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Eliminating ^i, yi, z\, Xq, yo» -^o, by the equations 

Zi = nx\ + y, zo = *M?o + 3> 

/i C-^^if yi, 2?i) = 0, /o (.To, yof -^b) = 0, 

we have the four equations (b) and (c) for the determination of 
the four unknown quantities, m, w, p^ q, 

56. We may here extend to functions containing two or more 
dependent variables a remark made in Art. 29. 

Let 

and let it be required to determine the functions y, ^y so as to 
make 






'To 

a maximum or minimum. 
The equations 

dx ax 

become, as in the foregoing example, 

dx ^ dx ^ 

or, 

Pi = C, Fi = c. 

But since T, and therefore Pi, P'l, are functions of 

dy dz 
dx dt 

only, it is plain that these equations are equivalent to 

dy dz 

or, as before, 

y = mx + ^, z = nx + q. 

We infer, therefore, as in Art. 29, that if Fcontain only differen- 
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tiai coefficients of the first order, the given integral will receive a 
TnaxiTnum or Tninimum value, by making the several dependent 
variables which it contains linear functions of the independent 
variable. If 






containing but one differential coefficient of each dependent va- 
riable, it is easy to see that the solution will be obtained from the 
system of differential equations, 

X, X\ &c.f being given functions of or. 



Prop. VII. 
57. To determine the functions y and z which will render 



I 



Vdx 

^0 



a maximum or minimum ; V having the same form as in the fore- 
going Proposition, and the functions y and z being connected by 
the equation 

It has been already shown (Prop. VI., Chap. II.) that, if the 

equation 

i = 

be integrable with regard to either of the dependent variables 
which it contains, so as to furnish a result of the form 



=/(^.y.^,&c.), 



the given integral, and therefore its variation, will have the same 
form with that found in Prop. III. of the same Chapter. In such 
a case, then, the present problem would differ in no respect from 



116 MAXIMA AND MINIMA OF INDETERMINATE F17NCTI0N& 

that of Prop. II. But as it is in general impossible to effect this 
integration, we are obliged, for the solution of the present prob- 
lem, to have recourse to the method of Lagrange, which has 
been already partly explained in Art. 16. The spirit of this me- 
thod, as will be seen by referring to the Article quoted, consists in 
the introduction of a new indeterminate quantity, X, by a suitable 
determination of which we are enabled to reduce the variation of 
the given integral to a form in which but one of the arbitrary va- 
riations, Sy or Se, shall appear under the sign of integration. 

In fact, if we denote by 9 the aggregate of terms without the 
sign of integration in S (7, the general formula of p. 23 gives 

Suppose now that the indeterminate quantity X is so assumed as 
to satisfy the equation 

ax 

Then it will appear, by reasoning precisely analogous to that of 
Prop. II., that the equation 

8J7=0, 
or 

cannot be satisfied (without restricting the variation Sy) in any 
other way than by making 

9 = 0, 

N-{- \a ^—5 ^ + &c. = 0. 

ax 

Hence it is evident that we have, in general, for the solution of 
the problem, the three general equations. 
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N+Xa ^— 1 — ^ -f &c. = 0, 

ax 

(A) 

iV + Ao ^ -: 2--^ + &C. = 0, 

cue 

being the same in number with the unknown quantities y, Zj A. 
58. The whole method may be otherwise stated as follows : 
The general value of Sf^ is 

8F« NS}/ + Pi ^^ + &c. + N'Bz + ^i ^ + &c.» 

being the same as when y and z are actually independent. Now 
it is plain that the defect of this expression, in its present form, is 
that Sy, iz cannot be treated as independent variations, and, 
therefore, that the rules of the foregoing Proposition cannot be 
applied. It is necessary, therefore, in the first place, to determine 
such a modification of the value of S Fas will enable us to regard 
these variations as independent of each other. Now the equation 
by which they are connected, namely, 

agy + ^^+ &c. + a'Sz + /3'^+ &c. = 0, 

being a linear equation, it follows, from the theory of such equa- 
tions, that the condition which it furnishes is satisfied by multiply- 
ing its left hand member by an indeterminate quantity X, adding 
it to the value of S F, and then treating Sy, Sz as independent of 
each other. 

This will evidently give, as before, 

^ . d(Pi + A/3) . ,, 

N-^ \a ^—5 ^ + &c. = 0, 

(Lv 

A + Aa ; — i-^ -K &c. = 0, 

do: 

which, with the given equation, 

are sufficient to determine the three functions, ^, z, X, in terms of 
a and arbitrary constants. 
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For the detenni nation of these constants we have, as be- 
fore, the several equations which are formed by equating to zero 
the several coefficients of Sy^ Szi, Syo, Szo, &c., which occur in 
the terms freed from the integral sign ; i. e., we have as many 
equations as there are independent variations among these terms. 
But as the equation 

is supposed to hold between the functions y and Zj however these 
functions may be varied, it is plain that the variations Syu &^i> ^-y 
iyof S^9 <^ f ^^ iiot necessarily independent of each other, and, 
therefore, that the number of the ancillary equations may not be 
equal to the number of those variations. 

In order, then, to determine how far the question admits of a 
definite solution, we must consider, firstly, what is the number of 
arbitrary constants contained in the values of y, z^ X; and, se- 
condly, what is the number of the ancillary equations which the 
conditions of the question furnish for their determination. 

In discussing the general theory of the number of equations 
furnished by the terms outside the sign of integration, it will be 
sufficient to consider one out of the many cases which may arise 
from the various data of the problems to be solved. For it is 
plain, from what has been said, p. 43, that this variety does not, 
in general, affect the number of the ancillary equations. Suppose, 
then, that the limiting values of or are given, those of 

y, ^, &c., z, -^. &c., 

remaining indeteiminate. Suppose also that ^contains y and its 
differential coefficients, as far as the n'* order, inclusive, and z and 
its coefficients, as far as the m"^ order, also inclusive. Suppose, 
lastly, that the equation 

i = 

is of the order n in y, and m in z. 

59. We shall consider successively the three cases: 
1 . m > m\ n > n. 2. m > m\ n < n, 3. m < m\ n < n. 
(1.) Let m > m and n > u. In this case it is evident that the 
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equatioiifl for the detennination of y, z^ X arc of the following 
orders : 

2niny, m + n in z, n in A, (1) 

m-k-n . , . im m' . . . . (2) 

n m' . . . . . . . . . (3) 

Differentiating, according to the usual method, equation (1) 
ni times, and equation (2) n times, and eliminating X, we have 
two equations of the orders 

tn + n + n in y, 2m + ninr, {V) 

n m (2-) 

it being supposed that m-m > n-n. 

Again, differentiating {V) m times, and (2') 2m + n times, 
and eliminating xr, we have a final equation in y of the order 
2(m + a"), whose solution, therefore, will contain 2(m+ n') arbi- 
trary constants. As in the process of elimination, X and z have 
been successively determined in terms of the remaining variables, 
no new arbitrary constants will be introduced in the values of 
these quantities. The total number of these constants will there- 
fore be i{m + n). 

Let us next consider the number of equations which are fur- 
nished for the determination of these constants, by the terms 
which are free from the sign of integration. The number of 
distinct variations which enter into these terms is evidently 
2(fn + n), namely: 

^..(t). p),. 

^(f). (SS^V 

S^(f) (SS). 

If, then, these variations were independent of each other, we 
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should have, by equating to zero their several coefficients, 2 (m + ft) 
equations. But as the equation 

Z = 

is supposed to hold among all the admissible values of y and ^, it 
is plain that the variations Spu &c., are not independent, but are 
connected by the 2 (n - n') equations 

8Z, . 0, 8Z. . 0. (^), . 0, (^•).-0..... ^ 
...Y^ri^) .0, (i^) .0. 

V dx^-*'^ )\ \ cbf^'^ Jo 

These equations being 2 (n - n') in number, it is evident tiiat the 
number of independent variations contained in the terms which 
are free from the sign of integration is only 2(m + n) - 2(n - n*) = 
2 (in + n% the same as that of the arbitrary constants. The dif- 
ferentiation of SL cannot be pushed beyond the order n - n' - 1, 
inasmuch as the next step would introduce the new variations, 

'*%\ /^^ 
daf* Ji \daf /o 

(2.) Let m> m and n < n\ Then, if m + n > m' + n', the three 
equations are of the orders, 

2n in y, m + n in ^, n in X, (1) 

m + n . . . . 2m m' . . . . (2) 

n m . . . . (3) 

Eliminating X, as before, between (1) and (2), we have in y and 
z two equations of the orders 

m + n + 7i' in r/, 2m + n in z, (V) 

n m (2^ 

Eliminating z between these equations, we have a final equation 
in y of the order 2 (m + n ), whose solution will therefore, as be- 
fore, contain 2 (m + n) arbitrary constants. And it is easy to see 
that a similar result would be obtained by supposing 

wi 4- n < m' -f 71. 
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No relations between the variations Syi, S|yo» &c., are furnished in 
this case by the equation 

for it is evident that SLu SLo will contain 

respectively, while the highest which occur in the terms free 
from the sign of integration are only 

It is therefore impossible to eliminate any of the quantities iyu 
Sy^ &c.f by means of the equations 

and, dfofHarij no such elimination can be effected by any of the 
equations 



da 



■), ■ »• m, 



0, &c. 



Each of these equations, in fact, introduces a new variation. 
The number of equations which are furnished by the terms free 
from the sign of integration is therefore, in this case, equal to the 
number of the variations, 

8yi, 8^0, f-^l' *c-» ^^n ^o'(^) » *^-' 

which they contain. But of these quantities there are evidently 
2 (m + n)j namely, the 2n quantities, 

and the 2m quantities, 

*^" [d^y-'- [d^ji' *^' [d^jo ■■■■ [d^^jo 

The number of ancillary equations is therefore again the same as 
that of the arbitrary constants. 

R 
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(3.) Let m > m and n > n. The equations iatfjZjX aro, in 
this case, of the orders 

2n in y, m' + n in z, n in X, (1) 

m -\- n . , . 2m m' . . . . (2) 

n m' (3) 

Eliminating X, as before, between equations (1) and (2), we have, 
for the determination of y and Zy two equations of the orders 

2n + rn in y, 2m + n in z, (V) 

n m' (2^ 

Again, eliminating z^ we have a final result in y of the order 
2 (m' + n ). The number of arbitrary constants is, therefore, in this 
case, 2(/n' + n). 

With regard to the number of the ancillary equations which 
are furnished by the terms free from the sign of integration, it is, 
in the first place, evident that these terms contain 2{m' + n') inde- 
pendent variations, sc. 









s 






It would seem, therefore, at first sight, that the number of equa- 
tions should be 2 (m' + n), the same as that of the arbitrary con- 
stants. But this case requires a little more consideration. 
If we assume 



'^' dx'' '^ • <ir-'-i 



and 
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d , d. -^— ^ 

it is easy to see that the coefficient of 

V <*«"'■' /• 

will be 

and that the coefficients of 






will be 

Equating these coefficients to zero, we have the several con- 
ditions^ 

XiO«,)i = 0, 

x,o..,), - {i^\ . 0, 

&c. &c. 

x,o^^^.^„), - &c. + (- ir-i (^S?^')i ° ^- 

These equations, which are n - n in number, being derived from 
the coefficients of 

rf^'-i /i' V ^^'^ /I \ ci»»'-<"'-"> Ji' 

are, as is evident, wholly free from any terms derived from V, 

The first of these equations may be satisfied by making either 
Xi « or (/3fi/)i = 0. We shall examine these suppositions sepa^ 
lately. 
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(1.) Let Xi - 0, and (findi > or < 0. This supposition reduces 
the second of the preceding equations to 



(W,.(g), = o, 



or^ since (j3fi/)i is not supposed to vanish, 



( 



dx I "' 



and it is easily seen that the suppositions, 
reduce the third of these equations to 

■ (^) =0 

and so on for the other equations. 

Hence it is evident that if On/)! be not supposed to vanish, 
the foregoing equations are equivalent to 

^.=». (S).-»-(S).-<'.*«-. (^).-o(») 

Now if we proceed in a similar manner to consider the equa« 
tions derived from the coefficients of 

supposing, as before, that 

does not vanish at the superior limit, we shall find 

X,.0, (g)_.0....(^),.0. (E) 

If, then, we suppose that n - n > m' - m, it is plain that these equa- 
tions are identical with the first m - m equations of group (D), 
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Thus the number of the ancillary equations is diminished by 
m - fn\ and if the same supposition be applied to the lower 
limit, a similar diminution will take place. In this case, there- 
fore, the niunber of the equations for the determination of the 
arbitrary constants will be only 2{tn + n ) - 2(fii' - m) = 2(m + n). 
There will be, therefore, 2(m - m) constants remaining still un- 
determined. 

(2.) Suppose X| > or < 0. In this case the first of equations 
(C) becomes 

Oi.')i - 0. 

This supposition, together with Xi > or < 0, reduces the second 
of these equations to 



<P.,),.(*),-0; 



and the third becomes 

Without pursuing this discussion any further, it is sufficient 
to remark that the reduction in the number of the ancillary equa- 
tions which was foimd to take place in the preceding case, does 
not occur here, as it is evident that the equations just found, as 
given by the coefficients of 



^.. ( 



^] Ac 
cU, Ji' *^' 



are different from those derived from the coefficients of 



' (§).' *"• 



(3.) Again, the first two of the equations (C) may be satisfied 
by making 

X,-0, O^), = 0. 
This supposition reduces the third equation to 



im^-'-mro- 
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which may be satisfied either by making 



or by making 



( 



-) =0, 



(^nM - 



2d0 



dx l\ 



If we adopt the former of these suppositions, the first three equa- 
tions (C) will be equivalent to 

and if the latter, we shall have 

A, = 0, (13.0. = 0, (/3»'-. - ^'), = 0- 
Upon referring to the equations derived from the coefficients of 

it is plain that the former of these suppositions annuls the first 
two, those, namely, which are derived from the coefficients of the 
variations, 

thus diminishing the number of the ancillary equations by two. 
The latter will only diminish the same number by one. 

Without following this reasoning any further, it sufficiently 
appears from what has been said, — 1. That if either of the quan- 
tities, (]3n')i» (/3 m')!* ^® taken to be finite, the number of the an- 
cillary equations will be diminished by m' - m ; and that if a 
similar supposition be made with respect to either of the quan- 
tities (/3n/)oi (j3'to^)oi a similar diminution will be efiected. 2. That 
if the first equation of each group, those, namely, which are de- 
rived firom the coefficients of the variations, 

'd^]^\ ( d^'-^Sz \ 
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be satisfied by making 

the number of the ancillary equations may be (Uminishcd by any 
number firom to 2 (m' - m), the particular number depending 
upon the selection which we make among the many methods of 
satisfying the remaining equations. 

The result of the entire discussion may be stated as follows : 
(1.) If m > m', and n > n, the order of the final dificrential 
equation will be the greater of the two quantities, 

2(m + n'), 2(in' + n), 

and there will be a sufficient number of ancillary equations to de- 
termine the arbitrary constants which enter into its solution. 

(2.) The same conclusion holds for the case in which m>m 
and n < n . 

(3.) If m' > tn and n >n^ the order of the final equation will 

be, in general, 

2(m'+n'); 

and its solution may contain any niunber of indeterminate con- 
stants not exceeding the lesser of the two quantities, 

2(m'-in), 2(n-n). 

60. M. Poisson, in his valuable memoir upon the Calculus of 
Variations, states, that the solution of a question such as that 
which has been discussed above will, in general^ contain indeter- 
minate constants, inasmuch as the relation between y and z is 
given by a differential equation : " Toutefois, une partie de ces 
constantes sera, en general, surabondante, et restera indeterminee 
— ce qui provient de ce que Tun des inconnucs y Qt z n est deter- 
minee implicitement au moyen de Tautre que par lequation dif- 
ferentielle X = 0."* M. Poisson has not given the reasoning by 
which he arrives at this conclusion, which is wholly at variance 
with that which I have endeavoured to establish. I can, there- 
fore, merely conjecture that it was something of the following 
kind: 

* Mem. de TIiiBtit torn. xiL p. 258. 
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Suppose that the equation 

i = 

were integrable, so as to give the value o£z in tenns of y, a^ and a 
number of arbitrary constants. Let this value be 



z 
and let the values of 



"J I ^» y> "T~ .... c, c, ... I, 



dz d?z a 
dx dsx?^^ 

be derived from it, and substituted in the ^ven quantity V, 
This process will reduce V to the form 



v '- 1 \x^y% -7- ..•• Cf Cy • • • • jf 



and if we then apply the Calculus of Variations to discover when 
jVdx is a maximum or minimimi, it is evident that the solution 
will, in general^ contain all the constants which are to be foimd 
in F, that is to say, all the constants, c, c , &c., which have been 
introduced in the integration of the equation 

As, therefore, the method of Lagrange is but a different mode of 
effecting the same object, it may be expected that the final result 
will contain a similar number of undetermined constants. To 
this I reply, that the questions solved by these two methods are 
essentially different. In the first, in which the quantitiesT c, c\ &c. 
are not supposed to vary, we seek to determine, among all the 
systems of values of y and z which satisfy the particular equation, 



~/ 1 ^> y> "'T' ' ' ' Cy c ... I, 



that system which will render the given integral a maximum or 
minimum. But in the method of Lagrange the required system 
is to be sought, not among those only which satisfy this palticular 
equation, but among all those which satisfy the general equation 
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Iff tkexefoie, that method be perfect, it ought to furnish means 
for determining the required system from among all those which 
satisfy any one of the infinite number of equations which may be 
deduced firom 



V ( *> Vf ^ . . . c> c . . . 1, 



by assigning different values to the constants c, c\ &c. It ought, 
therefore, to furnish a sufficient number of equations for the de- 
termination of these constants. A single example will sufficiently 
elucidate this reasoning. 

Suppose that it were required to determine the functions y 
and z of such a form as to render 



K 






a minimum, y and z being connected by the differential equation 

dy dz r^ / A 1 

As this equation is integrablc, the problem may be treated by 
either of the methods just alluded to, that is to say, we may either 
int^rate the equation (A), and, by means of its integral, 

. . dz 
eliminate -j- from F previous to the application of the Calculus 

of Variations; or we may apply that science immediately to the 
expression 



A 



using, according to the method of Lagrange, the equation (A) as 
an equation of condition. But the problems solved by these two 
methods are not identical. This will appear most clearly if wo 
consider their respective geometrical significations. 

In the first method, where equation (A) is integrated previous 
to the application of the Calculus of Variations, the object of the 
problem is to draw a line of minimum length upon bl given sphere 

8 



i 
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whose radius is a. The surface upon which the line is to be 
drawn is therefore absolutely fixed, both the centre and radius of 
the sphere being given. But in treating the problem by the 
method of Lagrange, we are at liberty to select, as the surface 
upon which the line is to be drawn, any sphere whose centre is at 
the origin of co-ordinates. And if the solution be complete, this 
method ought to furnish not only a rule for drawing the line 
upon any particular sphere so selected, but also an equation for 
determining the radius of the sphere upon which the line so 
drawn is less than that similarly drawn upon any of the others ; 
and if we actually apply this method we shall find that it does 
give the equation 

a » 00. 

To prove this, let it be supposed that the extreme values 
of ^ are given, or, in other words, let it be required to determine 
the functions y and z of such a form as to render 



m 



i^S^S)-*^ 



a minimum, the limiting values, xq^ xu being given, and the func- 
tions y, z being connected by the equation 





dy dz ^ 


Here we have 
and, therefore, 


-/(-^^t:). 


P - 


dy dz 
dx jy dx 


v/(' 


^ di?^ dx») y V "^ dai» '*' dx*] 



We have also, from equation (A), 

^y nt , dz ^, 
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The equations 

ax 



become, therefore, 



^di^d^[ 7? T3 — TST 1 = 0, 



(B) 



the coefficient of X in each equation vanishing of itself. 
Eliminating j- between these equations, we have 

dy \ / dz 

dx \ d I dx \ n 

-y^A —n — T5 — 73r =0. 




Integrating this equation (which is evidently possible), we find 



A 



dy dz 
^ dx'^dx 



c being an arbitrary constant. 

To determine this constant we must have recourse to the 
terms free from the sign of integration. Now since xu xq are 
given, and yu yoi ^u ^ indeterminate, it is evident that the co- 
efficients of Syi, S^ot S^i> S^O) must vanish of themselves. Hence 
we have the equations 

(Pi + X/3)i = 0, (Fi + X/3')i = 0, 
(Pi + Xj3)o = 0, (/>! + X0')o = 0, 
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or 



^vT-^S)/. 



(C) 




dx 



1 + ^ + ^W 



+ Xl -51 = 0, 



for the superior limit, with two similar equations for the inferior. 
Eliminating Xi, we find 

dy dz 

da ^ dx , Q 







Hence c » 0, and equation (B') is reduced to 

dy dz ^ 

or, by integration, 

y = mz. 

The required functions are, therefore, given by the system of 
equations, 

y = mz, 

a^ ■{■ y^ -\- z^ -- a^. 

If now we recur to the first of equations (B), and eliminate y 
and z by means of the equations just found, we shall have 



or, by integration, 



^(„..^).|-i.O, 



X — sin"^ - = A. 
a a 



Hence, at the superior limit, 



X, - 1 sin-i ^=b. (D) 
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Again, if in the first of equations (C) we substitute for 

their values in terms of x, we find 

Xi - -— .|i-— = 0. (E) 

Eliminating Xi between (D) and (E), we have 

and in the same way for the other limit, 



1/ xo 



-8m-»5)=6. (G) 



These equations are satisfied by 

a B 00, 6 B 0. 
If a be not infinite, we have, by subtracting these equations. 



8in"» — = — TT-T kT - sin 



an impossible equation, since 

and, therefore, as is easily seen, the left hand member is always 
greater than the other. In fiu^t the difierential coefficient of 

X » yX 

- sm"* - 



is always positive while V (^* •" ^) w so. 

Hence it is evident that the only value of a which satisfies the 
equations (F) and (G) is 

a = 00. 

This example shows conclusively that by the method of 
Lagrange we are furnished with an equation for the determination 
of the arbitrary constant introduced in the integration of the 
equation of condition ; and that, therefore, the solution arrived at 
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by that method does not, in general, contain arbitraiy constants. 
With regard to the arbitrary constant m, which this solution does 
contain, it is easily seen that the existence of this constant is an 
accidental peculiarity of the individual question, and in no way 
connected with the fact that the equation of condition is a diffe- 
rential equation. In fact, it will readily appear that if we take, 
ad equation of condition, the integral equation, 

and eliminate z from 



r,y (^ ^ s ^ s) '^'' 



previous to the application of the Calculus of Variations, the so- 
lution will still contain the arbitrary constant m. Geometrically 
speaking, the existence of this constant denotes that if it be re- 
quired to draw between two parallel circles upon a sphere a line 
of minimum length, the problem is solved by any conmion se- 
condary. 

This theory may be extended to the case of three or more 
dependent variables, and the method to be adopted is precisely 
similar, both in the deduction of the general differential equations, 
and in the determination of the arbitrary constants which enter 
into the solution. Examples of the application of this method 
will be found in Chapter IV. 

Prop. VUI. 

61. To determine the form of the function y which will ren- 
der j Vda; a maximum or minimum, and at the same time satisfy 
the condition 

V and V being functions of 

'• ^' % ^- 

The condition that jrda shall be a maximum or minimum 
gives, as before, 
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and the condition 
gives 

Hence, according to the principle of Lagrange previously laid 
down, the solution of this question is to be found by multiplying 
the second of these equations by an indeterminate coefficient X, 
and adding it to the former. This will give 

Vidai - Fodro + S]Vda + X(Fi(iri - Fodxo -f 8.jr<te) = 0. 

Now it is plain, from the form of this equation, that it can be sa- 
tisfied only by making 

X = const. ; 

for if we substitute for i^Vcbs and i.jyda: their values, and pro- 
ceed as before, the equation furnished by the terms free from the 
sign of integration will contain only X and constants, and will 
therefore give for X a constant value. It is plain, therefore, that 
the given problem will be solved by that value of the function y 
which renders the integral 

J(F+mn^ 

an absolute maximum or minimum. This integral, therefore, is 
to be treated precisely in the same way as that employed in dis- 
cussing the maximum or minimum values of jVdjB in Prop. II. 
The value of y, as found by that method, will, of course, contain 
the arbitrary constant m, inasmuch as the equations furnished by 
the method of Prop. II. are only sufficient to determine the con- 
stants introduced in the integration of the differential equation. 
This constant is to be determined by calculating the value of 
jVda from that of y, and equating it to the given constant c. 
Thus, for example, if it were required to determine, among all 
the forms of the function y which render 




that one which will make jyde a maximum, it would be neces- 
sary, in the first place, to determine y, such as to render 
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f{y + «|/(l+g)}cte 



an absolute maximum, and from the value so found, which will 
contain the arbitrary constant m, to determine the yalue of the 
integral 

Equating then this value to the given constant e, we shall find 
the value of m. The solution is thus complete. 

This theory may be extended with equal facility to the case 
in which the values of two or more integrals are given. For it 
will readily appear, by reasoning similar to that of the present 
Prop., that if 

JF'dar, JF^cir, &c., 

be the integrals whose values are given, the expression which is 
to be rendered an absolute maximum is 

|(F+mF + m7''+&c.)dr. 

Problems of this nature were formerly denominated isoperi- 
metrical, from a remarkable class which they contain, that, namely, 
in which it is proposed to determine, among all curves of given 
length, that one which renders a given integral a maximum or 
minimum. As this name, however, is of too limited a significa- 
tion to include the entire class, it will be more correct to give 
them the name of relative maxima and minima. 

Examples of this class will be found in Chapter FV. It is 
evidently unnecessary to dwell further upon the theory of such 
cases, which, after the first step, differs in no respect from that of 
absolute maxima and minima.* 

* Vid. note upon p. 136. 
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CHAPTER IV. 

APPLICATION OF THE CALCULUS OF VARIATIONS TO OBOMSTRY. 

I. — Theory of Curves. 

62. The geometrical applications of the Calculus of Variations 
are confined exclusively to the theory of maxima and minima ; 
and, if that science be defined with especial reference to this 
theory, may be considered as co-extensive with the science itself, 
at least as far as it is concerned with integrals of the first two 
orders. For as, in the Differential Calculus, it is possible to give 
a geometrical statement of any problem of maxima and minima 
which does not involve more than two independent variables, so 
in the Calculus of Variations it is possible to give a geometrical 
statement of any problem of maxima or minima not involving in- 
tegrals of an order higher than the second. In the Differential 
Calculus it is known that any such problem may be stated as 
follows : — ** To find a point in a given curve or surface at which 
the ordinate of that curve or surface is a maximum or minimum.^ 
Here the curve or surface is given. But in the Calculus of Va- 
riations the principal question is to determine, not a point on a 
curve or surface, but the curve or surface itself. Geometrically 
stated, the problem is this : — " To determine a curve or surface 
which may have the property of rendering the value of a given 
integral a maximum or minimum." In fact, if the words '' na- 
ture of the curve or surface" be substituted in any of the pre- 
ceding chapters for '' form of the function,"* we shall have the 
geometrical statement of the problem.* This statement is evi- 
dently confined to integrals of the first and second orders, for 
geometry does not admit of more than two independent variables. 
But in devoting a chapter to the *' Application of the Calculus 
of Variations to Geometry,*" we shall give to the words a some- 

* This was the form in which the problem of maxima and minima was first stated 
by John and James Bemouilll — Vid. Acta Enid. 1696-7. 

T 
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what more restricted signification, considering those problems 
only* in which the definite integral represents a purely geometrical 
quantity, viz., either a length, an area, or a soUd, and reserving 
to a future chapter those problems in which, although the thing 
to be determined is a curve or surface, and therefore geometrical, 
the quantity expressed by the definite integral is one which pro- 
perly belongs to Mechanics, such as a time, a force, or a velocity. 
We shall commence with the following very general problem, 
which will be found useful both in the geometrical and in the 
mechanical applications of our science. 

Prop. I. 

63. Let ds be the element of a plane curve, and fi a given 
function of its co-ordinates, and let it be required to determine 
the nature of the curve, such as to render J/iceb a maximum or 
minimum. 

Adopting the method of Lagrange as being the more symme- 
trical, we shall take a as the independent variable, treating the 
co-ordinates x and y as functions oia connected by the equation 

— + -^ = 1 
The equations (A), p. 117, will become in this case 

dfi rf» ^Q 

dx da ' 

(A) 

dy ds 

dx dv 

Multiplying these equations by -j- and -^ respectively, and add- 
ing them, it is easy to see that we shall have 

dX ^ dfi 

whence 

X = /Lc + a. 

* General propositions, which are useful in both kinds of application, are, as will be 
seen, excepted from this restriction. 
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The existence of the arbitrary constant a is an ambiguity ne- 
cessarily introduced by the selection of s for the independent 
variable. For it is easy to see that the equations arrived at by 
tlie method here employed will be the same whether the original 
integral be jfiiU or j(ji + c)d8. Geometrically speaking, therefore, 
we shall, by this method, arrive at the same conclusion, whether 
the length of the curve be or be not given. It is easy to see, how- 
ever, that the question which we are now considering is to be 
distinguished from the isoperimetrical problem by making a = 0. 
For if we suppose the independent variable to be changed from s 
to 0, it is plain that the equation 



may be vmtten, putting /u + a for X, 



8/«^+0» + «) 



dx dSx dy dSy 
deW^ dd'd6 

dO 




dS^O; 



or, since 



dx d&e dy dSy _ ds dSs 
ddW*d$~WdBd6 



K'"^ 



+f* 



dO 



»§>•■<>. 



which is evidently identical with the equation 



^•i4e'^^^l% 



dB^O. 



a 



Unless, then, a = 0, it is plain that the problem solved by this 
method is of the isoperimetrical class, namely, to find among all 

curves of given length that one which renders U^ dO or j^ids 

maximum or minimum. 

Putting then a » 0, we have X = fi, and substituting this value 
in each of equations (A), we find 
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du dx da dPx 
da da da '^ d«* 

dji dy dft _ cPy 
dy~did^~'^d^'' 

or, putting for ± its value, g . ^ + | .gf, 

dy /dfx dy dfi dx\ _ d^js 
ds\dx'ds dy'dsj^^d^^ 



da (dji da _dfi dy\ __ 
ds \dy'd8 da'dsj ^ 



^ 
cW 



(B) 



Let p be the radius of curvature. Multiply the first of these 

du dx 

equations by -^, and the second by -r-, and subtract them. Then 

/dy d^x dx d^y\ _^ fi ^dfi dy d/n dx ^ 
^ \d8 ' d^ ds' df^J p dx' ds dy' ds * 

or, if a, |3 be the acute angles which the normal makes with the 
axes of co-ordinates, 

This equation gives the geometrical definition of the curve. It 
is evidently impossible to proceed further with the integration 
without previously fixing the form of ^, but the following pro- 
perty may be deduced from the general equation : 

[ds 
If the given integral had been — , it is evident that the equa- 

tion arrived at would have differed from (C) merely in the sign 
of its right hand member. It would, in fact, have been 

1 l/d^L d^ ^\ 

- = + - TT" cos a + -f- cos . 
p fi\dx dy ^1 

Now both these solutions are included in 

1 l/rf/ix rf/x ^Y 
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Hence it appears that the two curves contained in the equation 

are connected by this relation, that if the one renders jfids a maxi- 
mum or minimum, the other will have the same property with 

regard to I — . 

64. If the limiting values of x and y be given, the arbitrary 
constants contained in the solution of (C) will be determined by 
the substitution of these values. But if the limiting points of the 
curve be determined by its intersection with two given curves, it 
may be shown generally that one class of curves included in this 
problem will intersect their bounding curves at right angles. For 
the terms outside the sign of integration will furnish two equa- 
tions : 



These equations are satisfied either by making 

/il = 0, /LCo = 0, 

or by making 



(D) 



(E) 



or by a combination of the first and fourth, or of the second and 
third, of these suppositions. 

Neglecting the suppositions (which are seldom admissible) 

/il " 0, /LIO « 0, 
let it be supposed that the equations of the limiting curves are 
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As the conditions of the problem require that the curvey however 
varied, should terminate in these bounding curves, we have 

Equations (E) become, therefore, 






.dsjo 



(F) 



which evidently contain the theorem in question. 

65. To determine whether the solution at which we have ar- 
rived gives a maximum or a minimum, it will be most convenient 
to put the given integral imder the form 



W{ 



'^ffli*'- 



This will give 



cP./^\/( 1+^.1 



"^3yV TT^yy /- dy^\i' (®) 





as 



The result, therefore, will be (p. 80) a maximum or minimum, 
according as this quantity is negative or positive, i. e. according 

fi and ^ I 1 + -^ J have opposite or similar signs. But as the 

former supposition would render the sign of the entire integral 
negative, it is plain that in that case a maximum value would de- 
note the value furthest removed from - oo, and therefore nearest 
to zero of all those immediately adjoining it. The value arrived 
at is, therefore, in all cases, so far as its magnitude alone is con- 
cerned, a minimum. 

It has been shown (p. 88) that it is essential to the existence 
of a maximum or minimum value, that the coefficient 

d^y 



dx 
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should not change its sign within the limits of integration. Now 
when the length of a curve is expressed by the integral 



tv{ 



i*gi^. 



it is, of course, supposed that the radical is taken positively 
throughout. Hence, and from equation (G), it appears that the 
condition just alluded to requires that fi should preserve the same 
sign for all values of x between a^ and ai. With respect to the 
other conditions of Art. 46, it is plain that these must be consi- 
dered separately in each individual case. For it is, as has been 
there shown, essential to this investigation that the complete in- 
tegral of the differential equation furnished by the Calculus of 
Variations be known. But we have already seen that this inte- 
gration cannot be effected while the form of the function /lc re- 
mains undetermined. 

Example 1. 

66. To draw the shortest line between two given points or 
between two given curves. 



In this case 






Equation (C) gives, therefore, 

p 

or 

These equations, being integrated, give 



and, therefore. 



dx dy , 



.dr dy 
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A second integration gives 

bx - ay - c, (2) 

the equation of a right line. 

To determine the constants we have, if the extreme points be 
given, the equations 

bxi - ay I = c, bxo - ay^ = c, 

and 

a« + i* = 1. 

The last of these equations is obtained by squaring, and adding 
the equations (1). If the line is to be drawn between two given 
curves, whose equations are 

the condition that the required line must cut these curves at right 
angles gives the two equations, 

f = -/(«,) = - F{xo). 
These, with the five equations, 

y\ =A^i\ yo = F{xq\ 

bxi — ay\ = c, bxQ — ayo = c, 
a« + i« = 1, 

are sufficient to determine the seven quantities, 

xu yii ^o> yo» a> bf c. 
If the given curves, 

be so related that every line which is perpendicular to one is also 
perpendicular to the other, these equations are not independent, 
and therefore one of the constants remains indeterminate. In this 
case it is obvious that the curves have the same evolute, and that 
the intercepted portion of the line is the same for every point. 
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Example 3. 

67. To find a curve such that the surface generated by its re- 
volution about a given Une may be a minimum. 

Taking the given line as axis of or, the surface generated will 
be represented by 2irjtfd8, The integral which is to be made a 
minimum is therefore jyda, giving 

Equation (C) becomes, therefore, 

- = — cosfl, 

p y 

or 

p = - y 8ecj3 = - y coseca. (a) 

But y coseca expresses evidently the intercept of the normal be- 
tween the curve and the axis of a?. The required curve is there- 
fore such that the radius of curvature is equal to the normal, and 
in an opposite direction. This is a well-known property of the 
catenary, which is therefore the curve required. Its equation 
may readily be deduced as follows: 
The equation 

- = - - cosfl, 
expressed in rectangular co-ordinates, gives 



( 



^]\(^]\L^ (b) 



Multiplying this equation by -r^, and substituting for ( ^- j3 ) 



its value, [-?■• -r? I . we have 



hence 






(; 
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As the radius of curvature and the normal are opposed in direc- 
tion, it is plain that the curve is convex towards the axis of a?, 

iJPy ... 
and therefore that -7- is positive ; and as ^ is taken positively 

throughout, the upper sign is the one to be used, giving 

Integrating this, and adding an arbitrary constant, we have 

dy 

and hence 

Squaring the former of these equations, and substituting for 
^,1-^, we find 

y»^ = y -(« + «)' = ft'; 

hence 

bda 



dx = 



Integrating this, we have 

a; + c r= W [« + a + v^ (6« + (« + a)^)] ; 
or, eliminating « + a, 

a: + c = «(y+V(y*-i')); 
or, which is a more convenient form, 

'■4{fV(i;-i)}. («) 

This solution contains, as will be seen, but two arbitrary con- 
stants. Two others, however, enter into the complete values of 
«, y, and X in terms of «. One of these was excluded, by the ne- 
cessity of distinguishing between the cases in which the length of 
the curve is given and those in which it is not given. The second 
disappears in the elimination of s. This latter result might have 
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been foreseen, for as s itself does not enter either into /li or into 
the equation of condition, 

it is plain that the data of the question, and therefore the result, 
will not be altered by the substitution of « + const for «. Hence 
it might have been expected that one of the arbitrary con- 
stants in the final result should enter merely in connexion with <^ 
and should therefore disappear in the elimination of that quan- 
tity. Taking into consideration the two constants wliich have 
been removed by the particular methods just alluded to, the 
complete solution will contain altogether four, thus agreeing with 
the general principle stated in p. 122. 

To determine the arbitrary constants in this solution, let it be 
supposed, in the fiist place, that the extreme points are given. 

Let it be supposed, for the sake of simplicity, that the extreme 
values of y are equal, and let the axis of y pass through the 
middle point of the line joining the extreme points of the curve. 
We shall have then 

yo = yi» ^0 = - ^i« 

But as the equation of the curve may readily be put under the 
form 



y=i* 



/ - 1 -'^ 

( fn€* + — tf * 1» 



we have, for the determination of the constants m and 6, the 
equations 



/ fj 1 .1»\ 
yi - i 6 I tiu? * + - «M- 



These equations give, in the first place, m » ± 1. This reduces 
either of the equations to 



yi-i* 



\e'* + /»} 
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in which b must evidently be taken positively. It will readily 
appear that this equation is not soluble for all systems of values of 
yi and x^ e. g. for the system Xi -a^ y\^Oy a being any finite 
quantity, we have the impossible equation, 

6* + 1 - 0. 

To find the limits within which the problem is possible, suppose 
the value of y\ to be given, i. e. let it be required to join two 
given equal circles^ whose planes are perpendicular to the line 
joining their centres, by a surface of revolution whose superficies 
shall be a minimum. We shall now proceed to show that if the 
distance between these circles exceed a certain determinable quan- 
tity, the problem does not admit of a solution. In other words, we 
shall prove that, for a given value of yi, x\ admits of a maximum. 
We have from equation (c), making a; = a?i, y-yu ^- li 



-«{?V(^*-0}- 



Putting xi = myiy and yi « n6, this becomes 

mn = l{n+ ^(n^ -1)]^ 

in which m is to be a maximum. Differentiating, and making 
dm = 0, we find 

7(;?ri)=^{"+v(n'-i)), "»=7(^y 

The first of these gives n = 1*8 nearly. Hence ^ = — = ^ (n*- 1) 

Xi m 

= 1-4968 nearly. If, therefore, two lines be drawn through the 

origin, making with the axis of ;r angles whose tangent is 1-4968, 

i. e. angles of 72° 20' nearly, the problem does not admit of a 

real solution when the extreme points of the curve lie between 

these lines and the axis of x, 

68. We shall next proceed to consider whether the solution 

which we have found satisfies the other conditions necessary to 

the existence of a real minimum. 
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The general solution being of the fonn 



»=r'(**'' + ^*"") 



we have, putting a, 6 for cu <?s» 






dot 
Hence In p. 86, 



or, putting for b its value as found above, 

1 . 1 (ft - c. 5) (,% A 



(J) 



Now it is plain that no finite value of a? will satisfy the equation, 

du 

hence (Art. 47) the second variation will remain finite, if it be 
possible to determine Ci and C% in such a way that u may not 
vanish within the limits of integration. Putting 

u-0, 
we have 

C% " TTl 'T\ 71 IT"* (e) 
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The existence of a minimum value of the given integral depends, 

therefore, upon the possibility of assuming a value for 7^ such 

that no value of a: within the limits of integration shall satisfy 
the foregoing equation. And this will be always possible unless 
the right-hand member of equation (e) assume successively 
within the limits of integration all possible values between + 00. 
Assume 



X = 



X X 






j - ( tf« + e'«j 



Then it is plain that when a: = we have 

X = 0. 

For increasing positive values of a?, X increases negatively, and 
when a value x is reached, which satisfies the equation 

we find 

X = - oc. 

For increasing negative values of a;, X increases positively until a 
value is reached equal and opposite to x, where we find 

a? = 4- 00. 

Hence if there be found, within the limits of integration, a value 
of 0? which satisfies equation (f), it is impossible to satisfy the 
conditions imposed by the theory of Jacobi. 

The limits within which a minimum value of the given inte- 
gral is possible, are therefore found by solving this equation. 
But, on referring to p. 148, we readily find that the same equa- 
tion determines the limits within which it is possible to satisfy 
the several conditions furnished by the equation 

8f/=0, 

and the given limiting values of y and x. 

The reason of this will be seen if we refer to the concluding 
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remark of Art. 52. For, as has been there shown, the limits* within 
which it is possible to fulfil the conditions imposed by the theory 
of Jacobi, are found by considering at what point two of the roots 
of the equation by which the maximum or minimum curve is de- 
termined become equal. Now, as in general two roots of an 
equation become equal in passing from the real to the imaginary 
state, the cause of the identity of the above-mentioned equations 
is obvious. 

Example 3. 

69. To find a curve of given length, such that, if it be made 
to revolve about a given line, the superficial area of the generated 
surface may be a minimum. 

It is plain, from what has been said p. 139, that the solution of 
this problem is derived from that of the preceding, simply by the 
substitution of y + c for y, c being a new arbitrary constant. 
This gives 

The curve is, therefore, still a catenary. With respect to the arbi- 
trary constants, the equations for their determination are those 
found in the preceding example joined to the condition derived 
from the given value of the length of the curve. 

Example 4. 

70. Let /K be a homogeneous fimction of the co-ordinates x and 
y. Find the curve which will render 

a minimum. 

The complete integration of equation (C) is of course impos- 
sible without a more particular determination of the form of the 
function pi ; but we may deduce from the general equation the fol- 
lowing geometrical property belonging to all curves of this class. 

Let a curve A CA (Fig. 4) be described, whose equation is 

pi =■ const., 
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and let JUPM' be the minimum curve. Let be the origin, and 
draw OL parallel to the tangent at C, and PN normal to the 
curve MPM'* Then if m be the degree of the fiinction ju, we 
shall have 

PN^-mp, 

Let j;, y be the co-ordinates of the point P, x^ y\ of C^ and i»\ tf 
oiN. Then 

Substituting these values in equation (c), we have 

(dfi du\ s ,du ,du\ 

Now since ON\a parallel to the tangent at Cy if we denote by fiy 
the value of ju after the substitution of a^i, y\ for x, y^ we have 

But as ju is a homogeneous function, it is plain that 

djLci dfi ^ dfii dfjL ^ 
dxi ' dy dyi ' dx ' 

and therefore that equation (b) may be written 

dx ^ dy "^ 

Moreover, by the theorem of homogeneous functions, 

du da 

Making these substitutions in equation (a), it becomes 
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Prop. II. 
71. To find the curve in which 

is a maximum or minimum, fi, fi being given functions of the co- 
ordinates Xy y. 

Adopting the same method as in the foregoing Proposition, 
we shall put the given integral under the form 

Equations (A), p. 117, become in this case 

d ^dx dfi dfi da dfi 
da d^ ds dx d8 dx 

d ^dy dfi dx dpi 
ds da dy da dy 

dijc dti 
Multiplying these equations, as before, by -r-, -j^, respectively, 

and adding them, we find 

dX dx dfi d/Lc dx/dfi dx dfi ify\ 

da da da da da\dx da dy da)* 

or, since 

dfjL dfjL dx dfi dy 

da dx da dy da 
d\ da ^ 

the constant being neglected for the reason stated in Prop. I. 
Substituting this value, and proceeding as before, we find 

- a — j cosa^r- + CO80 :r + -T- V (A) 

p ii\ dx ^ dy dy I ^ ^ 

If the extreme points of the curve be not given, i. e. if it be 

required to draw it between two given curves, it is easy to see 

that the equations by which the limiting points are determined 

are 

x» 
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"'' ^ "' (S)i ^ "'"*' (I). = ^' 

'''''■'^<'(^)o^'*«'"">(l). = ^' 
the cquationa of the limiting curves being, as before, 

df/i = mi dxu dyQ = mo dx^^. 

Let oil, Clio be the angles at which the curve intersects its two 

limiting curves, resj)ectivel7, and 0|, 0o the angles which the 

tangents to the limiting curves at these points make with the 

axis of X. Then it is plain that the foregoing equations may be 

written 

fxi cos oil + ^'i cos 01 = 0, 

(B) 

/Mo COS Wo + /MO COS 00 = 0. 

Example 1. 

72. To draw between two given points or curves a curve of 
given length, such that the area included between the arc and its 
chord may be a maximum. 

The area included between the arc and chord is evidently ex- 
pressed by 

\ ydx - i (yi + yo) (^i - ^o). 

Hence it is evident, from the general method of solving isoperi- 
metrical problems, that the integral which is to be made a maxi- 
mum is 

J {ydx - ads)* 

Here, therefore, we have fi = -af fJ^^^^y; and the equation found 
in this Proposition becomes 

11 
p a 

or rad. of curv. = const. The required curve is therefore a circle. 

* For an expUnation of the negative sign, vid. Art 76. 
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The complete integral of the equation 

p = a 
is, as is well known, 

an equation containing three arbitrary constants. If the extreme 
points of the curve be given, these constants are determined bj 
the equations 

(xo - by + (yo - cy « a\ 

combined with the equation (derived firom the given length of the 
arc joining these points) 

(a?i - xoy + (yi - yo)' - 4a' sin' | ^, 

a being the given arc. 

If the extreme points be not given, but merely situated on 
given curves, it is evident that the equations derived from the part 
of the variation which depends upon a change in the limits will be 

[yo-a(^)-i(j/i + yo)}Sxo-{ai^^ 

Let the equations of the limiting curves be, as before, 

rfyi = mi dxi, rfyo - iwoAc© ; 
and since 

8yi s= miSxi, Syo ■» fn^Bxo^ 

m 

these equations become 

i(yi-yo)-im,(xi-*o) - « {(^), + »'»i(^), } 

(ft) 

To interpret these equations, let P|, Pq (Fig. 5) be the extreme 
points of the curve, and the middle point of the line joining 
them. Let also Pi Tu Po T'o, be the tangents to the limiting 
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curves at the points P|, Pq. Let fall the perpendiculars Opu Ofg- 
We have then 



^^^= 7(iT^i?) • 

i(yi-yo)-iwio(a?i-4fo) 



Let C be the centre of the circle, and let fall the perpendiculars, 
Cwif CfTQ. Then it is plain that 







Equations (a) become, therefore, 

Opi = CPi sinCPiiTi = Cir„ 
Opo = CPq sin CPqito = CWo. 

These equations denote either — 1. That the points and C coin- 
cide; or, 2. That the tangents Pi Ti, Po To, are parallel to OC. 
In the first case the segment will evidently be a semicircle. In 
the second, the tangents Pi Tu Po To are perpendicular to the line 
PiPo, joining the extreme points; and the length of this line is, 
therefore, itself a minimum. 

If the area which is to be made a maximum be the entire of 
the space included between the curve, the extreme ordinates, and 
the axis of x, it is plain that the expression which is to be made 
a maximum is simply 

(f/tjbs - ads)j 



r 



the term ^ (j/o + j/i) {xi - Wq) being omitted. The general solution 
is therefore the same as before, with the exception of the condi- 
tions to be observed at the limits. 

If the extreme points of tlie curve be given, the arbitrary con- 
stants are determined, as in the foregoing case, by the substitution 
of the given quantities, .royo, »i?i yi, in the general solution. 
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If the extreme points of the curve be situated upon two given 
curves, the equations (B) of Art. 71 become 

a cosai] B yi cos0i, 

a cos ciiQ — yo COB 00* 

If the limiting values of a only be given, i. e., if the bounding 

curves become right lines perpendicular to the axis of x, we should 

have 

cos 01 » 0, cos 00 "= 0, 

and therefore the first of the above equations would give either 

acoscifi s 0, or pi • oo* 

Rejecting the latter of these suppositions, which would render the 

area infinite, we have 

acosbi] ^ 0, 
and, similarly, 

acoste^o *= 0* 

But it is easily seen that these equations are impossible. The 

given area does not therefore admit of a finite maximum. This 

case has been already noticed as an exception to the general theory 

of maxima and minima.* 

73. As a more general case, let it be required to draw between 
two given curves a curve of given length, such that the area in- 
cluded between it and a curve of given species passing through its 
extreme points may be a maximum. 

It is evident that the equation of the curve of given species 
which forms one boundary of the space in question will be of the 

The area included between it and the curve which it is our object 
to determine, will therefore be 

and the entire expression which is to be made a maximum, 

J [\y - F{x, afo> ^\)]dx - ads] ; 

or, denoting the integral \F{Xf xq^ Xi)dx by Fi (x^ x©, rO, (jP being 
a given function), 

l{ydx - ads) - Fi (^„ ;ro, a:,) + Fi {x^ xo, Xi). 



* Vid. Chap. IIL pp. 48, 63. 
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Since, then, the quantity under the sign of integration is the 
same as before, it is plain that the differential equation of the 
curve is not altered. It is, therefore, still a circle. With regard 
to the terms which appear outside the sign of Integration, we 
shall have, in the first place, 

,*-.{(!),?,.. (I), 8..}, 
- yoSxo + &c. 

arising from jij/da - ads). It remains, then, to consider those 
arising from the other part of the expression, namely, 

- Fi (a?i, a?o, xi) + Fi {aof Xq, OTi) = - F{Xt Xq, a?|). 
Putting 

u = F{x, a?o, Xi) dxy 

Jxq 



we have 



^ = -F(«„«„.^.)+f^^^^. 



- = F(x\y Xof Xi) + I -J— dx, 

'I Jxo CtXi 



But since both the given curve and the required curve pass 
through the same points, ^o^oi ^i Pu ^^ Is evident that 

yo = F(xq, xq, Xi)y 

yi = F(xu xo, Xi). 

Hence 

du An dF 



57 = " yo "^ 
axo jxm 



f^i dF ^ 
I — dx^ 
Jxii dxo 



du ^ C'l dF 

dxx " ^^ Jxo dxi 

The complete change in u is therefore 

du 
dxo 

adding this, with its proper sign, to the terms previously found, 
and equating separately to zero the terms connected with each 
limit, we have 



«*<'^-^i^^'=(-^»^nS'*')^^»-'(^'^cS'^)^'' 
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Or, if the equations of the bounding curves be, as before, 

«Hi^(S).}-i:S'^-o. 

If these equations be transformed, as in the general proposition, 
by the introduction of the angles tootai, 9o9b they will become 



a cosciio - cost^o I -r— ax = 0, 

f*idF 
-j—dx = 0. 



Example 2. 

74. Of all isoperimetrical curves described upon the given base 
AB J to determine a curve ACB (Fig. 6), such that the area of a 
second curve A CB, which is derived from the first by the condi- 
tion that each of its ordinates, CD, shall be a given function of 
the corresponding ordinate, C/>, may be a maximum.* 

If the given function be denoted by F, the area which is to be 
made a maximum will evidently be expressed by 



F 



Ydx. 



Hence in the general equation of Prop. 11. we shall have 

fi « - a, /Li' - y. 



* Thif is the fint case of tlie celebrated isoperimetrical problem of James BeraoniUi 
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and, therefore, 

p a dp ^ 
or, putting for p its value in terms of a and y, and integrating 

1 Y 

= — + c. 



i/(-g) " 



Hence we easily find 



and, therefore, 



y + c = 






which gives the equation of the curve when the form of the func- 
tion Y is known. 

If Y' = y, the curves AC By ACB become identical, and the 
problem is the same with that discussed in Example 1 of the pre- 
sent Proposition. 

Example 3. 

75. To find a curve of given length, such that the volume of 
the solid generated by its revolution round a given line may be a 
maximum. 

The volume of the generated solid being represented by 
njy^dXf it is evident that the integral which is to be rendered a 
maximum is 



i( 



f^-a*]de, 



a being an arbitrary constant. 
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Here, therefore, 

..«., 1-0, ±.0. .■-/, f .«,. 

Equation (A) becomes, therefore, 

p a*' 

The curve is, therefore, such that the radius of curvature is in- 
versely proportional to the ordinate. We may obtain a first 

integral of this equation by substituting for - its value, 

dp pdp 

(1 +/>»)» (1+79' 

( where P - -j-)- This will give 

_ pdp ^ iydy 
"(l+p«)» «' ' 

or, integrating, and adding an arbitrary constant, 

1 ^tl^ 

The further integration of this equation is evidently impos^ 
sible. 

Example 4. 

76. To find a curve such that the surface generated by its re- 
volution round a given line may be given, and that the volume 
of the generated solid may be a maximum. 

It is easy to see that the integral which is, in this case, to be 
rendered an absolute maximum, is 

\{j^dx + aydi)^ 
a being an arbitrary constant. We have, therefore, 

-.-» l-». %- '.■■^. !■%■ 
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Equation (A) becomes, therefore, 

1 2 cos3 

— «= - + — !- . 
pay 

Let n be the normal, and since n-y sec/3, this equation becomes 

12 1 

" " * 7 + «' 
pan 

or 

1 1^_2 
p n a' 

Now since the principal radii of curvature at each point of the 
surface of revolution are p and n, this equation expresses the 
property that the sum of the curvatures is the same at each point 
in the surface. We shall see afterwards that this property belongs 
to a more general case. 

It is easily shown that to render the result a real maximum, 
a must be negative. For if the original integral be put under the 
form 



we have 



d^V ay 



dp"" (1 + p^)i 

Now, in order that the integral may be a maximum, this quantity 
must be negative, and, therefore, since y and \/ (1 + p^) are both 
positive, a must be taken negatively. Putting, then, - a for a, we 
have 

1 1^2 

p n a 

Substituting for - and - their respective values, 

pdp 
^ ^ and 



2x5 yV(i+p)' 
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and multiplying by ydy^ this becomes 

dy ypdp iydy 

Integrating this, and adding an arbitrary constant, 

y y* +c 

This equation cannot, in general, be integrated further. But sup- 
pose the surface to be a closed one, i. e., suppose either that the 
curve by which it is generated terminates at both ends in the axis 
of revolution, or that it is a closed curve, lying entirely at one side 
of the axis of ^, thus giving an annular surface. 

In the latter case it is evident that p must go through all 
values between ± oo for positive values of y. Now if we put for 
the angle which the tangent at any point makes with the axis of 
4?, the equation 

y y* •+■ <? 

may be put under the form 

y^-aycosd + c^ 0. 

Now since boA values of y, corresponding to the same value of 0, 
are positive, it is plain that c must be essentially positive. But 
since the curve is closed, and of finite curvature, the angle must 
pass through all values between and 27r. Hence there must 
be at least two points on the curve, for which 

cos e 0, 
and, therefore, 

f + c^O, 

an impossible equation, inasmuch as c is essentially positive. The 
equation 

y y*-^c 

cannot, therefore, represent a closed curve, lying entirely at one 
side of the axis of x. We must, therefore, adopt the former sup- 
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position, namely, that the curve terminates at both ends in the 
axis of revolution. Then it is plain that the solution of this equa- 
tion must be such as to admit of the value y - 0. But since 
V^(l +/>') can never vanish, this condition becomes possible only 
when we suppose c = 0. This supposition reduces the equation to 

from which we obtain 

and, by integration, 

(a + cy + y* = a*, 

the equation of a circle whose centre is in the axis of revolution. 
The sphere is therefore the only dosed surface of revolution which 
possesses the property of including a maximum solid under a 
given surface. This reasoning is equally applicable, if it be only 
supposed that one extremity of the generating curve terminates 
in the axis of revolution. If then it be required to erect upon a 
given circle a closed segment of a surface of revolution, such that 
under a given superficial area it may include a maximum volume, 
the surface which solves the question is still spherical. In both 
these cases it is evident that the radius of the sphere is determined 
from the given value of the superficial area. 

Let this area be ^S, and R the required radius. Then, in the 
first case, where the surface is completely closed. 



4t' 

In the second case let r be the radius of the circle on which 
the segment is to be erected, and it is readily found that 

S_ 
4w 



R' = 



1- 



~S' 



If the circle upon which the segment is to be erected be not 
given, but merely a section of a given surface of revolution, in 
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Other words, if one extremity of the generating curve be situated 
upon a given curve, the first of equations (B), p. 154, becomes 

ay I cos ft>i = t/i^ cos Oi, 

giving either t/i = 0, or a cos wi = yi cos Oi. 

The first of these denotes that the generating curve terminates 
at both ends in the axis of revolution, thus rendering the surface 
a complete sphere, and, as is easily seen, rendering the volume 
an absolute maximum. To interpret the second, let BA (Fig. 7) 
be the axis of revolution, PiA the limiting curve, Pi the point 
at which the generating circle intersects it, C the centre of this 
circle, and PiiV, Pi F, the normal and ordinate of the limiting 
curve at the point Pi. Then since ci>i = CPiN and di = YPiN^ 
we have 

CPi^^a^ cosOi cos YPiN 
YPi y " cos (i»i ^ cos CPiN' 

It is evident, therefore, that the normal Pi^ is in this point per- 
pendicular to the axis of revolution. In other words, Pi F is a 
maximum or minimum ordinate. If Pi F be a minimum^ it ia 
easy to sec that the volume of the segment will be an absolute 
maximum. If Pi F be a maximum^ the volume will be a relative 
minimum, i. e. a minimum compared with similarly described 
spherical segments, although not so when compared with those of 
other surfaces of revolution. 

Prop. III. 

77. Of all isoperimetrical curves described upon a given base, 
AB (Fig. 8), to determine A CB, such that the area of the curve, 
AC By whose ordinate, CDy is at each point a given function of 
the arc AC^ may be a maximum.* 

Let the given function be represented by S, Then it is evi- 
dent that the area of the curve, ^CJB, will be represented by the 
integral 

* ThU b the second cue of jAmes Beroouilli's isoperimetrical jnroblem. 
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Hence» according to the general theory of isoperimetrical prob- 
lems, the integral which is to be made a maximum is - 



i( 



/S -T- + m ) cfo, 



the functions x^ y being, as before, connected by the equation 
We have, therefore, 

(18 

Substituting these values in the equations 

da 

(18 



and integrating, we find 



ds 

2X^=6. 
ds 



(B) 



Hence, and from equation (A), we have 

Substituting this value in the equations (B), and integrating, we 
find 
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Eliminating 8 between these equations, we have the equation of 
the required curve. 

This solution contains, as is evident, four arbitrary constant& 
Of these two are determined by the condition that the required 
curve shall pass through the given points Aj j5, one by the given 
length of the arc A CB, and the fourth by the condition that the 
independent variable 8 shall be reckoned from some determinate 
point, as, for example, A, The solution of the problem is there- 
fore complete. 

The reader will find no difficulty in applying the foregoing 
formulse to the case in which 

and deducing the equation of the catenary. 

Prop. IV. 

78. Let p be the radius of curvature of a plane curve, and let 
fi » ^(p). Required to determine the curve which will render 
\ind8 a maximum or minimum. 

Adopting, as before, the method of Lagrange, we shall have 



But since 
and 






putting 

d^ 

Hence it is evident that the equations furnished by the terms un- 
der the sign of integration are 
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</«* da 

Integrating these equations, we find 

'^t'Pd? .dx 



(A) 



+ X -T- = a, 



as da 



d.fip^ 



f* d^ ^.dy 



or 



, , d?x cPd? d.iip^ ^ dx 

^P'd^^d^dT'-^d;"'' 

„'„8 ^ .^y d.^y ,dy_. 

''p 'd?''d?—d^''^d^-''' 



i^) 



dtj 
Multiplying the first of these equations by -p, and the second by 

J-, and subtracting, we have 

, ^(dy d^x dx d?y\ d.fxp^ fdy d^x dx d^y\ _ dy ,dx 
^^ \^'d^'di'l^y''ir\^'d^'d^'d^)'~^ da' 

Integrating again, and adding an arbitrary constant, we find 

, ^/dy d^x dx d^y\ , 

or since 

1 dy d^x dx cPy 

p~ da ' ds^ da' ds^^ 

fip^ = ay " bx ■¥ c. (C) 

Previously to proceeding further, we shall consider the mode 
of determining the constants a, i, c. 
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Let the extreme points of the curve be given, so that 

Then the terms which remain outside the sign of integration are 

, ^(d^x dSx cPy dSy\ 

^'P' [d?"d!r^d?'^U 

, , fcPx d&s d»y dSy\ 

Eliminating either of the variations, e. g. [ --p i , from the first 
of these, by means of the equation 



(l).(t^(l).(f).-o- 



it becomes 



/dy d^x dx <Py 
/ Ads ' A* d 



•(fa* dt'd^ji f^\ 



fdBx\ 



or 






(it; 

Since, then, ( -^ j cannot become infinite, this term can only be 

made to vanish by putting fiipi^ « 0. Similarly we shall have 
f*'oPo* = 0. This will give 

at/i - bxi + c ■» 0, 

^ (D) 

oyo - bxo + c = ; 

or if the origin be taken at the point Xoyo^ ftnd the line joining 
the given points be made the axis of x, 

6 « 0, c = 0. 

The equation (C) becomes, therefore, 

/I >« = at/. <E) 
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Since ju> and therefore fi^ is a function of /o, this equation gives 
the value of p in terms y. Hence we infer, The plane curve which 
renders \<^{p)d8^ taken between two fixed points^ a maximum or mini- 
mum^ is such that all points of equal curvature are equally distant 
from die line which joins these extremities. And since equations 
(D) hold equally whether these points be or be not given, it is 
easily seen that this theorem is equally true if for fixed points we 
substitute two fixed curves. 

To find the equation of the curves in finite terms, suppose (E) 
to be solved so as to give 



l=r. 



Substituting for - its value, 

9 



pdp 



and integrating, we have 

and, therefore. 

Hence the equation of the curve is 

the constants e and/ being determined from the conditions that y 
shall vanish for a; = and for x-x\^ and the remaining constant, 
a, depending upon the given length of the curve. 

If the curve be bounded not by given points, but by given 
curves, whose equations are 

dyi = midxiy dyo = modxo, 

the terms depending upon the variations &ri, Syu which are evi- 
dently 
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become 

which are reduced by equations (B) to 

(a + mi b) Sxi. 

Hence we have 

a + mi ft = 0. 

But if the line joining the extreme points be made the axis of x, 
we have before seen that ft » 0. Hence, as it is plain that a can- 
not vanish, we must have mi = oo, and similarly mo « oo. The 
line joining the extremities of the curve is therefore perpendicu- 
lar to the tangents to the limiting curves at the points where it 
intersects them. Hence we infer 

The plane curve which renders J^(/9)&, taken between tie points 
of intersection with two given curves^ a maximum or minimum^ will 
intersect these curves in two points such that the rectilinear distance 
between them will be itself a maximum or minimum, 

79. Before giving examples of this proposition, as applied to par- 
ticular cases, it will be necessary to recall an observation made at 
the commencement of Chap. HI., as to the meaning of tiie words 
maximum and minimum. These words, as was there stated, do 
not signify values which are absolutely the greatest^ or absolutely 
the leasty but values which arc greater or less than any others 
which can be formed by an indefinitely small change in any of the 
varying elements. In a problem, therefore, the statement of 
which involves curvaturCf it is to be remembered that the curve 
which the Calculus of Variations gives for its solution must be 
compared only with curves which can be deduced from it without 
an abrupt change in the curvature. If, then, we had found, by 
that method, a curve without a cusp between its extreme points 
as the solution of such a problem, it would be no exception to the 
truth of the solution that a curve might be found which rendered 
the given function greater or less than such a maximum or mini- 
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mum, if that curve contained between its extreme points one or 
more cusps. Similarly, if the curve found by the method of Va- 
riations contain any number of cusps, it must be compared only 
with curves having the same number. It is the more necessary 
to keep this in mind, because an abrupt change in curvature does 
not necessarily involve an abrupt change in geometrical position, 
i. e. the several points of the curve may still be indefinitely near 
those of the curve with which it is compared, and it might, there- 
fore, be thought that such a comparison was legitimate. This we 
have seen not to be true. An example of this principle will be 
found in the following problem. 

Example, 

80. To find a curve of given length, such that the area 
bounded by the curve itself, its two extreme radii of curvature, 
and the arc of the evolute between them, may be a minimum. 

Denoting, as before, by p the radius of curvature, and by da 
the element of the curve, it is evident that the element of the area 
is pds. The solution of this problem will, therefore, be obtained 
from the foregoing proposition by making 

fA^p + m^ fc'=l. 

Making these substitutions in equation (E), it becomes 

p8 = ay. (a) 

The equation in finite terms may be deduced from the general 
equation (F) as follows : 
The equation 



gives 



and, therefore, 



p^^ay 



F= 1 



^/(iy 



>•. ■ ^ •/! • 



Equation (F) becomes 
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Putting a = 4i, e = sine, and A/j- + e = sinO, we have 

x+f - 2ij8inO (sinO - Vina)d0 

= A (0 - sinO cosO + 28ina cosO). (b) 

Now since y = when ^ = and when x = Xu 

/«= 6 (o + sin a coso) 

^i +/ = A (ir - o - sin o cosa). 
Whence 



IT - 2(o + sino cosa) 



This determines the constants b and / in terms of a. This re- 
maining constant is determined by means of the given length of 
the curve as follows : 

Differentiating equations (b), we have 

dy «= 26 (sin - sin a) cos 9dB^ 
da a 2&(sind - sina) sin ddO. 
Hence we find 

d$^2b (sinO - sina)<fd. 

Integrating this expression between the limits 

= 0, ^ V " ay 
and denoting the given length of the curve by 2«i, we have 

«, = 2A{cosa + (a-iir)sina) ; 
or, putting for b its value in terms of a, 

Q C OSg + (g-^ it) sing 
IT - 2(g + smacosg) 

Hence the constant g is determined. 
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The equation of the curve is found by eliminating between 
the equations 

, T = (sinO - sina)*, 

and ^ ' 

- s - a + 2sina cosO - sin cosO - sina cosa. 



If the origin be transferred to the middle point of the line joining 
the extreme points of the curve, which is done by substituting 

a?+Ja?i, or a;+ J(Jir-o-sinocoso) 
for .v, the second equation becomes 

X 



^ = + (2sino - sinO) cosO - Jir, 



or 



J + cos"M smo + 



'("■"■+vl) 



.(d«.Vf)/{i-(-.V|)'}- 

A remarkable geometrical property belonging to curves of this 
class may be derived from the first integral of the equation 

If, as before, we substitute for - its value, 

9 

pdp 



dy 



-1 



(1 + />«)» 

and integrate, wc shall have 



V(l 



1 /y 



or dividing by y, and putting for — ■—-. ^-- and —77- their 

respective values, ; and -, 

* normal p 

« p ^ y 
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81. If the length of the curve between the extreme points be 
not given, i. e. if it be required to determine, among all curves 
which can be described between two given points, that curve for 
which the above-mentioned area is a minimum, the superfluous 
constant, a, will be determined by expressing the area as a func- 
tion of that constant, and equating its differential to zero. 

Now 

... ^* 



i/{'-(vl-T} 

Putting, as before, 

^j--^ « = sin 0, and e = sina, 

we have 

Jf>(29»4i''J(8ind-sina)Vd 

= 2i'(d(l + 2sin^a) - sindcosO + 4sina cosO). 

Now since the maximum value of y corresponds to = ^, it is 
easy to see that the value of the area in question is 

86«.J^(8ine-8ino)«dO 
= 4i' I f 5 - a j (1 + 2sin*a) - 3sina cosa | ; 
or, putting for b its value in terms of a, and for a, ^ - /3, 

Equating to zero the differential of the logarithm of this ezpres- 
non, we have 

8in/3 (sinff - ffco8/3) sin'g 

P + 2/3 coe»/3 - 38in/3 co8/3 ° fi - sin/S cos/3' 
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Neglecting the value )3 = (which would make i = oo, and ren- 
der the area also infinite), and clearing of fractions, we find 

cos/3 (/38in/3 cos/3 + /3* - 28in«/3) = 0. 
This may be satisfied either by making 

cos^ = 0, or /3sin^ cos/S + jS* - 2sin«/3 = 0. 

But it may readily be shown that the latter of these equations is 

impossible,* the left hand member being always positive. Hence 

we must have 

C08/3 e sina =: 0. 
The equation 



^ (1 +i>*) 



i/f 



+ e 



becomes, therefore, 



L+p*) V b' 






the equation of a cycloid. And as at each of the limiting points 
/o e 0, it is plain that the curve is a complete cycloid. 

* This may be shown as follows : 

Multiply the left hand member of the equation by 4, and pat 2/3 = 0, This member 
may then be written 

« = 08+ sin + 4c08 - i. 

If for sin and oos we pat 

e-T^-f ,^;, , -gee 

1.2.8 1.2.8.4.6 
and 

^ " n"^ 1:2:31 "' 

it will at once appear that « is positive for small values of 9. As, therefore, u vanishes 
for 9= Of if it vanish for any other valae, 9 = 61, it must attain a maximum for some inter* 
mediate value. Hence we have for some intermediate value, 

du 

— = 20 + cosO - 8 sin = 0. 

This also vanishes for = 0, and is positive for small values of ; if, then, it be sappooed 

to vanish for any other value, we must have, by the same reasoning, 

dht 

--r = 2(l -COS0) -08in0 = O, 

for some intermediate value. But this woidd give i0-tani0 = O, which is manifestly 
impossible for any other value than 0=0. 
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Before concluding this example, it may be well to refer to a 
remark made with respect to the cases of this proposition gene- 
rally, namely, that although a curve may be found, differing infi- 
nitely little in position from that which the Calculus of Variations 
gives as the solution of the problem, and rendering the given in- 
tegral less than it is found to be in this latter curve, that solution 
may, nevertheless, be a real minimum. To exemplify this in the 
present case, let^CJS (Fig. 9) be the cycloid described as above 
stated. The area which is required to be a minimum will then 

be . Now if Bb be taken indefinitely small, and cycloids be 

described upon Ab, bB, the mixed curve so formed will be indefi- 
nitely near to A CB in position^ i. e., its several points will be in- 
definitely near to the corresponding points of the other. But the 

corresponding area for this latter curve is , which is 

A& 

evidently less than . This latter is nevertheless a real mini- 
mum in the proper sense of that term, inasmuch as the mixed 
curve, AbB^ has a cusp at by and therefore cannot be deduced 
from A CB by a legitimate variation, requiring at the point b a 
change of curvature not indefinitely small. In fact the variations, 
Sy and Sp, are, at this point, of different orders of magnitude. 

Prop. V. 

82. To find the nature of the curve which will render \pLds a 
maximum or minimum, ds being the element of a curve traced on 
a given surface, and /u a given function of the co-ordinates of any of 
its points. 

Adopting, as before, the method of Lagrange, we shall con- 
sider j;, y, 2 as fimctions of «, connected by the equations 

rfjr* rfy* d^ __ - 
d? '^d^'^d^' ' 

(A) 
w = 0, 

(the equation of the given surface). Proceeding as before, let X 

2a 
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be the factor for the first of these equations, and X' that for the 
second. Then it is plain that the complete variation will be 

. /da dSx dy dSy dz d^z\ -i 
\d8 'da da ' da da' da J J 

Integrating the last three terms by parts, and equating to zero 
the coefficients of 8^, 8y, &, we have the three equations, 

— + X' — - — X— = 

dx dx da' da ' 

d^ .,du d .dz 
dz dz da da 

UtB du 

Multiplying the first of these equations by ^, the second by ~^, 

dz 

and the third by ^, adding them, and observing the conditions, 

dfi dx dfi dy dfi dz dfi 
dx' da dy' da dz' da da* 



we 



find 



dx d^x dy d^y dz (Pz 

da ' da^ da'd^ ds ' ds^ ' 



If the length of the curve be not given, it will appear, from con- 
siderations similar to those of Prop. I., that we must take a = 0, 
and therefore X = /u. The three equations become, therefore, 

rf/Lc y du d^x dx dfd 

dx dx d^ ds ' da 

dy^^ dy ''d^ dsds ""' ^^' 

dfi y du _ d^z dz du 
dz dz ^ ds^ da ' ds 
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Let a, /3, 7 be the angles made with the co-ordinate planes by 
the plane of the normal section which touches the curve at any 
point. Then since this plane is perpendicular to the surface, 

du ^ du du ^ 

cosa -r + cos p 3- + cos 7 ^- = : 
da dy ' dz 

and since it passes through the tangent to the curve, 

dX r% ^y ^ /\ 

coso -7- + cos p -^ + cos 7 ^- = 0. 
ds '^ da 'da 

Hence if we multiply the equations (C) by coso, cos)3, COS7, re- 
spectively, and add them, we shall evidently have 

coso -T- + cos 13 V- + cos 7 -7- 
dx dy ' dz 

I d^x ^ d^y d^z\ ^ ,^. 

-m(^CO8«^+CO8/3^+CO87^J = 0. (D) 

But if a , |3\ 7' be the angles which p, the radius of absolute cur- 
vature of the curve, makes with the axes of co-ordinates, it is 
known that 

d^x 
cosa -p^, 

(Pz 
co87=^5^. 

Equation ( D) may therefore be written, 

du r\ da du 

COS a -f- + cos j3 :/- + cos 7 -f- 

dx ^ dy ' dz 

= - (cos a coso' + cos /3 cos /3' + cos 7 cos 7'). (E) 

P 

Let (u be the angle between the osculating plane to the curve 
and the plane of the normal section. We have then 

cosa cos a' + cos/3 cos/3' + cos 7 cos 7' = sina;. 
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We have also, by Meunier's theorem, 

sin^cii = 1 - ^, 

p being the radius of curvature of the normal section. Hence 
equation (E) may be written in any one of the three forms, 

;^--i— 2(<^osa^ + cos0^+coST.5^j, 

sin 01 1 / dfA ^ dfi d/A ,^. 

tancu 1/ du r^da du\ 

— 7- = - cosa -y- + cos p -p + cos 7 -y- . 
p li\ dx '^ dp ' dzj 

If the given integral had been I — , it is evident (as in the case of 

a plane curve) that the first of these equations would remain 
wholly unaltered. Hence we infer, as before, 

If the curve (traced on a given surface), whose equation is 



P =/(^. y. ^. I). 



possess the property of rendering J/xdIs a maximum or minimum, 
the curve whose equation is 



p = -/(^. y. ^. I) 



will have the property of rendering I — a maximum or minimum. 

A remarkable example of this theorem will occur in the applica- 
tions to Mechanics. With respect to the terms without the sign 
of integration, it is easy to see that they furnish the equations 

(G) 
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(1.) If the extreme points of the curve be fixed, these equa- 
tions are satisfied of themselves, inasmuch as 

(2.) If the limiting points be not given, but merely restricted 
to the given curves (drawn upon the given surface), whose equa- 
tions are 

ctei = m\dz\^ dxQ = m^dzo, 

dy\ = nidzu dt/o = nodsof 

it is evident that we must have 

&ri =5 tnioZ} , o*c^ = ttiqozo, 

Syi = niSzi, 8yo =^ ^08-20, 

and that, therefore, the two equations (G) become 



1 i. xl.^ ZaZ rk 



Hence, if we neglect the suppositions, /ui = 0, /iq » 0, we infer, 
If a curve be traced upon a given mrface euch aa to render jfxds a 
mcucimvm or minimum^ U will cut its bounding curves at right 
angles. 

83. The equations of the curve, which render jfxds a maxi- 
mum or minimum, may also be expressed as follows : 

Let the equation of the given surface be 

dz = pdx + qdy. 

Then, since the cosines of the angles made by the osculating plane 
with the co-ordinate planes are 

/dz ^ dy^ d^z \ 
^XU'd^'di'd^P 



dx d^z dz d^x\ 
^\dsd?'"d^'l?} 

/fly iPx dx d^\ 
^\d8'd^'"d^'d^f 
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it is evident that 



Bincii = 



fdy (Pa dx d^y _ fdz d^y dy d^z\ fdx d^z dz d^x\\ 
^ ^d^d?'di'd^''^\^'d^''d^'d^)'^\d^'^ 

Substituting this in the second of equations (F), and eliminating 

d^x d^y y 
either -z^ or -=J by means of the equation 

dx d^x dy d^y dz d^z ^ 
d^'d^ ^di 'dl' ^did^'^' 

the required curve may be represented by either of the equations 



ds* ^^rfs« 



/ dfx ^d/jL dfi\dy 

coso -7- + cosp -T- + cos 7 ~- -P-, 
\ dx ^ dy 'dzjds 



d^x ^ ^d^z y/(l + pg + q^) 

(H) 

€Py €Pz y/O^+p^^q^) ( dn ^du du\dx 



combined with the equation of the given surface. 

84. K from the same point, (Fig. 10), on a surface, there be 
drawn to two indefinitely near points, T, Z*, of a given curve, two 
curves, OTy OT^ each possessing the property of rendering ^^da 
a maximum or minimum ; and if we denote by d<T the arc TT^ 
and by d the angle OTTy the difference between the values of 
the integral for these curves is ultimately 

/ii cos dda, 

fAi being the value of fi for either of the indefinitely near points, 
T, T. 

For since each of these curves renders \fxd8 a maximum, and 
thus causes the variation under the sign of integration to vanish, 
and since, moreover, one of the limiting points is fixed, it is evi- 
dent that the complete variation which the integral receives in 
passing from OT to T is 
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But we have before seen that X = /li, and since the values of dri,yi, zi 
are varied by passing from one point of the curve AB to the con- 
secutive point, it is plain that 

^'■{^h ""-{th ^'-{ih 

Making these substitutions, the complete variation becomes 

"• { (S). (S). ^ (I). {t\ ' {i\ (I) } '''' 



and since 

cos 



^ ~ U A Wi ^ \*/i UJi ^ [dsji Wi' 



the truth of the proposition is evident. 

85. If /x be a homogeneous function of or, y, z^ we may deduce 
a theorem analogous to that established (p. 152) for plane curves. 

Let the intersection of the normal plane to the curve with the 
tangent plane to the surface be called the normal to the curve. 
This line is evidently perpendicular to the plane of the normal 
section before alluded to, and therefore makes with the axes the 
angles o, /S) 7* Let a surface be described whose equation is 

fi = <?, 

and let a plane be drawn through the origin conjugaW^ (with re- 
gard to this surface) to the line drawn from the origin to the 
point on the curve. Produce the normal to the-ourve till it meet 
this plane, and let the line so produced be called n. We have 
then evidently 



X — X ^ V "" v' 

cosa= , 008/3='^ — ^, cos 7 = 



n • n • n 

xyz being the point in which n cuts the conjugate plane. 

* That is, parallel to the tangent plane to the saiface 

/* = «» 
at the point in which the line to which it is conjugate cuts that surface. It is easily seen 
thatf a.<t /< is a homogeneoiis function, this plane is unique. 
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Equation (F) may therefore be written 

p fi\\ da ^ dy dz ) \ dx ^ dy dzjj 

But since xyz is a point in the conjugate plane, we have, as in 
p. 152, 

and since /ti is a homogeneous function, 

dii du du 

m denoting the degree of the function. Hence 

n sin 01 = mp. 

Hence, preserving the foregoing definitions, we have the following 
theorem : 

If fi be a homogeneous function of the co-ordinates of a point 
upon a given surface^ the curve which renders jfids a maximum or 
minimum is such, that if the normal at any point be projected upon 
the osculating plane, its projection is equal to m times the radius of 
curvature. 

A similar substitution will reduce the first of the foregoing 
equations (F) to 

p^ p^ n^ ' 

Either of these theorems will furnish means for obtaining the 
osculating plane and the radius of curvature at any point, if the 
direction of the tangent be known. 

Example. 

86. To find the shortest line which can be drawn between two 
points upon a given surface. 

This is the simplest case of the preceding proposition, from 
which it may be deduced by making /i = 1 . This gives 
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dx * dy * dz ' 

and therefore we have, from equations (F), 

/o « p', « = 0. 

Hence the radius of curvature is the same as that of the normal 
section which touches it; or, in other words, the osculating plane 
is at every point perpendicular to the surface. 

As a complete discussion of the properties of shortest or, as 
they are generally termed, geodetic lines, would be too extensive 
to find a place in a treatise like the present, we shall content our- 
selves with giving one or two of the most important. 

(1.) The equations of a geodetic line, the arc being the inde- 
pendent variable, are readily deduced from the general equa- 
tions (H), by making 

'-'■ |-». I-O' l-o- 

We have, in this way, 

du d^a du d^z _ ^ 

du d^y du d^z ^ 
di'd^ "dy'd?^' 

or, if the equation of the given surface be 

dz - pdx + qdy^ 

d^x d^z ^ / X 

(2.) The equations of a geodetic line referred to a? as the in- 
dependent variable, may readily be deduced from those just 
given ; but it is, perhaps, simpler to derive them at once from the 
consideration that the osculating plane is at all points perpen- 
dicular to the surface. 

2b 
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If the equation of the surface be 

dz = pdx + qdy^ 

this consideratioii gives 

P {dycPz - dzd^y) + q {dztPx - dxd^z) = dxd^y - dyd^x. 

Putting d?x » 0, and substituting for dz and d^z their yalues given 
by the equations 

dz s pdx + qdy^ 
d^z = rrfa:* + 28dxdy + ^y* + qd^, 

we find the equation 

which, with the equation 

dz - p</j? - qdy = 0, 
represents the geodetic line. 

(3.) If from the same point, 0, on a surface, geodetic lines be 
dra\vn to two indefinitely near points, T, y, of a curve, and if 
we assume da = the indefinitely small arc TT, and = TTO^ 
we shall have for the ultimate value of the increment OT -- OT^ 

or -- Or=d<T.cos0. 

This is evidently a particular case of the general proposition 
stated in p. 182. And it appears, from the conclusion there ar- 
rived at, that this property, which is well known to belong to 
right lines, is a property of geodetic lines generally, and peculiar 
to them. In the application, therefore, of the method of infini- 
tesimals to curves drawn upon a given surface, it is easy to sec 
that geodetic lines may, in cases in which their length only is con- 
cerned, be, in general, treated as right lines. 

(4.) It will immediately appear, from the general principles 
laid down in pp. 90, 91, that a geodetic line is not necessarily a 
line of minimum length between any two of its points. For wc 
have there seen that the curve, whose differential equation is 

13 = 0, 
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will not, in general, possess the property of rendering 

a maximum or minimum, if the limits of integration be such as to 
render it possible to draw a second curve indefinitely near to the 
first, satisfying the same differential equation, and passing through 
the extreme points J , /?, or through any two points lying be- 
tween A and B, Hence we have the following rule for deter- 
mining at what point 9l geodetic line ceases to be a shorted line. 

Let A (Fig. 2) be one extremity of the geodetic line. Draw 
through A a second geodetic line, making with the first an inde- 
finitely small angle. This curve will, in general, intersect the 
first at some other point, C If, then, we commence to measure 
the length of the geodetic line from A^ it will, in general, cease to 
be a shortest line when we pass C 

(5.) To find the equation of a geodetic line upon the surface 
of an ellipsoid. 

Let the equation of the ellipsoid be 

a^ y^ g^ . 
a« 6« c« 

The general equations (a), p. 185, become 

(c) 

'd^°¥z"d^' 
Assume 

«« v» z* 

I d3» I dy» 1 «fc» 

Then if we differentiate this latter equation, and suhetitute for 

(fix cPtj 

-T-T , -r? their values, derived from (c), we find 

ds^ cur ^ 

dv 2(^ I X dx y dy z dz\ d^z c* du d^z 
ds'^ z \a^' ds b^' d9 c* 'chjd? " z ' d^ ' d^' 
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Again, differentiating the equation of the surface twicCi and sub- 
stitutmg for ^, ;r^, as before, 



d^' d^' 



V = u . 

z d^ 



Dividing these equations one by the other, we find 

1 dv ^ 1 du ^ 
V ds u ds^ 
or, by integration, 

uv = const. 

Replacing u and v by their values, we find, for the equation of a 
geodetic line, 

/^8 ^ z^\ (I dx^ 1 dy^ 1 dz^\ ,,. 

Let p be the perpendicular from the centre upon the tangent 
plane, and d the semidiameter drawn parallel to the tangent to 
the geodetic line. Then since 

L ^ t. t. 

the equation of the geodetic line is equivalent to 

pd = const. = m*. 

If p be the radius of curvature of the geodetic line at any point, it 
is known that 

P 

* This may readily be proved as follows : 
We have, in general, 

or, substituting for -— and — their values derived from the equations of the geodeUc 



line, 
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m" 



Substituting for d its value — , we have 

P 



m^ 



jr 

Hence along the same geodetic line the radius of curvature varies in- 
veraely as the cube of the perpendicular on the tangent plane. 
These two theorems are due to M. Joachimstal. 

Prop. VI. 

87. To draw, between two points or curves situated upon a 
given surface, a curve such that the definite integral 

jQids + fidx) 

may be a maximum or minimum, /ti, fi being functions of x, y, z. 

Taking, as before, the arc as the independent variable, and 
putting, therefore, the given integral under the form 

it is easy to see that the method of Lagrange will give the equa- 
tions 

. ^ da ^ yd^ _dfi da dfA^ dfA^ ^ 
di? da 'da da da da' da da * 

d^ da' da dy dy da ' dy "^ ^ ^ ^ 

^d^z dz^ ^_v^_^ <fa dfi ^ 
dn^ da ' da dz dz da' dz 



but we have seen above that 



henoe 









Subetituthig this in the value of f>, we have 



1 pa d^ 

p* a* p 
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dx du dz 
Multiplying these equations respectively by -7-, ~, -7-, adding 

them, and recollecting that 

dfi dfjL dx dpi dy dfi dz 
da dx ' da dt/'da dz ' da* 

it readily appears that we have, as In Prop. Y., 

^ - ^ = 
da da ' 

Hence, as before, If the length of the curve be given, X = fi + a, 
and if It be not given, X = /x. Taking the former of these two 
cases, multiply, as in Prop. V., the three equations (A) by cos a, 
cos|3, cosy, respectively, and add them. We have then, putting 
fc + a for X, as In that proposition, 

Oi + a) (^cosa ^ + cos/3 ^ + COS7 ^ j 
dfi r% du du 

= COSo J- + COSp -J- + COS7 -J- 



dfi dx ( dfi ^ dfi dfi 

-cosa-T- +-T- cosa '^ • ™^ '^ ' ^ 



da ' da\^^*'^ dz dy ^ dz j 

Substituting for 



d^x r, d^y d^z 

cosa^^+cos^^ + cos^r^ 



. sin 01 J - dfi 

Its value, , and for -f-, 

p da 



dfi dx dfi dy dfi dz 
dx ' da dy ' da dz ' da^ 



this equation becomes 



, . smoi dfi t^dfi du 

ui^a) = cos o -7- + cos p -7- + cos 7 -7- 

^ p dx ^ dy ' dz 

dfi ( ^dx dy\ dfi I dx dz 
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But since a, /S, 7 are the angles which the perpendicular to the 

plane of the normal section makes with the axes, and -r-s -/» t- 
^ as as as 

the cosines of the angles which the tangent to the curve makes 

with the same axes, it is known that, if we denote by a , p\ y\ 

the angles made by the perpendicular to the plane of these lines 

(which is evidently the normal to the surface), we shall have 

, ^dz du 

COSa = COSp T- - COS7 -^^ 

^ as ' ds 

r,, dx dz 

cosp - COS7 -z COS a -7-. 

'^ ' ds ds 

du dx 

CO87 = cos a -J- - cos p T-. 

The equation, at which wc have arrived, may therefore, as before, 
be written in any one of the three forms, 

^-^,(^cos«^ + cos^^ + eosy^ + cosy^-eos/3^j. 

(B) 

tan fti 1 / dii ri d/M du , du ^, du\ 

r- « ( COSa -f- + cos/3 "T + cos 7 -/-+ COS7 -^ - 0080-^- I. 

p /u + a\ dx ^ dy ' dz ' dy ^ dz ) 

The solution of the case in which the length of the curve is 
not given is immediately deduced from this by simply putting 
a == 0. If the limiting points of the curve be given, it is evident 
that the terms free from the sign of integration disappear as be- 
fore. If the limiting points be not given, but merely restricted to 
the curves whose equations are 

c/yo = wiodaJi), dy^ = mictr,, 
dzQ » fu^Xfh dzx » fiidxyy 
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we shall have, by reasoning similar to that employed in Prop. II., 

. fdx dy dz\ , ^ 



(Mi + «)(g 



dy dz\ , ^ 



or if 00 01 be the angles at which it cuts its bounding curves, and 
00 01 the angles which the tangents to these curves at the points 
of intersection make with the axis of a;, 

(iio + a) cos 00 + Mo cos 00 = 0, 

(C) 
(fii + a) cos 01 + fji'i cos 01 = 0. 

All the conclusions arrived at in this proposition are adapted 
to the case in which the length of the curve is not given, by 
simply omitting a. 

Example, 

88. Given two points on a surface, and any curve connecting 
them, to draw between these points a curve of given length, 
which shall include, with the given curve, the greatest possible 
area.* 

Since the superficial area of any surface is represented by 

it is plain that, if the equation of the surface be given, it may 
always be put under the form \ij;dxy in which 

;«'(=Jv/(l + p« + 3»)dy) 

is a given function of x and y. The solution of this problem is, 
therefore, derived from the general equations (B), by making 

* The investigation of this cnrre is (as far as I am aware) due to M. Delaunaj 

LiouTillCf Journal dc Math., torn. viii. p. 241. 
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ThebC equations become, therefore, 

1-1=1 
p^ p^ a*' 

p = a sin oi, (a) 

p = (I tan W' 

Hence if the direction of the tangent at any point be known, the 
osculating plane and radius of curvature may be found by the fol- 
lowing construction : 

Let P (Fig. 12) be the point on the curve, and let the plane 
of the paper be the normal plane to the curve. Let C be the 
centre of curvature of the normal section, and draw CA perpen- 
dicular to PC" and = a. Join PA, and draw CC, PC, respectively 
parallel, and perpendicular to PA. Then C is the centre of cur- 
vature of the required curve, and a plane through PC perpen- 
dicular to the plane of the paper is the osculating plane The 
reason of this construction is evident from the equations (a).* 

If it be required to draw the curve between two given curves 
in such a way that the area included between the curve so drawn, 
and a curve of given species passing through its extremities, may 
be a maximum, it will appear, by reasoning precisely similar to 
that of p. 157, that the equation of the curve is still the same as 
before. With regard to the terms outside the sign of integration, 
the mode of treating them is also perfectly analogous to that which 
is there employed. For it is evident that the area included be- 
tween the two curves may be expressed by 

fidt - F{.r, 0*0, .r,) e/vr, 

J To J To 

in which p! has the same signification as in the first part of this 

* If the given surface be an ellipsoid, the direction of the osculating plane may be 
found from that of the tangent by the following construction : 

Let C (Fig. 13) be the centre of the ellipsoid, CP the perpendicular on the tangent 
plane, and CD the semi-diameter parallel to the tangent to the curve. Draw PO per|)en- 

CDi 

dicular to the plane PCD and equal to . Tlie plane DCO h parallel to the oscu- 

a 

lating plane required. For 

OP cP p 
tan PCO = -rrr: = — = - = tan w. 
CP ap a 

2c 
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example, and F(at Xq^ Xi) is a given function, namely, the value of 
the integral j \/(l + />' + ?*) di/ for the given curve which passes 
through the two extreme points. Hence, by proceeding exactly 
as in the case of the plane curve, we shall arrive at the equations, 

'idF 



a cosciio + cos ^0 -;— cw? = 0, 

Jxo^O 

a cosoii - cos ^1 -7— aa? = 0. 



Prop. VU. 

89. To draw between two given points a curve whose curva- 
ture shall be constant, and such that the length of the arc between 
the two points may be a minimum. 

Adopting Lagrange^s method, we shall take the arc of the 
curve as the independent variable, which will give 

the dependent variables, a^ y, z^ being connected by the equations 



and 



d^ ^ d^ 
ds^ ^ d^^ ds^ " ' 

cP^Y /^Y /^V _ ± 



Since, then, none of the variables enter into F, it is evident that 
the equations furnished by the coefficients of 8a:, 8y, Sz are 

els' as f. 

"d? dT'^' (A) 

d'.Xp d.X^ 

at as _ ^ 

dsi ~A "• 
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These equations, being immediately integrable, give 

d X— 

(/«« ^ dx 



d.X 






or 



ds ds 

"^'^d? ^dz 
~dB ^d?""^' 

d^x dX y d^x . dx 
ds* ' ds ds^ ds ' 

cPy dX .,cPy dy . ^ 

ds^ ' ds dt? ds 

Eliminating X between the first two of these equations, we have 

dy d^x dx d^y\dX Idy d^x dx d?y\y dy .dx 
ds ' ds^ ds'ds^Jds \ds' cUfl ds'df?) ds ds' 

This equation, which is also integrable, gives 

fdy d^x dx d^y\ . 

Similarly, by the elimination of X between the first and third, and 
between the second and third, we have 

^,(dx d^z dz d^x\ ^ 

(C) 

Previous to proceeding further, we may determine the values 
of the constants introduced in these integrations. For this pur- 
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pose we shall suppose the origin of co-ordinates to have been taken 
at one of the given points, which will render 

aro = 0, yo = 0, zo==0; 

and, since both limits are fixed, wc shall have 

It 18 easy to see, then, that the equations furnished by the terms 
which are without the sign of integration are 

f^ dSx ^ dSy ^ dS2\ 
^'\ds^' ds'^ds^'ds^ds^'daji"^' 

/^ dSx ^ dSy ^ dSz\ ^ ^ 
^ \d^ 'da d^ ' da d^' da Jo 

These equations are evidently satisfied either by making 

X'i = 0, X'o = 0, 
or by making 

d^x dix d^y dSy d^z dSz 



d^' da d»^' da d^' da I 



= 0, 



^ dSx ^ d^ ^ dSz\ _^ 
da^ 'da de^ ' da da^ ' da Jo 

The conditions, 

X'o = 0, A'l = 0, 

will evidently give, in equations (C), 

/=0, / = 0, /' = 0, 
and 

a b c 

a^i ~ yi ~ ^i' 
With regard to the other factors, 

(Px d^ (Py d^ (£z dh \ 
da'^ da da^ ' da da^ ' da Jo 

d^x dSx . 



(D) 
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it is easy to sec that it is impossible to make them vanish, pre- 
serving the independence of two of the variations, 

For, since these variations are only connected by the equations 

/dx dSa dy diy dz d^z\ 
\d9 da da' da da' da Jo 

fdx dSx dy dSy dz dSz\ ^ 
\da ' da ds ' da ds ' da )\ ' 

it is evident that in order to make these factors vanish, without 
restricting their generality, we should have 

/c/2^\ _ (dj:\ (d^x\ /dx\ 

[d^Jo"''\d^)o' [d?jr'''[TaJi' 

^d^z\ (dz\ (d^z\ (dz\ 

Squaring the first system, and adding, we have 

Again, multiplying these equations respectively by 



s). i^)' (s)- 

da Jo \da/o \da/o 



da\ /^\ 
da)o\d8^ )o 



^ ■''t)o(S)o"'(S)o(£)o = ''»- 



But it is plain that the first side of this equation is identically zero, 
hence we should have 

— = Vo = 0, 
an impossible equation, as m is a given quantity. The same rea- 
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soiling obviously applies to the second system. These equations, 
then, leading to impossible results, it is evident that we must have 

X\ = 0, X'o = 0, 

and, therefore, 

/=0, / = 0, /' = 0. 

Hence, if we neglect/, /',/", and multiply equations (C) by 

dz dy dx 
da' d^' da' 

respectively, we shall have 

(ay -bx)dz-¥ {ex - az) dy ■¥ {bz - cy) dx = 0, 
or 

a {ydz - zdy) + i {zdx - xdz) + c{xdy - ydx) = 0. 

This equation, which is easily integrated by making 

y = ux, z = vx^ 
gives 

ay - bx = m (az - ex), (E) 

the equation of a plane passing through the origin. The required 
curve is therefore, in this case, a plane curve ; and since its radius 
of curvature is constant, it is evidently a circle. 

It appears, therefore, that the curve of constant curvature, 
whose length between two given points is a minimum, will be a 
circle if the position of either of the extreme tangents be undeter- 
mined. But, on the other hand, it is evident that the circle can- 
not be the general solution of the case in which the position of 
the extreme tangents is given. For this position might be such 
as to render it impossible to describe a circle which should fulfil 
the requisite conditions.* 

If the position of the tangents at the extreme points be given, 
such that the equation 

cf+bf + af=0, (F) 

holds, the curve is still plane. For if the equations (C) be multi- 
plied by 



• 1? 



For example, the given tangents might not be in the same plane. 
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dz dy dx 
ds* ds* ds' 

respectively, and added, we find 

(ay - bx +/) dz-^(cx-az +/') rfy -¥ (bz - cy +/") cte = 0. (G) 

* 

Now if the origin be transferred to any point in the line whose 
equations are 

ay-bx +/= 0, ex -dz-k^f = 0, 
it is easy to see that, in consequence of the relation 

the three absolute terms will disappear, and the equation be re- 
duced to 

{ay - bx) dz + {ex - az) dy -^ {bz-ey)dx ^ 0, 

the same form as before. In this case, therefore, the curve is still 
a circle. 

If the limiting points be not given, but merely restricted to 
the two surfaces, 

Uo = 0, M, = 0, 

it is plain that the terms which involve 

Sxq, Syoj Szfh 8a?i, Syi, &i, 
will be 

, d^x V /, ..cPy V / d^z 



\'^ — **'•/, ^' ■" 



ds^o 
,d^x 

&c. 



8^0. 



These terms aie reduced by equations (B) to 

aSxo + &8yo + ci^w 
o&Pi + blyi + eizi ; 

and as the variations &ro, &c., 8xi, &c., are connected by the 
equations 



200 APPUCATION OF THE 

fw?o »yo «^o 

dui ^ dui ^ dui ^ 

1— &Fi + -J- 8^1 + ;j- 82:1 = 0, 
dxi dyi "^ dzx 

the terms involving these variations give the equations 

1 rfwo _ 1 du^ _ 1 du^ 
a * cteo b ' dyo c ' dzo* 

1 dui __ 1 dui _ 1 dui 
a ' dx\ b ' dyi c' dz\ 

But since the equations 

X'o = 0, X'i = 0, 

give, in general, 

ayo - bxo+f^O, cXq - o^q +/ = 0, i^o - ^^o + /' = 0, 
oyi - bx\ +/ = 0, ca?! - a?i +/' = 0, A^i - cy\ +/^ = 0, 

we find by subtracting 

a 6 c * 

From these, combined with the preceding equations, we have 

1 duQ 1 du^^ 1 duQ 

Xi-a!o\U'o l/i-yo'di/o z^-Zo'dzo 

1 f/Wi _ 1 </?/! 1 rfwi 

a?! - ^0 * ^/^i y\-yo' dyi zx- zq' dzi ' 



(H) 



Hence it is evident that the line joining the extreme points is per- 
pendicular at each of its extremities to the bounding surface. 
The length of this line is consequently a minimum. 

If the minimum curve be required to touch its boimding sur- 
faces, the preceding discussion becomes of course inapplicable, 
and the curve is no longer, in general, a circle. We may, how- 
ever, deduce from the terms without the sign of integration, an 
interesting geometrical theorem as to the position of the oscu- 
lating planes at the extreme points. For the sake of simplicity, 
we shall suppose the extreme points to be given. The problem 
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will then be stated as follows: — To draw between two points, 
each situated on a given surface, a curve of constant curvature, 
which shall touch the given surface at its extreme points, and 
whose length shall be a minimum. 

The extreme points being fixed, we shall have, as before, 

&Fo = 0, 8yo = 0, 8^0 = 0, &ci = 0, 8yi=0, &'i = 0, 

and the equations furnished by the terms free from the sign of 
integration will still be 



y (d^ dSx cPy dSy <Pz dSz\ 
^\<U^' ds '^ d^' da '^ d^' dsji^^' 



(J)) 



But since the tangents to the curve at each extremity are, by hy- 
pothesis, in the tangent planes to the limiting surfaces, we have 

duofdx\ _^duo/dy\ ^du^fd£\ ^^ 
dao\ds Jo di/oXdsJo dzo\d8/o ' 



i\d8ji dyi\dsji dzx\d8)\ 



Hence it is easy to see that the variations 

' dix \ /dSy\ fdSz\ 
.daU [dsU \ds)o 

are connected by the equations 

duo/dSx\ dup fdSy\ dttp /dSz\ ^ 
dXo\da Jo dyo \ ds Jo dzo\ds Jo ' 

'dx\ (dSx\ ^ /^\ /^\ ^ (dz\ (dSz\ ^ Q 
^dsJo\ds Jo \dsJo \ da Jo \fla/o\dt Jo 

Eliminating by means of these equations two of the variations, 

d^\ fd^\ fd^\ 
dsjo \cUU \d»U 

from the first of equations (D), we have 

2d 
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fdx d?y dy €Px\ duo fdz d^^x dx d^z\ du^ 
[dJ'd^ "di'd^JodTo'^ [d^'d? "didi^Jo^o 

fdy d^z dz dPy 
\d8 ' ds* ds'd^ 

A similar equation holds, of course, for the other extremity of the 
curve. Hence we infer, that if a curve be drawn as required by 
the conditions of this problem, the osculating plane at each extre- 
mity will be normal to the limiting surface.* 

Before quitting the subject of this proposition we may observe, 
that the solution which we have found for the case in which the 
position of the extreme tangents is undetermined, appears at first 
sight an exception to the general theory of p. 127. For it might 
be supposed, in accordance with that theory, that as the equations 
furnished by the terms free &om the sign of integration have been 
satisfied by making 

X'o = 0, X'i = 0, 

the solution ought to contain indeterminate constants. The ex- 
ception is, however, only apparent, and results from the fact, that 
in consequence of the peculiar way in which X' enters into the 
equations (C), each of the equations 

Xo = 0, X'i = 0, 

is really equivalent to three. This will be shown most clearly by 
squaring and adding the equations (C). For we shall then have 
(as is easily seen) 

X'2 = m« {{ay - bx+f)^ + {c;c-az^ff + {hz--cy^ff\. 

Hence if X' vanish for any given system of values of a?, y, ^, it is 
plain that this system must satisfy the Hiree equations, 

ay-bx-\-f=^0^ cx-az-\^f = Oy bz-cy-\^f'^0. 



* The eqaatioDS (D) may also be satisfied by making X'o = 0, X'l = 0. But this sap- 
position wouldf as we have seen, render the curve a circle, and would, therefore, lead to 
an impossible result. In fact it would be necessary, if we adopted this h^^thesis, to de- 
scribe a circle with a given radius passing through two given points, and touching two 
given planes. 
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CHAPTER V. 

ON MULTIPLE INTEGRALS IN GENERAL. 

90. The difficulty which attends the application of the Cal- 
culus of Variations to the solution of problems which involve 
integrals of any degree higher than the first, arises mainly from 
the difference between the nature of the limits employed in simple 
integration and that of the limits which it is necessary to adopt in 
almost every question connected with multiple integrals. 

Hitherto no part of the process of integration itself has been 
affected by the peculiar nature of the limits employed, inasmuch 
as the process is supposed to be completed before the consideration 
of limits is entertained. We have seen, therefore, that in the in- 
vestigation of the variation of a simple integral, the terms which 
depend upon the variation of the limits are, as might have been 
anticipated, wholly free from the sign of integration, and may, 
therefore, be treated as ordinary algebraic quantities. Such terms 
add but little to the difficulty of the problem. 

But it is otherwise with multiple integrals. Here each suc- 
cessive integration is supposed to be definite in itself, i. e. it is 
supposed that, after each integration, and previous to the next, 
the variable, with regard to which that integration has been per- 
formed, is taken within certain assigned limits, — limits which are 
in general functions of all the remaining variables. It is plain, 
then, that the nature of the limits employed in each integration 
will affect every subsequent integration, inasmuch as it will affect 
the form of the function to be integrated. It may, therefore, be 
expected, as it will be found to be the case, that in the variation 
of a multiple integral the terms arising from the variation of the 
limits will not be free from the sign of integration. This adds 
materially to the difficulty <^f the question. 

91. As a clear conception of the meaning of the symbol of 

multiple integration, jjj , is essential to our present purpose, 

we shall proceed to enumerate the several operations which are 
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denoted by that symbol, firstly, in its most general acceptationy 
and, secondly, in the more limited sense in which it becomes the 
subject of the Calculus of Variations. 

To render the subject as definite as possible, we shall consider 
the triple integral, 

u = \ . Vdxdydzy 

JxoJyoJzo 

in which F is a function of a, y, z. This symbol denotes the fol- 
lowing operations : — 1. The operation of definite integration with 
regard to one variable, z for example, the limits being certain 
functions of x and y. 2. The operation of definite integration 
with regard to y, the limits being certain functions of a. 3. The 
operation of definite integration with regard to x, the limits being 
certain constants. If these functions and constants are indepen- 
dent of each other, the symbol is understood in its most general 
sense. But with this general sense we have at present no con- 
cern, inasmuch, as in the existing state of the Calculus of Varia- 
tions, and the problems to which it is applied, questions which 
involve such integrals never occur. We shall, therefore, proceed 
to consider the process of multiple integration in the more limited 
sense in which it occurs in practice. 

92. In the problems to which the Calculus of Variations is 
applied, and generally in most problems connected with multiple 
integrals, the several limits of integration are supposed to be as- 
signed in such a way that the final result may express the limit 
of the sura of the elements Vd^dydz for all systems of values of 
Xy y, z, which do not cause a given function, {x^ y, z), to change 
sign, i. e. for all systems of values consistent with the supposition 

0(^, y, z) > or < 0.* 

It is, then, in the first place, essential to consider how this may 
be effected. Now it is known that a definite integral, such as 

f Vdz, 

Jzo 

denotes the limit of the sum of the elements Vdz for all values of 
z lying between Zq and r, ; if therefore we wish that this integral 



• The caac of two limiting functions is easily mluced to this. Hde infra, p. 216. 
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should represent the limit of that sura for all values of z which 
are consistent with a certain supposition, it is evident that we 
must take, as the limits of integration, the extreme values of z 
which are consistent with that supposition. To apply this to the 
case in point. As functions do not change sign except in passing 
through zero or infinity, it is manifest that the extreme, and 
therefore limiting values of the variable with which we com- 
mence the integration will be found by equating (.r, y, z) to 
zero or infinity. Neglecting the latter supposition, which seldom 
occurs in practice, and supposing that the integration has been 
commenced with regard to z^ let the values of that variable fur- 
nished by the equation 

be ^0, ^i.* These quantities, which are, in general, functions of 
y and Xy are evidently the limits to be employed in the first inte- 
gration. Let 



F, = f ' Vdz, 

Jzq 



120 

and let values of any of the variables which are consistent with the 
conditions of the question be denominated />o««i& values. Then 
since, in the integration with regard to z, x and y are considered 



* If the equation = 0, when solved for z, give more than two values of that quan- 
tity, let the several values of z which it does give be 

/, z* 2^">. 

Then if » be even, and if change sign for each of these values, we shall evidently have, 
as the expression of the integral when taken between the given limits, 

Vdz-^i rd[r + &c + Vdx, 

Each of these integrals is then to be treated as 

^' Vdz 

in the text. 

If » be not even, the last integral in the foregoing series will be 

Fdz. 

|jr<») 



j; 



i; 



It b further evident that any value of z which, although satisfying the equation 

docs not cause (x, y, z) to change sign, is to be neglected in the process here described. 



206 ON MULTIPLE INTEGRALS IN G£NB|IAL. 

constants, it is evident that Vi denotes the limit of the sum of the 
elements Vdz, for all possible values of z corresponding to fixed 
values o(x andy. If now this quantity be multiplied by dy^ and 
integrated between the extreme values of y, the result, 



ho 



will, for the same reason, denote the limit of the sum of the ele- 
ments Vidi/f for all possible values of ^ corresponding to a given 
value of Xf and therefore of the elements Vdydz for all possible 
aystema of values of y and z corresponding to a given value oi x. 
Now the extreme, i. e. the maximum and minimum values of y 
corresponding to a given value of a;, are evidently found by diffe- 
rentiating the equation 

under the supposition that x is constant, and putting dy « 0. 
Performing this operation, we find 



or, since dy = 0, 



%^*>-0: 



d<h 



Hence the limits with regard to y are found by eliminating z be- 
tween the equations 

♦ = o, g.o. 

Let the result of this elimination be 

and it appears, by precisely similar reasoning, that the limiting 
values of x are found by eliminating y between the equations 

01 = and ^ = 0. 

But since 0i = is the result of the elimination of z between ^ = 
and another equation, we have 
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c2^i d^ d^ dz ^^ 

dy dy dz' dy ' 
or, since 

^ = 0, ^ = 0. 
dz dy 

Hence the limiting values of x are found by eliminating y and z 
between the equations 

*^^' d^"^' dy'^' 

We have, therefore, the following rule : 

1. Integrate with regard to z, taking as limits the values of z 
given by the equation 

(x, y, z) = 0. 

2. Integrate with regard to y^ taking as limits the values of y de- 
rived from the equations 

by the elimination of z. 3. Integrate with regard to Xy taking as 
limits the values of a? derived from the equations 

♦-«. s-». %■•>■ 

by the elimination of y and z, 

93. To exemplify this process, let it be required to find the 

value of 

u = IJJ dadydzy 

in which the integral is to be extended to all systems of values of 
«r, y, z which render the function 

a* b^ (^ 
negative. 

(1.) Integrating with regard to z between the limits 



z = ±c 
vre find 
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(2.) Integrating with regard to y, which is easily effected by 
putting y-bsind ^ \ 1 § )» ^^ ^^^> ^ ^^ value of the in- 
determinate integral, the expression 



\A 



1 ^ y.j 



The limiting values of y are found, as above stated, by eliminating 
z between ^ = and -^^ = 0, i. e. between 

_ + g + __l = 0,and- = 0; 
they are, therefore, 



Hence 



ti = 7r*cj^l-yrfa:. 



(3.) Integrating with regard to x between the limits found by 
eliminating y and z from the equations 

♦ = «. I = «. l-o. 

or 

ixi^ y^ z^ ^ f. z ^ y ^ 

a^ o^ c^ CO 

i. c. between the limits x = ±a^ we find 

o 

Again, let it be required to find 

u = jjj (.r^ + y2) d.rdydz, 
the form of the function ^ being the same as before. 
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Here, as in the preceding example. 



« 
Assume, as before, 



Then 



{:>/» + b»(l- ^)3in*d } bfl -^] cosme. 

IT 

Hence, as the limiting values of are evidently ± 3, 



i*m 



i;c2^ ^y * C08We+&»(l-j'Y. 



8inS0co820(/d. 



Hence 

94. It has been thought necessary to describe multiple inte- 
gration as a process purely analytical, partly to facilitate the ex- 
tension of the method to integrals of all orders, and partly to 
prevent the supposition that this process necesaarily involves 
geometrical considerations. Such considerations will, however, 
greatly aid the conceptions of the student in the discussion of 
double and triple integrals. Thus, for example, if 0(^, y^ z) ^Q 
be the equation of a surface enclosing a finite solid, Vi will denote 
the limit of the sum of the elements, Vdz^ for all points of that 
portion of the solid which is bounded by four planes, two parallel 
to the plane of ^^, and two parallel to the plane oi yz^ at the dis* 
tances y, y + rfy, x^ x-^ dx, respectively. V^ denotes the sum of 
the elements Vdxdy for all points of the solid which lie between 

2e 



210 ON MULTIPLE INTEGRALS IN GENERAL. 

two planes parallel to yz^ and at the distances a?, « + do? ; and Fs, 
or \\\Vdxdydz^ denotes the sum of the elements Vdxdydz^ for all 
points of the solid. 

Thus in the first of the preceding examples 



r 



dxdydz 

denotes the solid contents of a prism whose length is finite, and 
parallel to the axis of z, and whose other dimensions are eva- 
nescent ; 

dxdydzy 

a section whose length and breadth are finite, and whose thick- 
ness is evanescent ; and 

dxdydz 

Jxo Jyo jzq 

the entire solid. 

This view of the subject being given at full length in Lacroix s 
Traite de Calc. Int. torn. ii. p. 196, it is unnecessary here to pursue 
it further ; but it may be remarked, as the geometrical explanation 
of the limits, that the limiting values of z correspond to the two 
points on the surface for which the values of x and y are the same ; 
that the limiting values of y correspond to the two points for 
which a has the same value, and for which the tangent plane is 
perpendicular to xy; and that the limiting values of .r correspond 
to the two points for which the tangent plane is perpendicular to 
the axis of x. 

It is obvious that in the process of multiple integration, as 
here described, the order of the integration is indifferent. For 
with whatever variable we commence, the final result will always 
be the same, viz., the limit of the sum of the elements Vdxdydz 
for all values of xyz consistent with the supposition ^ > or < 0. 
This, which is not true of definite integrals in general, is neces- 
sary to render the rules of the Calculus of Variations applicable to 
such quantities. 
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ON THE CHANGE OF THE INDEPENDENT VARIABLES IN MULTIPLE 

INTEGRALS IN GENERAL. 

95. (1.) K it be required to change the independent variables 
previously to any integration, it is known* that in the case of a 
double integral, if .r, y be changed into x\ y\ and if 

dx = Pdx' + Qdy\ 
dy = Fda + Qdy\ 

the quantity to be substituted for dxdy is {PQ - FQ)dxdy ; 
and, in the case of a triple integral, if 

dx = Pdx -h Qdy + Rdz\ 
dy^Fdx^ Qdy ^Rdz\ 
dz^F'dx'^ qdy^Rdz, 

the quantity to be substituted for dxdydz is 

{P{QBr^ Q'R)^F{QrR - QR) + FiQR- QR)]dx'dydz; 

and, in general, if the n independent variables, «i, ^, ^3, . . . . x^ 
be changed into n other variables, x'l, x^, 073, .... Xn^ and if 

dxi = X\dx\ + X^dxi + &c. + Xndx'n, 
dx2 = X\dx\ + X'gdx a + &c. 
dXi » &c. 

the quantity to be substituted for dxidx^dx^ .... dxn is 

Rdx\dx'%dxz • • • • dx'n^ 

where 22 is the resultant of the n letters, Xj, Xg . . . . X„. 

It is unnecessary to enter further into this case, which has been 
fully discussed in the article already quoted. 

(2.) Let it be required to change the independent variables 
after the performance of the first integration. Let 

jj{Pi-Po)dydz, UQ,-Qo)dxdz, \\(R,- Ro)dxdy, 

be three double integrals derived by the process of definite inte- 
gration from the triple integrals, 

* Lacroix, torn. U. pp. 205, 208. 
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11^'^'^^'^'' IIW'^'^^'^' . 



l^dxdydz. 



in which the limits are determined by the equation 

^(^> y, z) = 0, 

and let it be required to reduce them by changing the inde- 
pendent variables to three other integrals, in which these variables 
shall be the same. 

Since ^ has a positive value previously to vanishing for « - ^ 
and a negative value previously to vanishing for x = xu it is evi- 
dent that -^ is negative for x - xq, and positive for x^xi; hence 



if/( 



8 






be taken positively, we have 



Pi = 



Hence 




-p„= 




/••* 



JJ (P. - Po) d!,dz = 




dydz + 




dydz. 



Now it is evident that these terms may be consolidated into one, 

dx , , 
dydXy 




provided it be understood that this integral is extended only to 
such systems of values o£xyz as satisfy the equation 

(.T?, y, s) = 0. 
We have then, in the first place, the equations 



\\{Px-P,)dydz^ 



p ^ 
dx 



*J y\dx\ 



dydz ; 
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and, similarly, 



/•/• 



UQi-Qo)dzdx 



0% 



dzda, 



(A) 



/•/• 



jf{Ri-Jto)dxdr,= 



R^ 
az 



A 



d^ 
d? 



^ dxdy. 



To reduce these, we may either take two new independent va- 
riables, a, d, or reduce the first two integrals with regard to x 
and y. We shall adopt the latter, as being (although not symme- 
trical) more convenient in practice. 

Suppose, then, that it were required to transform 



/•* 



dx 



into an integral of the form 

\\ Mdxdy, 

Here we have to change but one variable, namely, z into x. Now 
since, in the integration of 



dx 



dydz, 



with regard to ;?, and of 

\\Mdydx 

with regard to ^, y is considered constant, it is evident that we 
have the equation 

dx dz 

Hence it appears that -p dx and -^ dz sue equal in magnitude. 
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But as the increments dx^ dz are always, in the process of definite 
integration, taken positively, it is evident that the quantity to be 
substituted for dz is 



Hence 



Similarly, 






dx. 



dz^J 



mm 



•/•/ 



dx 



/•/• 



V{ 



d£ 
d:^ 



jfdydz 



^— dxdz = 



vm 



pd4 
dx 



A 



d^ 
d? 



^dxdy* 



d^ 



A 



df' 
dz^ 



dxdy^ 



(B) 



dz 



jj 



A 



d^ 
dz* 



dxdy - 



dz 



J7( 



d^ 

dz^ 



dxdy. 



Differentiate the equation 



<^{x,y,z) = 0, 



and let the result be denoted by 



We have then 



d0 
dx 



dz = pdx + qdy. 



d^ dipdil> 
^ dz' dy~ ^Tz 



Substituting these values in the equations (B), we find 



\\ (Pi - Po) dydz = 



dip 



dx 



A%. 



ilydz = - 



v«r 



^PTz 



df 
dz^ 



JJ A 



dxdy, 
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UQi-Qo)dJ!(^^' 



dy 



/•/• 



v^(f 



^r dxdz = - 



*i* 



^{^\ 



5". dxdy, (C) 



d^J 



1^1^ 



^{Ri-Ra)dxdy = 



R^ 
dz 



•/•/ 



vm 



■J^dxdy. 



Symmetrical expressions, which are sometimes useful, may be 
deduced from equations (A) by assuming 

d^ = da^dy^ + da^dz^ + dy^dz^. 

It is easy to see, then, that these equations may be written 



where 



UQy-Qo)dxdz^^\Qa^d», 
JJ (i?, - /?o) dxdy = ff -RQ ^ *. 



Q.,S + ^%^*'V» 



(I>) 



{fo;* dy* ds^ 



)■ 



These formulas may also be deduced geometrically. For if 

be the equation of a surface, da the element of its superficial area, 
and a, /3, 7 the angles which the normal makes with the axes of 
co-ordinates, it is manifest that, through the whole of the integral 
Jl PidydZj we have 

dydz^s cos ada; 

and through the whole of the integral jjP^ydz, 

dydz - " C08a(i9. 



Hence 



and, similarly, 



Jj( Pi - P„) dydz = If Pcosa* ; 
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UQi - Qo)d^dz = \f Qcos/3(fo, 
JJ (fii - Rq) dxdy -\\R cosydSf 
which are identical with formulaB (D), inasmuch as 

d^ 
da 

COSa = J/jA jA ^^i\ > 



y \da:^ d^ dz\ 



cos/3 = &C. 
COS7 = &c. 

In these formulae the radical is taken positively. 

96. It is frequently necessary, in problems connected with 
multiple integrals, to determine the limits in such a way that the 
result may represent the limit of the sum of the elements 

Vdxdydz . . . 

for all systems of values of the independent variables which ren- 
der the signs of ^0 given functions, 

^Or, y, z, ...) i//(^, y, z, , , .) 

different. This case may be reduced to the foregoing by a very 
simple consideration. 

Let it be supposed that the given integral is to be extended 
to all systems of values of ^, y, 2^, . . . which satisfy the conditions 

*(^» 5^» ^1 . • •) < 0, xPix, y, z, . . .) > 0. 

Now it is in general supposed that every system of values which 
satisfies the condition 

0(a', y, 2:, . . .) >0, 
will also satisfy the condition 

;// (.r, y, 2:, . . .) > ; 
and, similarly, every system which satisfies the condition 

^ (^» y, 2:, . . .) < 
is supposed also to satisfy the condition 

i> (.r, l/,z, . . .) < 0. 
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Hence we see e^-idently that 

JJJ . . . Vdxdydz • . . = ( j]J • . . Vdxdydz . . .) ~ [JJJ • • • Vdadydz . . .], 

in which the integral ( ) is extended to all systems of values 
which render ^ negative, and the integral [ ] to all systems 
which render xjj negative. The given integral is thus reduced to 
two others, each similar in its nature to that already considered, 
and to be treated according to the same rules. The analytical 
conception of this case is also much facilitated by considering its 
geometrical signification, when the given integral is of the second 
or third order. In the case of a single limiting function, we have 
seen that the integral 

If Vdxdy or JjJ Fdxdydz 
is extended to every point lying wUldn the curve or surface 

In the present case it is easy to see that the portion of space with 
which we are concerned is that which lies between the two curves 
or surfaces, 

and that the hypothesis, that every system of values which sa- 
tisfies either of the conditions, 

^ > or i// < 0, 

also satisfies the corresponding condition, 

\p>0 or ^ < 0, 

is equivalent to the geometrical supposition that the curve or sur- 
face whose equation is 

is entirely included within the curve or surface whose equation is 

^ = 0. 

97. After what has been said, no difficulty will be found in 
applying to any multiple integrals whatever, the rules which have 
been given with special reference to the case of triple integrals. 

2f 
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For this purpose it will only be necessary to substitute for the 
double integrals, 

jJ(Pi - Po) dydz, |J(Qi - Qo) dxdz, &c. 

the multiple integrals, 

JJI . . . (Pi - Po) dydzdt . . . 
I[f.-(Qi^ Qo)dxdzdt. .. 
&c. &c. 
and to make 

d^ = dx^dy^dfi . . . + do^dz^^ . . . + dfdz^dP . . . + ds^dfdz^ . . . 

+ &c. 

It is not necessary to dwell further upon this extension, which 
is comparatively useless for our present purpose. 

Formulae (C) and (D) are readily adapted to the case of a 
double integral, by removing the independent variable y, and 
putting y for z in the result. It is easy to see then that the first 
two of equations (C) and (D) become 



f(Px-Po)rfy = - 



d^ 
pdy dy 



da; = 



dx 






ds. 



\{Qx-Qo)dx = 



^t 






dx = 



< 



(E) 



y \(Lc^ dyy 



ds; 



^y :. 



in which the value of the coefficient -^ is derived from the diffe- 

ax 

rentiation of the equation 

(^, y) = 0, 
and 

d8= y/{dxr^ dtf). 
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CHAPTER VI. 

FUNCTIONS OF TWO OR MORS INDBPENDBNT VARIABLES. 

Prop. I. 

98. Let u be an indeterminate function of any number of in- 
dependent variables, x, y, c, &c., and let it be required to find the 
complete increment of the differential coefficient, 



dx^dj^dzf . 



Adopting, as before, the principles of Art 6, Chap. I., we 
shall investigate successively the several increments which this 
function receives from a change in each of its varjring elements. 
Now it is plain that the quantity which we are now considering 
can be varied only in one of the following ways : 

(1.) By a change in some one of the independent variables, 
d?, y, z, &c. 

(2.) By a change in the form of the function u. 

We shall consider these increments separately. 

(1.) Let X receive the increment da, the remaining variables, 
y, z, &c., as well as the form of the function u, remaining un- 
changed. Then it is plain that the corresponding increment of 
the given differential coefficient will be 

Similarly, if y receive the increment dy, while x, xr, &c., and the 
form of the function, remain unchanged, the corresponding incre- 
ment will be 

and 80 on for the remaining variables. 
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(2.) Let the fonn of the function u vary, the independent 
riablesy x^ y^ z^ &c., remaining unchanged. Then since the symlxd 
of derivation, 

satisfies the condition 

it appears from the principle of Art. 5 that 

If then we add, according to the principle of Art. 6^ the seTerml 
terms found above, we shall have, for the complete increment^ 

' dafdy^dzP. . . " da^'^dy^'dzfi . . . * "*" d^^^^^d^TT. * **" *®- 

(A) 

dx^dy^dzf , . ,' 

Prop. II. 

99. To find the complete increment of 

^=/^^^, y,z, . . .u,^, -, -, ...— , ^, . . .j, 

a determinate fimction of the several quantities contained within 
the parentheses, namely : 1. Any number of independent variables, 
a:, y, z, . . . 2. One dependent variable, u, which is supposed to be 
an indeterminate function of a?, y, z, . . . 3. The several partial 
differential coefficients of u with regard to these variables. 

The number of terms which result from the several differen- 
tial coefficients of F with regard to the quantities 

dti du „ (Pu (Pu - 

^' d^' ^'^' d^' d^' ^' 

being necessarily very great, it will be advisable, before proceed- 
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ing further, to establish a distinct notation to express these co- 
efficients. We shall, then, use the symbol 

to denote the coefficient 

dV 

a . . 

and the symbols 

•A., J: , jCf . . . Uf 

to denote the coefficients 

dV dV dV dV 
da' dy' dz^'du' 
respectively. 

This notation being established, we shall have 

dF= Xda + Ydy -^ Zdz ■¥&/&, ■¥ Udu 

da ' dy dz dor ^ dxdy 

Now let X receive the increment <£r, the remaining independent 
variables, y^ z, &c., as well as the form of the iunctibn tf, remain- 
ing unchanged. Then it is plain that the corresponding incre- 
ment which F" receives is 



( 



dx * dofi ^ dxdy 'dxdz 



This may be represented by 

denoting by that symbol the complete differential coefficient of 
V with respect to x, 

* This notation was suggested to me by the Rev. WiUuun Roberts. 
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Similarly the increment which results from a change in y will 
be 

,¥) ''' 

and 80 on for the other independent variables. 

Now let the form of the function u yeLij^ while the independent 
variables, x, y, z, &c., remain constant. Then since ^ is a de- 
terminate function of a;, v, Zy u, ^-, &c., it is evident, as in Art. 7 

cue 

(5), that 

dx ^ dy dz dafi 



Substituting for 



+ F«8 . -T-^ + &c. 
* dxdy 



^ du ^ du 
da dp 



their values as found in Prop. I., and adding the terms which 
arise from a change in the independent variables, we find, as the 
expression of the complete increment, 



dx dy dz 



(A) 



d^ ^ dxdy 



+ ^*« -r:3- + F^cy rnrr. + &<5. 



It is evident that the increment which F receives in consequence 
solely of a change in the form of u will be given by the equation 



diu dSu dSu 

dx ^ dy '^ dz 



8r= £/8m+ Tx^ + Vy^^ V,^^ &c. 



+ ^r* -T-T- + Vxy -J—r -^ Ac. 

dx^ " dxdy 

100. If the integral under consideration be of the second or- 
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der, it is usual to take z as the dependent variable. In this case 
we shall have, putting 

dV 











^ = ^' 






IV' 


■■ZSz + 


' dx 


dSz 
^'dy 


„ d»iz 


+ ^fl 


d»lz 
' dxdy 



In investigating the variation of a multiple integral, to which 
we shall next proceed, we shall, for the sake of simplicity, confine 
our attention to the cases of integrals of the second and third 
orders. The principles on which these cases are discussed are 
indeed, as will be seen, common to integrals of all orders. But 
the number of terms in the result increases so rapidly with each 
new independent variable, that by proceeding further we should 
merely complicate the formulsB without any practical utility. 

For a similar reason we shall suppose that F contains no diffe- 
rential coefficients of an order higher than the second. 

It readily appears, from the discussions in the preceding chap- 
ter, that the value of a multiple integral, in the limited sense in 
which we have agreed to employ that term, depends upon two 
different elements, namely, 1. The form of the function ^, which 
determines the limits. 2. The form of the function to be inte- 
grated, V. A change in either of these will produce a corres- 
ponding change in the integral, and the total variation will be, 
according to the principle laid down in Chap. I., the sum of these 
partial variations. To find this complete variation, then, it will 
be necessary to investigate separately the variations produced by 
changes in the forms of the above-mentioned functions. We shall 
commence with that which results from a change in the form of 
the limiting function ^, and for the convenience of reference, we 
shall consider successively the cases of double and triple integrals. 

Prop. III. 

101. Let F be a function of two independent variables, a?, y, 
and let it be proposed to find the variation in the definite integral, 
jj Vdxdyy caused by an indefinitely small change in the form of the 
limiting function, ^(a?,y). 
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Suppose, as before, that the equation 

♦ (a:, y) = 0, 

when solved for y, gives but two values, yc> yi- Suppose also 
that, in consequence of a change in the form of the function ^, 
these roots become respectively y© + Syo and yi + Syi. It is plain, 
then, that the variation which the definite integral will undergo 
at iiie first integration will be 

To find the variation which arises at the second integration, 
assume 






V 

and let the variations in the limiting values of a? be &ro9 S^i. 
Then it appears, in the same way, that the variation which arises 
at the second integration is 

where F o, V\ denote what V becomes, when for a we substitute 
successively Xq, x^. But since a?i, Xq are found by eliminating y 
between the equations 

♦■». i-«. 

it is manifest that when /p = rr© or a? = ^„ yo = yi- For it is known 
that if ^ = be considered as an equation (having two roots) in 
which y is the unknown quantity, the roots of that equation will 

be equal if -p = 0. But the values x - »ro, x-Xx^ satisfy the cqua- 

tion -? = 0, and therefore render equal the roots of the equation 

^ = 0. Since, then, the limits of integration in V'q^ Vi become 
equal, it is plain that F'o = 0, y\ = 0, and therefore this part of 
the variation vanishes of itself 

This reasoning may be extended to integrals of all degrees. 
Thus, for example, in the case of the triple integral, 

jjjFclxdydc, 



FUNCTIONS OF TWO OR MORS INDBPBNDENT VARIABLES. 225 

if we assume 

r = f ' vdz, 

ho 

it will appear, by precisely the same reasoning, that the variation 
which arises at the integration with regard to y will vanish of it- 
self; and if we assume 

r' = f'r Vdydz, 

we shall arrive at a similar conclusion with regard to the variation 
which arises at the integration with regard to x. Hence, with 
regard to that part of the variation which arises from a change in 
the form of the limiting function, we may conclude generally as 
follows : 

If V be a function of any number of independent variables^ 
Xy yy Zy SfCy the variation in the definite integral^ 

JJJ . . . Vdxdydz . . . 

arising from a change in the form of the limiting function ^, wiU be 

IJ . . . ViSzidxdy ... -{{•.. FoSzodxdy . . . 

in which V\y Vq denote the values which V receives by the successive 
substitution of Zy and zofor z. 

It is, perhaps, unnecessary to remind the reader that the re- 
duction of this part of the variation to two terms does not hold for 
all definite multiple integrals, the reasoning by which it was ar- 
rived at being only applicable to the class which we have been 
considering. 

Prop. IV. 

102. Let Fbe a determinate function of 

dz dz ^ dh_ dh 
""''^'^'d^'d^'dx^'dxdy'df 

where z is an indeterminate function of the independent variables 
^, y ; and let it be required to find the variation produced in the 
definite integral, j^Vdxdy, by an indefinitely small change in the 
form of the function z, 

2o 
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Since the limiting function is here supposed to remain in* 
variable, it is evident that the operation denoted by the symbol 
satisfies the criterion in Art. 5 ; hence 

Substituting for 8 Vita value, as given in Prop. II., we find 

B(\Vdxdy = 

(A) 

But since, in the peculiar kind of definite integration with which 
we arc at present concerned, the order of the integrations is in- 
difiTerent, we find, by the method of integration by parts, 

ilVs^dxdy^lFjzdy -^^^Szdxdrf, 
ilF,^da>dy = lV^zd^-\\^Szdxd}f, 

(or if we commence by integrating with regard to y), 

In these expressions the terms which appear with but a single 
sign of integration have, for the sake of brevity, been only 
written once, but as in every such term the operation of definite 
integration is supposed to have been previously performed, it will 
readily be understood that if we would write these terms at full 
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length, we must substitute for each the difference between two 
others, one of which refers to the first, and the other to the se- 
cond limiting value of z. 

Thus for \Vx^dy we should write, 

and similarly for the other terms. 

Collecting the several terms given above, and using, for the 
sake of symmetry, the semi-sum of the two values of 

we find 

103. Before proceeding further, it may be well to caution the 
reader against the supposition that such expressions as 

admit of being a second time integrated by parts, so as to give 

For in all terms which appear with but a single sign of inte- 
gration, two operations have been already performed, viz. : 1. The 
operation of simple integration with regard to the variable, y for 
example, whose differential has disappeared. 2. The substitution 
of a function of a? for y in the result of the integration. There- 
fore, in the expression 

Sz is no longer a function of x and y, but a function of x solely^ 



228 FUKCTIONS OF TWO OB MORE INDEPENDENT VARIABLES. 

and therefore -7- , which is a partial dififerential coefEcient taken 

upon the supposition that Sz is a function of both variables, is only 
part of the differential coeflScient with regard to ar, when Bz be- 
comes a function of that variable only. In fact, if we denote the 

complete differential coefficient by ( -7— ], it is plain that 



/dcz\ _ dSz dSz dy 
\dx ) dx dy * dx^ 



dv 
the value of -j- being derived from the equation 

♦ (xy y) = 0. 

It is the more necessary to notice this error, inasmuch as it is one 
into which Lacroix has fallen, and by which he has been led to 
give an erroneous expression for the variation of a double in- 
tegral.* 

104. The expression given above for SjjFdady consists of two 
essentially different classes of terms, viz.: 1. A number of terms 
partially integrated, i. e. with but one integral sign prefixed. 
2. A number of terms wholly unintegrated, i. e. with the sign of 
double integration prefixed. With regard to the latter class, it 
is evident that they admit of no further reduction, seeing that 
they involve but one indeterminate variation, Sz, But with re- 
gard to the former class, two reductions are necessary, before the 
expression can be applied : — 1. The independent variables must 
be changed, so that in all these terms the integration may be per- 
formed with regard to the same variable. 2. The number of the 

variations, 

^ diz dSz 

^^' d^' ~di' 
must be reduced. For, as the terms under a single sign of inte- 



* Traite de Calcul. Dif. et Int. torn. ii. p. 785. This misconception of the meaning 
of the symbol 

is noticed and guarded against by Pois^son, Mem. de Tlnstitut., torn. xii. p. 296. 
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gration are extended only to those values of x and y which satisfy 
the equation 

♦ (or, y) = 0, 

these variations are no longer independent. This will appear 
more readily when we come to consider how this reduction is to 
be effected. 

We now proceed to the first of these reductions, that, namely, 
which involves the change of the independent variable. 

Prop. V. 

105. To reduce the single integrals contained in the expres- 
sion for SJI Vdxdy to others in which the integration shall be per- 
formed with regard to the same variable. 

This is readily effected by means of the formulas given in the 
preceding chapter. Adopting the method there given, we shall 
suppose the independent variable in the reduced integrals to be or. 
Now since, in general, Art. 97, 

d^ 
dy ^ 



we have 









in which, for the sake of brevity, we have put 

d^ 



^m 



Hence we find 



l\\ Vdxdy - 1 ^J:8z + 5 g + , ^^ kdx + \\Q.lzdxdy, (C) 



where 
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Z' "^"^ dy ^ dx y' "d^'^'^Jdi' 

dx dy dx^ dxdy dy^ 

the value of -~ being derived from the equation 

^(or, y) =0. 



Prop. VI. 
106. To reduce the number of the variations, 

-J dlz dSz 
^^' ^' d^' 

occurring under the sign of simple integration, so that those 
which remain after the reduction may be independent of one 
another. 

Denoting, as before, the complete differential coefficient of & 
with regard to x (taken upon the supposition that x is the only 

independent variable), by ( -r— | we have 

'dSz\ ^dSz rf8£ ^ 
dx / dx dy ' dx^ 

hence, in the terras under a single sign of integration, 

^3l - (^\ _dldSz 
dx \dx J dx dy ' 

Substituting this value in 

I 5 -J- dx, 
dx 

and integrating by parts the term 
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we have 

Now it is easy to see that any term of the form 



i( 



S)'^' 



which occurs in the formula under consideration, must vanish of 
itself. For it will be remembered that each term in that formula 
is really double ; and that, if the terms were written at full length, 

we should have, instead of -r-, 

ax 



Xdxji \dxJo' 



the former of these two quantities denoting the value of — , cor- 

ax 

responding to y^yu and the latter, the value corresponding to 

y = yo- Now if the limiting values of ^, derived from the system 

of equations, 

be Xq^ Xiy it is plain that a term of the form 

if written at full length, will be as follows : 

where 

(fli)i denotes the value of for y « yi, a? = xu 

(fli)o y^yu x^x^ 

(flo)i y =yo» «=«i, 

(flo)o y = yo> x-xq. 

But we have before seen (p. 224) that when x^x^^ or a: = jrj, 
yx = yo- Hence we have 

(fli)i = (flo)i, (fli)o = (flo)o; . 
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and therefore, in general, 

In the present case, therefore, 
We have, therefore, 

Substituting this in the expression (C), replacing ^, i|, ^, Q, bj 
their values, and adding the variation resulting from a change in 
the form of the limiting function, which has been determined in 
Prop. III., we find, as the complete variation of the given in- 
tegral, 

the single integrals in this expression being extended to all sys- 
tems of values of ar and y which satisfy the equation 

♦ (^, y) = 0. 

If there be two limiting functions, i. e. if the limits of the given 
integral be assigned, as stated in p. 216, it is evident that the 
foregoing formula will be adapted to that case by putting for each 
of the single integrals which it contains, the difference between 
two others, one of which is extended to all systems of values of jr 
and y, which satisfy the equation 

and the other extended to all systems of values which satisfy the 
equation 
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Thus we should have, instead of the single term, 

the terms 

\VkSydx - jVkSydjc, 

in which 

dxj. 



vm 7(fj 



and similarly for the other terms. 

Prop. VII. 

107. To find the complete variation of 

\^Vdxdydz, 
where 

/ du du du d^u d^u d^u d^u d^u d^u \ 

y-f\^^y. Zy ti,^, ^, ^, ^j, ^, ^, ^, ^^, ^y. 

The complete variation of a triple, like that of a double inte- 
gral, is found by adding the partial variations which result from 
a change in each of the elements on which its value depends, 
namely: — 1. The form of the limiting function (or functions, if 
there be two). 2. The form of the function ti. 

With regard to the former of these, it is evident from p. 225, 
that the variation resulting from this cause will be 

\\Vkizdxdy, 

if there be but one limiting function; and 

JJ Vkizdxdy - JJ Vk^zdxdy, 

if there be two. Here 

di^ dxp 

k^-JL^, k' ^ 



vm vw 



2h 
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OTniffnJ^ ^. ^^ ^lofi arising from a change 

t /^' j.^ before J wc denote this par- 
.1 ' -rt; fliiall evidently have 






'/^■•'Lhi^t ^ given in Frop. II., we have 
.'•'''* </^« ,,d8u _ d»8a _, d«8u ,, d»8M 




this expression, as in the case of the double integral, by 
jj^"^?^ of integration by parts, collecting the different terms, 
fh^ '^f-^ for the sake of symmetry, the semi-sum of the two dif- 
t e^picssions which are found for each of the terms 

r-S'*^'^'^' ^i"""^/^'^''' si'''^^/^^^^' 



^ obtain finally. 



=JJ{(^.- 



S.^Vdxdydz 

dr., dv^ I'^Msj 

-d^-^-dy-~^~d^r 

+ r»— + jr ^ + iV —\drd- 



« { ( '-' 



-L 



-dT-^-df-^-drr 



(») 



U- 



, </r, <zr, f/r 



dx dy d: 
r^IV- r/*I> rf*n. r/M'^ rfM-,,, '/'^IV-U , J , 
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108. Two reductions must be made in this formula before it 
can be used, namely: — 1. The reduction of the several double in- 
tegrals which it contains, to others in which the integration shall 
)e performed with regard to the same independent variables. 
The reduction of the several variations, 

^ dSu dSu dSu 
dx^ dy^ dz ' 

occurring under the sign of double integration, to others which 
shall be independent of one another. 

The former of these objects is readily effected, as in the case 
of a double integral, by means of the formulae of Art. 95. These 
formulae, which are adapted to the present case by putting 



^*^'^ dz ^^^" dx ^^ " dy 



give 



Sfflra.** . |(y8« * ♦ ^ * e ^ * ♦ g: j Mrrfy 



^ 



where 



+ Wlalvdxdydz, (C) 

' dz ^ dy * dx 

dV^ ,dr,, dV^ 



-i-Tjf^-i 



\ * ^y * dz ^ dx 
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4^ = - pF> - J ?t^^ + i V„, 
c/o; dy dz 

(PV^ dn> d»y> d^v^ d^v„ d^Vy , 

dx^ dy* dz^ dxdy dxdz dydz ' 

dip 
dz dz , dz 



p'd^' «=^' *= 



^)' 



109. It now remains only to reduce, as far as possible, the 
number of the variations, 

dSu dSu dSu 
^'H^' dy' dz* 

which are evidently equivalent to 

du ^ du ^ du 

OM, O . -7-, O • -7"> O • "T~* 

da dy dz 

Now since a?, y, z are connected by the equation 

if we denote by f --=— ), ( -r- ), the complete differential co- 

eflScients of Su with regard to a and y, after substituting for z its 
value in terms of those variables, we shall have 

'ddu\ _dSu dSu 
dx I ~ dx ^ dz ^ 



and, therefore, 



dSu\_dSu dSu 
dy J ^ dy ^ dz ^ 

dSu ^ fdSu\ ^ dSu 
dx "[dx ) ^ dz' 

dSu _ fdSu\ _ dSu 
dy ~\dy) ^ dT 
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Substituting these values in the expression for 

S.jJlVdedydz, 
and observing that 

we find, ultimately, 

SjjjVda^dydz = JJ{ Y - (g) - (^) jWu^rfy 

+ jJJ Qdudxdjfdz. 

This expression, as in the case of a single integral, consists of two 
distinct parts, viz.: — 1. A number of terms depending on the 
change in the forms of u and its differential coefficients, not for 
all values of the independent variables, but for those values only 
which satisfy the equation 

2. A term depending on the change in the general form of the 
function u. 

Adding to this the terms corresponding to the second limiting 
function, and 

[f llkSzdxdy - 11 llcSzdadf/, 

which result from a change in the form of the functions ^ and 1//, 
and replacing Y, <I>, 9, H^, O1 by their values, we obtain, finally, 
for the complete variation of a triple integral, 



* The reader will find no difficulty in proving, by reasoning perfectly analogous to 
that of p. 231, that any quantity such as 

-ft'hich appears with but a single integral sign, must, in the species of integration with 
which we are at present concerned, vanish of itself. Hence 
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. dV^ dV^ dV^ dV„ dVf, 

<fo dt/ ^^ dz dx dy 

(D) 
; + V^r + Vg^ + V^t) tukdxdy 

m 

- JJ ( F, - &c.) lukdxdy 
-\'i{V^ + &a.)^]^dxdy 



f(- 



dV^ dV„ dV^ 



da dy dz 



dafl dy* dadt/ dxdz dydz ) ^ 



y 
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CHAPTER VII. 

ON MAXIMA AND MINIMA OF FUNCTIONS OF TWO OB MORB INDE- 
PENDENT VABIABLES. 

110. The general method of investigation to be pursued in 
this problem is perfectly analogous, in its nature, to that already 
explained in the case of functions of one independent variable. 
Whatever be the number of independent variables in the function 
imder consideration, the condition of the existence of a maximum 
or minimum value is the same, namely, that in any species of va- 
riation which the conditions of the question admit of, the linear 
part of the increment should vanish, and the quadratic part pre- 
serve the same sign, negative for a maximum, and positive for a 
minimum. 

If then we denote, as before, by the symbol 2), the most ge- 
neral increment of which a function (7 is susceptible, the existence 
of a maximum or minimum value of that function requires that 
the equation 

should be satisfied without any restriction (except those imposed 
by the conditions of the question) upon the increments which are 
assigned to its several varying elements. We shall now proceed 
to apply this theory successively to the cases of double and triple 
integrals. 

In the following discussion we shall first suppose that there 
are two limiting functions, or, in other words, that the conditions 
of the question require the given integral to be extended to all 
systems of values of or and y which satisfy the two inequalities^ 

^(^, y)>0, ^(a?,y)<0; 
or, in the case of a triple integral, 

^ (-^t y» ^) > 0, ^ (a, y, z) < 0. 
We shall then examine the case of a single limiting function, i. c., 



240 ON MAXIMA AND MINIMA OF FUNCTIONS 

the case in which the original integral is extended to all systems 
of values of x and y which satisfy the single inequality, 

ix, y) < 0, or (or, y, z) < 0. 

Prop. I. 

111. To determine the function z such as to render 

jjVdxdy 
a maximum or minimum, where 

/ dz dz d^z d^z d^z\ 

y -/ \x. y, z, ^. ^^, — ,, ^, ^, j. 

Referring to the expression given in the preceding chapter 
for the complete variation of a double integral, we find that the 

equation 

i)C7 = 

is equivalent to 

In seeking to determine the method of satisfying this equa- 
tion, it must be remarked, in the first place, that, as in the corres- 
ponding case of single integrals, it consists of two classes of terms 
which are essentially distinct from each other, namely: — 1. A 
number of partially integrated terms, whose value depends upon 
the forms assigned to the functions Sy, ^Zy not in general, but 
only for those values of the variables »r, y which satisfy the 

equation 

(x, y) = 0, or i/; (cr, y) = 0. 

2. A number of terms wholly unintegratcd, whose values cannot 
be rendered determinate without fixing the general form of the 
function Zz. 
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It appears then, bj the application of the principle laid down 
in the case of simple integrals, that the equation (A) can be sa- 
tisfied only by equating separately to zero these two classes of 
terms. Assuming, for the sake of brevity, 

cur aa ax 

Q a Z - -= J-? + &C. 

ax ay 
we have, in the first place, the three equations, 

|^F8y + a& + 0^)A(ir«a (B) 

\\alzdxdy ^ 0. 

Now, it will readily appear on referring to the case of simple in- 
tegrals, that these equations cannot be satisfied without either 
limiting the generality of the variations Sy, Sz, or equating to 
zero the terms under the sign of integration. 

The former of these methods being inadmissible, we have 
from the other the equations 



(FSy.aS..^^)^ = 0, 



P% + aS^ + ^^) =0, (C) 

= 0, 

the first belonging to the limiting function yp^ and the second to 
the limiting function 0. We shall suppose, for the sake of sim- 
plicity, that the equation 

Q = 0, 

which is evidently a partial differential equation of the fourth 

2i 
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order, admits of a solution in which the quantity under the func- 
tional sign is the same fo^ all the arbitrary functions which it 
contains.* The number of these functions will in this case be 
four. In order then to render this solution definite, it is neces- 
sary to have some mode of determining these functions, and we 
shall now proceed to show that the first two equations (C) 
furnish the means requisite for that purpose. This is to be 
proved, as in the case of single integrals, by an examination of 
the different cases which may result from the nature of the data 
in the particular problem to be solved. Previously, however, to 
entering upon this examination, we shall enunciate the following 
principle, which will be found of great use in the application of 
equation (A), and whose truth is an obvious consequence of the 
first principles of our science. 

If in the general expression for the variation of a multiple inie^ 
gral there be found a term of the form 

Jj . . . . U^udxi dx2 .... dxn^ 

and if the conditions of the problem^ into which Hds integral enters^ 
be such as to render u a determinate function of xu a^ . . . , Xn^ this 
term will vanish of itself ; and if in tfie same expression^ there be 
found two integrals of tlieform 

jj ' ' * ' Ududxidx2 .... dxn^ 
and 

jj ' ' ' ' U'Sudxidx2 .... dxnt 

and that the conditions of the problem into which it enters are such 

as to render u a determinate function of X\^X2, a?„, and u , these 

two terms may be reduced to one. 

The first part of this principle is Self-evident. For, if li be a 
determinate function of .ri, ^2 .... it is plain from the meaning of 
the symbol S that Su = 0. The truth of the second part is also 
apparent. For, if 

^^=f{xu X2 «% 



• Tlie absence of a perfect analogy between the arbitrary functions which enter into 
the solution of a partial differential equation, and the arbitrary constants which are 
found in that of an ordinary differential equation, render this discussion much less satis- 
factory than that of Chapter III. — Vide note on p. 242. 
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it is plain that we must have (p. 8) 

and, therefore, that the two terms mentioned above are reducible 
to the single term 

JJ . . . • f Z7-^ +Z7' j iudxidx% .... dxn* 

112. The truth of this principle being thus rendered appa- 
rent, we shall next proceed to apply it to the several cases which 
may occur in practice. 

(1.) Let the limiting function ^ be a given determinate func- 
tion of 0? and y. In this case, y, as found from the equation 

is a determinate function of ar, hence Sy=0. The other variations, 

S^r, ^, or 8^, Sj, 

remaining arbitrary, the first of equations (C) can only be satis- 
fied by equating the coefficients of these variations to zero. 
Hence we must have at each limit of integration, 

a = 0, i3 = 0. 

In other words, the first of equations (C) is equivalent to the two 
equations, 

00 = 0, ^o«0. 

Similarly, from the other limiting function we have the equations 

ai-0, i3, = 0. 
These, with the equations 

are sufficient to determine the four arbitrary functions which 
enter into the solution of the equation, 

Q «0. 
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The quantity under the functional sign being supposed the samtl 
in all these arbitrary functions, it is evident that the solution of 
the equation 

Q = 

will be 

F[x^y, ^1 0i(v), ^t?), 03(v), ^4(v)} «0, 

V being a determinate function of /r, y, z^ and which we have 
supposed to be the same in all the functions. Suppose, to fix our 

ideas, that 

V = oj? + Jy + c-?. 

We have then the equations 

V = oj: + iy + cie, 

ao = 0, 

P[Xy y, Z, 0i(v), 02(tj), ^3(v), ^4(«)} = 0, 

Eliminating x^ y, 2r between these equations, we have evidently a 
result of the form 

F\ {tJ, *1(V), ^2^, 03(V), 04(V)) = 0. (1) 

Proceeding in the same way with the remaining equations, 

it is plain that the result will be three other equations similar 
to (1), which we shall denote by 

^2{v, 0i(v), 02(t?), *3(v), 04(v)) =0, (2) 

^3{t?, 0l(v), 02(V), 03(V), 04(V)) = 0, (3) 

^4 {V, 0l(v), 02(r), 03(V), 04(V)) =0. (4) 

These four equations, (1), (2), (3), (4), determine the four arbi- 
trary functions, ^i, 02> 03> ^4, in terms of v. Substituting the 
values so found in the equation 

F[{x^y,Zy 0i(»)> 02(v), 03(v), 04(v)) =0, 

and replacing v by its value, 

CUV -^ by -\- cZf 

we have an equation free from arbitrary functions, and of the 
form 

/ (•», y> z) = 0. 
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This equation furnishes a complete solution of the problem. I£ 
the quantity under the functional sign be not the same in all, the 
determination of the functions will, in general, present insur- 
mountable difficulties.* 

(2.) Suppose that the limiting values of z are also given in 
terms of or, or in other words,, suppose that the limiting values of 
x^ y, z are connected by the detehninate equations 

f{x>y.z)^0, /(^,y,^) = 0. (D) 

The limiting values of 2 and y being both in this case determinate 
functions of a?, it is plain that iz <= 0, Sy « 0, and that therefore 
the equations furnished by 



( 



F8,..&. 0^)^.0 



/o 
are reduced to one, namely. 

Taking, as before, the case in which the quantity under the func- 
tional sign is the same in all, and eliminating x^ y, z between this 
equation and 

v = (W? + iy+ cz 

fipo, y, z) = 0, f{x, y, z) = 0, 

F[x,y,z, 0i(r), ^(v), 03(t?), 04(t?)} =0, 

we shall have two equations of the form 

Fi [% *i(v), ^(t?), ^3(r), ^4(v)) = 0, 
F% [Vy «!(»), ^(v), ^3(1?), ^4(t?)) = 0. 

Two others of the same kind being given by the equation 



(E) 



(FSy + «8. + ^^)^ = 0. 



it is plain that the arbitrary functions contained in the general 
solution arc completely determined as before. 



* Vid. Lftcroix, TraiU de Calcul. Dif. et Int, torn. iii. pp. 238-288. 
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(3.) Similarly, if the limiting value of either* of the differen- 
tial coefficients, 

dz dz 
d^' d^' 

be given, it is evident that the equation 

will disappear of itself, inasmuch as 

and that we shall have for the determination of the arbitrary 
functions, in addition to the equations (D), another equation, 
formed by differentiating the general solution with regard to 
either a or y, and substituting the given limiting value of the dif- 
ferential coefficient, 

dz dz 

dx^ dy 

The number of the ancillary equations remains, therefore, the 
same as before. 

(4.) Let the limiting function ^{x^ y) be an unknown func- 
tion whose form is to be determined by the elimination oi z be- 
tween the solution of the equation 

and the determinate equation 

* If either of these quantities be given it is plain that the other is also given. For, 
since the equations 

are supposed to hold for all the limiting values of x and y, we have 

\ dx dz dx dx\dy dz dy j J o * 

\ dx dz dx dx\dy dz dy ) j o 

Eliminating I y^ ) i *"<! substituting the given value of either ( — ) ^^^ ( T" ) » ''^^ ^^ 
the value of the other. 
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No term of the equations (C) disappears in this case, but as the 
limiting values oix^y^ and z are connected by a determinate equa- 
tion, it appears, from the second part of the above-stated principle, 
that the terms containing their variations are consolidated into 
one. In fact, if we denote the solution of the equation 

= by 2:=x(^»y)» 
we shall have 

/(^> y) = X (^1 y)» 

and therefore, taking the complete variation of each side of this 
equation, 

or, denoting ^, -^, by q, q, 

q'Sy " qSy + dz, 
and, therefore, 

In this case, then, the equation 

is equivalent to 

These, with the equation 

furnish two relations between the arbitrary functions which enter 
into the general solution. Two others are furnished in a similar 
manner by the conditions which are supposed to hold at the other 
limit. 

And, in general, it is plain, as in the case of a single integral, 
that when any condition diminishes the number of equations fur- 
nished by (C), by annulling or consolidating any of its terms, it 
will, at the same time, supply a number of additional equations 
sufficient to make good the deficiency. 

113. It appears, therefore, from the foregoing discussion, that 
in the case which we have been considering, that, namely, in 
which there are two limiting functions, the problem is in general 
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possible and determinate, the number of the ancillary equations 
being the same as that of the arbitrary functions which enter into 
the general solution. There remains, however, one important 
case to be considered, namely, the case of a single limiting func- 
tion, or that in which the given integral is supposed Jto be ex- 
tended to all values of x and y, which satisfy the condition 

(^, y) < 0. 

The number of the equations by which the arbitrary functions 
are determined being, in this case, reduced by one-half, it may 
naturally be expected that the problem will, in general, be inde- 
terminate. In certain cases, however, the following consideration 
will render it determinate as before. 

It is an essential condition of the process of definite integra- 
tion that the element of the integral, i. e. any one of the quantities 
of whose sum the given integral is the limit, should not become 
infinite within the limits of integration. Hence it is plain that 
after determining, as far as possible, the arbitrary functions which 
enter into the integral of the equation 

it will be necessary to reject from the result any solution which 
renders the element of the integral infinite, for any system of 
values of x and y which is found within the limits of integration. 
If this condition leaves any of the arbitrary functions still unde- 
termined, we infer that the problem is in its nature indetermi- 
nate. 

114. The above-stated theory is, as might naturally be ex- 
pected, subject to exceptions, similar in their nature to those 
which are to be found in the application of the Calculus of Va- 
riations to integrals of the first order. Of these exceptions, the 
most remarkable is of a nature analogous to that stated in Art. 
28, (1). The existence of that exception results, as will be seen 
upon referring to the Article quoted, from the fact that in certain 
cases the differential equation is of an order less than 2n, and that 
therefore its solution does not contain a sufficient number of arbi- 
trary constants to satisfy the conditions furnished by the terms 
which are found without the sign of integration. 
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Similarly, in the case of a double integral, if the partial diffe- 
rential equation, 

= 0, 

be of an order less than double that of the highest coefficient 
contained in F, its solution will not in general contain a sufficient 
number of arbitrary functions to satisfy the conditions furnished 
by the terms which appear with but a single sign of integration. 
The conditions necessary to the existence of such an exception 
are, therefore, to be investigated by considering in what case the 
terms of the highest order disappear from the equation 

= 0. 

Confining our attention for the present to the case in which V 
contains no differential coefficients of an order higher than the 
second, we shall have 

(w? ay dar dxay ay 

In this expression it is plain that the differential coefficients of the 
highest, i. e. of the fourth order, are contained exclusively in the 
last three terms. Putting 

dz ^dz ^d}z __ (Pz 6?z 

^^d£ ^"^' ''^S?' *"^^' ^"^* 

and neglecting all terms except those of the highest order, we 
have 

d^Vj^ dl^Vd^z d^V d^z \PV dh 



da^ df^ da^ drds da^dy drdt dx^dy* 

d«r« d^V d^z d»r d^z ePK d^z 

dady drda da^dy ds^ da^dy^ dsdt dxdy^ ^ ' 

d^F^ d^V d^z d^V d^z d^Vdh 
dy^ ^ drdt da^d^ "*" dadt dxdy^ "^ dP dy^' 

Now if the terms of the highest order disappear from O, it is 
evident that the coefficients of the several quantities, 

d*5 d^z d^z d*z d^ 
dx^' dafldy da^df' dxdy^' dy^' 

2k 
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must vanisli of themselves. Adding, therefore, the equations (F), 
and equating the coefficients of these quantities separate! j to zero, 
we have the equations 

Integrating the first two of these equations, we find 

r= r/{a!j y, z, p, q, t) + F{x, y, z, p, j, 5, t). 

Similarly from the last two, 

V--tf(a!,y, z, p, q, r) + F{x,y, z, p, j, 5, r). 

Identifying these two expressions, it is plain that we must have 

F= Art^Br-k^Dt+F+ fp{8,p, y, ^,y, z), (G) 

where A, B^ D^ F eae functions of x, y, Zy p, q. Hence we have 

rf«F JPV rfg^ 

drdt" ' d^ " d^' 

Substituting these values in the equation 



we have 



d?V <PV 



s=-^-- 



and therefore 



Substituting this value in equation (G), we find, ultimately, 

V^A(re'-^) + Br+2C8-\^nt + E. (H) 

If, therefore, Vhe of this form, the equation 

G = 

cannot be of an order higher than the third. 

We shall now proceed to show that in this case the above- 
mentioned equation cannot rise above the second order, or, in 
other words, that if the terms of the fourth order disappear, those 
of the third order will disappear also. 
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We have, from equation (H), 

rr> = At + B, V^^-2Aa + 2C, VytmAr + D, 

„ , , ,, dA dB ^ dC ^ dD 

neglecting the term E^ whicli will evidently giye no differential 
coefficients of an order higher than the second. Hence we find 
by differentiation, 

^=^— + e/^r — + 5 — + —^—\ 
dx dx \ dp dq ^ dz dx J 

dB dB dB dB 
dp dq ^ dz dx' 

Similarly, 

ilZa--^* a(s—+t — + —^—\ 
dy " dy \ dp dq ^ dz dy ) 

dC ^dC dC^dC 
dp dq ^ dz dy* 

Hence, if we neglect terms of an order lower than the second, 

dx dy 



.u.y^ u.^ u.^ u.... IdB dC dA dA\ 



dCdD dA dA\ 
dq dp dx ^ dz ) 

^ nU - ns (suppose). 
In the same way we find 



dV^t dV^ y 



= r/^— -— +— —\^s(— ^-^- ^1A\ 
" \dp dq dy ^ dz ) \dp dq dx ^ dz / 



^nr- ms. 
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But since 

= Z + -r- (mt - fw) + -r- (nr - ni8\ 
cue ay ^ 

it is plain that if the differentiations be actually performed, all 
terms of the third order will disappear from 12. 

115. It is necessary to notice here a remarkable difference 
which exists between the present case and the corresponding ex- 
ception, which was noticed in the case of single integrals. The 
existence of such an exception in the latter case was shewn to 
result from the fact that the integral to which the calculus of 
variations was applied had not been previously reduced to its 
lowest terms. In fact, if F be a linear function of the highest 
differential coefficient which it contains, we have seen (p. 47) 
that 

in which ^' contains no differential coefficients of an order higher 
than n-1. 

No such reduction, however, is practicable in the present case. 
For, if we assume 

\\Vdxdy^<t^^\\^'dxdy, (I) 

being a quantity consisting of single integrals and referring 
solely to the limits of integration, and take the variation of both 
sides according to the foregoing rules, it is evident that the coeffi- 
cients of iz under the sign of double integration must be the 
same in each. Now, if V be of the second order, 0' will be of 
the first, and, therefore, in its variation the coefficient of &5 
under the sign of double integration will be a linear function of 
r, 5, t Hence, it is plain that the assumption (I) will be im- 
possible if Q, contain any powers of these quantities higher than 
the first. 

But it is easily seen that if V be of the form (H), €L will in 
general contain a term of the form 
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The reduction of the given integral to another of the first order 
is, therefore, in general impossible. 

116. As an example of the foregoing theory, let it be required 
to determine the form of the function Z such as to render the 
double integral 

If (p« + jy - ^Y ^^y* 

a maximum or minimum. Here we have 

Z = " m{px •\- qy ~ ^)*'S 
Vx = fn{px -^ qy " z)^'^ a?, 
Ty = m(pa + jy - «)*"^y, 

dV 

—— = m (px + 2y - z)^'^ + m.m - 1 (pa: + jy - z)^'^ (ra^ + &ry), 

uX 

Substituting these values in the equation 

= 0, 

it becomes 

3 
ra^ + 2sxy + ty* + — -y (px ■¥qy-z)^0, (a) 

To integrate this equation, assume 

u = px -^ qy - z. 

Differentiating successively with regard to x and y, we find 

du du 

hence 

^ du du 

ra^ + 2«ry + (y« = a?^ + y^. 

Substituting this value, as also that o£px + ^ - ^ in equation (a), 

3 
and putting n for = , we find 

du du ^ 

dx ^ dy 
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Integrating in the ordinary way this partial difierential equation 
of the first order, we have 



u^af'F 



©• 



or, replacing u by its value, px-\-qy- z, 

This, which is also a partial differential equation of the first 
order, admits of being integrated by the ordinary method^ which 
gives, therefore, as the complete integral of equation (a). 

We shall now proceed to determine the arbitrary functions in 
this solution, according to the various data of the problems which 
may occur. 

(1.) Let the forms of the limiting function, ^, ^, be ^ven, 
e. g. let it be supposed that the limits of integration are so taken 
that the definite integral may represent the limit of the sum of 
the elements, 

{px + qy- 2)^dxdi/j 

for all systems of values of x and y which render the signs of the 
functions 

(x - ay + (y - by - c8, 

different. 

Here Sy = 0, and the first of equations (C) becomes 

V.-v/£-0; (c) 

or putting for P^, Vj. their values, and for -/ its value derived 

ax 

from either of the equations 

(x - ay -\-(ij- by - 6-2 = 0, 
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we find the following equation, which must hold for each limit of 
integration. 

This equation may be satisfied either by making 

px-^qy-z^O^ 
or by making 

With regard to the latter of these suppositions, it must be remem- 
bered that equation (c) is supposed to be true independently of Xj 
and to require merely that y should have one of the two values, 

This supposition, therefore, which would establish a second equa- 
tion between y and x, is inadmissible. Neglecting this, then, let 
us consider the remaining equation, 

px-hqy-Z'^O. 

Substitutmg for p and q their values derived firom equation (b), 
we find that the equation 

px-^-qy-z-O 
is equivalent to 

'(!) = »• 

This equation of condition would reduce equation (b) to 

' - <^) 

which would give, generally, 

/M? + jy - « = 0, 
and therefore 

And it will readily be seen that this conclusion does not depend 
upon the particular form of the limiting function which we have 
selected^ but merely upon the fact that it is a function of 4? and y 



256 ON MAXIMA AND MINIMA OF FUNCTIONS 

only. It appears, therefore, that if the form of the limiting fimc- 
tion be given, the limiting values of 2; remaining indeterminate, 
the given definite integral does not admit of a finite maximum or 
minimum. 

(2.) Let the limiting values of z also be given, e. g. let the 
limits of integration be supposed to be so taken, that the definite 
integral may represent the sum of the elements for all values of x 
and y which render the signs of the functions or* + y* - a* and 
aj« + y« - a'^ different, and let it be supposed that, for all values of x 
and y which cause the first of these functions to vanish, z has the 
constant value c^ and that, for all values which cause the second to 

vanish, it has the constant value c . Assuming ^ = ^, we have for 

the first system the equations 

z = xf(f) + afF(t) 
z = c, y«=to, 
«« + y« = a«. 

Eliminating Xj y, z between these equations, we find 

Similarly from the equations 

z = xf{t) + af'F{t), y^tx, 



we find 



z = c\ x^ + y^ = a ^j 



/(O + ( TTTrr^N) ^0- 



Solving these equations for/(<) and F(i), we have 

= ^^v^ V (1 + n 

^^ aa^-aa^ ^ ' 
Substituting these values in the equation 

z = xf{t) -H X''F{t), 
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and replacing t by its value, we have, finally, 

{aa* ' aa^) z ^ (ea'' " cc^) v^(y« + x») + (ca-a»') (y» + «»)•. (a) 

We shall next proceed to consider the case in which there is 
but one limiting function. Suppose, for example, that it were 
required by the conditions of the problem that the given integral 
should be extended to all systems of values of a and y, which 
render the function 

4J* + y> - o* 

negative. 

3 
Writing for n its value z , the general solution (b) will 

be 

Forming from this equation the value of 
we find 



H^r-n-m 



Now, according to the principle of p. 248, every soludon must 

be rejected which would render this value infinite for any values 

3m 

oiy and x within the limits of integration* But if ^ be ne- 

1 — m 

gative, i. e., if m be either between - od and 0, or between 1 and 

+ 00, it is plain that unless ^[ - j be zero for all values of -, we 

shall have K « od when y a: 0, « » 0. In this case, therefore, the 

part of the solution involving P( - j being neglected, equation (b) 
becomes 



■^(^> 



and it is easy to see that the condition, that when x* + y* - a' = 0, 
z shall = c, reduces this to 

OJa C^(j/^ + 0?*). 

2l* 
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If, on the other hand, ^ be positive, i. e. if m lie between 

1 — m 

3m 

and 1, the quantity a^"^ will not become infinite for any value 
of a within the limits of integration, and we maj^ therefore, as- 
sume for -^ ( ' ) any function which does not become infinite 

within those limits. Such a value being assumed for FI - 1, the 

other arbitrary function is determined, as before, by the condition 
that when z = Cy a^ + 1/^ = a^. This would give 

3 
putting n for := . This result is the only one which furnishes a 

real finite solution. 

(3.) As V does not contain any differential coefficients of an 
order higher than the first, the term involving Sq will vanish of 
itself from the first of equations (G). Case 3 is therefore here 
inapplicable. 

(4.) Let it be supposed that the forms of the limiting function 

or functions are not directly given, but to be determined by the 

elimination of z between the solution of equation (a) and the 

equations 

z = ax + bt/ ■¥ c, 

z = ax + h'y + c. (f) 

The equation 

{f'+a(?'-!7)). = 0, 
or 

{r+r,(/-p)+r,(j-9))„ = o, 

of p. 247, becomes, in this case, by the substitution of the values 

of r, v^ r„ 

{:px ^qtj - zY ^ m^Tpx \ qy - zy-^ [{'p - p) x ^ {q ^ q)y\ = 0; 
or, neglecting the factor (^'px + gy - ^)*" "^ 

(1 - m) {^px + qy-z)-¥fn (jp'x + qy - ^) = 0. 
Substituting for /?, q their values derived from the general solu- 
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tion (b^, and for y, y their values derived from the first of equa- 
tions (f), this becomes 

Making, as before, - = f, we have 

X 

z = xf(() + oi^F{f\ 
z^(a + bt)x-¥Cf 
(m + 2) afF(i) = mc. 

Putting, for the sake of brevity, 

and eliminating z and tu^, we find 

2c 1 



X = 



m 



+ 2 u - a " bi 



Substituting this for x in the third of the above equations, it 
becomes 

(ti - a - bty = — (m + 2)^- tf^^ v. 

Similarly, from the second of equations (f), 

(ti - a' - VtY = - (m + 2)1^ c ""^ r. 

From these equations we find readily the values of u and v, 
namely, 

n-l n-l 

c » (a + &) - c «* (g -t- Vt) 
^ = ^n — STT » 

t? = m(m + 2)« M T-^Ti — nTTT- ^ ; 

^ 2\e ^ -c- j J 
and hence 

c "^ {ax + by) -C (dx -i- by) 
z « *»TI STT » 

+ m (w + 2)" M ^^ / !Ll1 !L:i\ f ' 



2\c 
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It is not difficult to see that this solution may, by transformation 
of co-ordinates, be put under the form 

(a? + 1/Y = -4""^ z. 

The general solution (b) fails when n = - 1, as it will then 
contain but one arbitrary function. But by integrating, with 
special regard to this case, it is easy to see that the real solution is 



z^x/\ 



'^y-^K^ 



This case corresponds to 

and the reader will find no difficulty in applying to it, according 
to the conditions of the problem, the mode of determining the 
arbitrary function given above. If the limiting functions be 

and the limiting values of Zj c, and c\ as in case 2, the result will 
be of the form 



Az = B^(l/^ + a?)li^^^\ 



117. As a more general problem of the same kind, we may 
suppose that it were required to determine the function z of such 
a form as to render 

\\f{px -^-qy-z) dxdy 

a maximum or minimum,/ denoting any function whatever. 
In this case, putting u =^ px ■\- qy - z^ ^q have 

The equation 

^ _ ^ dV, dV, 

Q = 0, or Z — z T^ = 0, 

dx dy 



becomes, therefore, 



dx "^ dy f {u) 
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Integrating this equation in the ordinary way, we find 
-Y'(«) = *(f)or«=/-{^.«(|)}; 
or finally, replacing u by its value, 

This equation, which admits of being integrated as a partial dif- 
ferential equation of the first order, gives 

in which, after the integration with regard to 4? is performed, a 
must be eliminated by the equation 



«=*(!)• 



Thus, for example, if the given integral were 

a I (j>x -k- qy - z)(iLedf/, 
it is easy to see that the solution would be 

*=^«(l)+^(!) (b) 

This result is not contained in the general solution of the prob- 
lem given in p. 254. For, in order to make equation (b) identical 
with the general solution, 



Z^Xlp 



©-*(!)• 



it would be necessary to have n = 3, which would give 

n+3 ^ 
n 

a value obviously inadmissible. 

118. As another example, let /u be any function of of, y, z^ 
and let it be required to determine z such as to render 

\\yL{px + qy-z)dxdy 

a maximum or minimum. Here 
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The equation 

12 = 

becomes, therefore, 

dfi du du t% 
dx ^ dy dz ^ 

If the given function /u were a homogeneous function of the n^ 
order, this equation would be equivalent to 

(n + 3)/ii = 0, 

and could therefore be satisfied only by making /a^O, unless 
when n = ~ 3, in which case the equation would become iden- 
tical.* 

119. Again, let it be required to assign such a form to the 
fimction z as will render 

\W{f^<f)dxdy 
a maximum or minimum. Here 

and the equation 

G = 
becomes 

q^r - 2pq8 -h pH = 0. (a) 

The integral of this equation is, as is well known, 

y = xfz -¥ Fz. (b) 

(1.) Suppose that the forms of the limiting functions, 0, i/r, are 
given, e. g. let it be supposed that the integral is extended to all 
systems of values of y and x which give diflferent signs to the 
functions 

x^-^y^-a^ and x^ + y^-a^. 
* For an explanation of ibis case, vid. Chapter X. 
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Since Sy » 0, the first equation (C) is reduced to 
or substituting for Fy, V^ and -^, their values, 



par + jy = 0. 

Substituting ioip and q their values derived from the equation 

y = xf (z) + F(z), 

this condition becomes equivalent to 

Fz^O. 

The general solution is therefore in this case reduced to 

y = afz, (c) 

the function / remaining indeterminate, inasmuch as it is plain 
that the condition, 

is satisfied also at the second limit of integration. Here, there- 
fore, the conditions furnished by the nature of the problem are 
not independent. But if the second function were of a form dif- 
fering from that of the first, the equation would again become 
determinate. Thus, for example, if the second limiting function 
were 



©•^(i)'-' 



it would be easy to show, by putting the general solution (c) 
under the form 



- ^' ©• 



to which it is reducible by the condition F- 0, that the conditions 
of the question are only satisfied by the equation 



c. 
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As, however, this equation renders F^ 0, it does not give a finite 
maximum or minimum. 

A similar conclusion would be arrived at if we supposed the 
integral to be extended to all values of «r and y which render 

negative. For if we derive from the equation 

to which, as before, the general solution is reducible, the values 
of j> and J, we shall have 



t/(i>« + !?»)=-J\/(l + S} 



It appears, then, by the reasoning of pp. 248, 258, that/^i = 0, and 
therefore that 

(2.) Next suppose that the limiting values oiz are also given, 
e. g. let it be granted that when 



and that when 









Eliminating y and or from the general solution, 

y = xf{z) + Fz, 

by means of the first two of the above equations we have the 
relations, 

az am ^ ry \ 



Similarly from the second two, 



az am 



yj (m'2 + 2'^) V (^'- + ^^) 



^j{z) + F{zy 
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Solving these equations for ^(z) and ^(z), we find 

r. . g V^ (m^ -t- z^) - aV(m» -f g») 
^^^' am y/ (m^ + z') - am y/ (m« + z^) ^' 

F(z\ = ^^(^-^^^ 

^^ am y/ (m^ + z») - dmy/{m^ + ^)' 

Hence the complete solution of this case is given by the equation 

[amy/{m^-^ z^) - am' ^ (m^ ■{■ z^)]y 

= [ay/{m'^ + 2«) - aV (w« + z^)} zx + aa\m - m') z. 

120. Problems of relative maxima and minima are to be re- 
solved on precisely the same principles as those which have been 
already applied to expressions involving single integrals. Thus 
if it were required to assign such a form to the function z as to 

render one integral^ 

;j Vdxdy, 

a maximum or minimum, and another, 

JJ Vdxdy, 

equal to a given constant, we should obtain the solution by assign- 
ing such a form to the function as to render 

l\Vdxdy -^ m^Vdady 

a maximum or minimum, determining, as before, the arbitrary 
constant, m, by the given value of the second of the above in- 
tegrals. The remainder of the investigation is precisely similar 
to the case of absolute maxima or minima. 

The principle upon which it is shown that the indeterminate 
coefficient, by which the second integral is multiplied, must be a 
constant^ is also perfectly analogous to that of Art. 61. It results 
in every case from the fact that, as the equation which is to be 
satisfied is of the form 

\\» >- Vdxdy . . . = c, 

the indeterminate coefficient by which this equation is multiplied 
is found without the sign of integration. For, since the final re- 
sult of the process of definite integration is a constant quantity, 
i. e. one which does not involve any of the variables, j?, y, . . . 

2m 
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which are found in the function to be integrated, it is plain that 
an equation of the form 

Ij - " Wdxdy ... + X If . . . W'dxdy . . . = 0. 

cannot be satisfied by any other than a constant value of A. 

The same thing will also appear by considering the definite 
integral as the sum of a number of elements. The equation of 
condition will then be 

V'xdxxdyx . . . + V\dx^y% . . . + V\dxzdyz . . . + &c. = const. 

F^i, F2, &c., being the values of V corresponding to the several 
systems of values, 

X\y yi, . . . 0:2, y2» • • • &c. 

Multiplying this equation by an indeterminate coefficient, X, we 
shall have 

X( F^irfarirfyi . . . + V%dx^y% . . . + V\dxzdyz . . . + &c. - c) = 0. 

Hence it is plain that the factor X, which is evidently identical 

with m in 

Jj . . . Vdxdy, . . + mJJ . . . Vdxdy^ 

is the same for all the quantities, 

V\, V'2, F3, &c., 

i. e. for all systems of values of a% y, . . . It is therefore constant. 

121. Another species of relative maxima and minima is that 
in which the integral or integrals which are to have a given value 
relate only to those values of the independent variable which 
satisfy the limiting equation, 

(^, y) = 0, 

and are therefore of an order which is necessarily inferior by one 
to that of the integral which is to be made a maximum or mini- 
mum. 

There is no essential difierence between the mode of treating 
this and any other case of relative maxima and minima. The 
variation of the integral whose value is given is to be mul- 
tiplied by an indeterminate constant, and added to the terms out- 
side the highest sign of integration in the variation of the original 
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integral. The problem is then to be treated as in the ordinary 
case, and the arbitrary constant determined by means of the in- 
tegral whose value is given. 

122. As an example of relative maxima and minima, let it be 
required to find, among all the functions which render the defi- 
nite integral, 

equal to a given quantity, that one which shall render 

\{z-px-qy)dai 

a maximum or minimum. Here 

V= Z" px- qy -k- n^ {p^ + j*), 
and, therefore, 



z=i, v,=^x+ ,/r ^ ^, ry--y+ 



Deriving from these the values of -^ and -j^, substituting them 
in the equation 

dx dy ' 

3 

and putting, for the sake of brevity, m = — , we have 

(ft - 'ipqB +pH=^m(p^ + j*)«. (a) 

This equation, which is easily integrable by the ordinary method, 

e^^*" {X + M')') + {y + M')') = ~r (b) 

Among the different cases which may present themselves for 
the determination of the arbitrary function, we shall select that 
in which there are supposed to be two limiting functions deter- 
mined by the elimination of z between equation (b) and the two 

equations 

«* + y* + -2* = A^j 

(c) 
(x-^zY^iy^zy^B^, 

respectively. Substituting the values of V, F„ V^ in the equa- 
tion 
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V+V,(p'-p)+V,iq-q) = 0, 

it becomes 

But from the first of equations (c), 

hence 

^ , , A' 
z-px-qy=—. 

Again, equation (b) gives 



P"- 



q = - 



y + M') 



{X + ^i(2))f i(a) + {y + ^(«))f ,(z)- 
Making these substitutions in equation (d), it becomes 

or 

From this and the equation 

it is easy to see that we have between \pi and \pi the relation 

{^,(2))*+{;^(^))« = l + i^«-2». 

Adopting the same method with the second of equations (c), 
and supposing, for the sake of simplicity, that -4 = J?, we find 

\Pi{z) + xP2(z) =iz. 

Determining from these equations the values o£\l/i{z) and \p2{^)f 
and substituting them in equation (b), we find, ultimately, 

{4.x-^z + ^(m^-9z^)\^+ [Ay + z - ^ {7n^ - dz^)]^ ~, 



where 



r/i'^ = — s + 
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The constant m is of course determined by means of the given 
value of the integral 

Prop. II. 

123. If 2; be a function of ^ and y, satisfying the equation 

J).l\Vdxdt/ = 0, 

to determine what other conditions are necessary, in order that 
the corresponding value of the integral may be a maximum or 
minimum. 

The general theory of maxima and minima requires, as in the 
case of a single integral, that the second variation should preserve 
the same sign, whatever form (consistent with the conditions of 
the question) may be assigned to the variation Sz, Distinguish- 
ing, as in Prop. V., Chap. III., between the problem which con- 
cerns the variation of the limiting values of z and its differential 
coefficients, and that which concerns the variation in the general 
form of the function, and confining our attention to the latter 
question, we shall suppose the limiting values of 

^ dz dz 

to be given. This condition will annul any terms which are 
found outside the sign of double integration. Now the second 
variation of the given integral will evidently be 

dPV d^V d^V dW 

d^V d^V d^V ^V 
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The general principle upon which this method is founded is, that 
in consequence of the indeterminate nature of the variations which 
are found in (A), such values may be assigned to these quantities 
(by giving a proper form to Sz) as to render (A) either positive 
or negative, unless one of the two following conditions be fulfilled, 
namely: — 1. That the sign of the element or quantity under the 
integral sign in (A) be independent of the variations Sr, S«, &c. 
2. That the integral (A) be capable of being reduced to another, 
in which the sign of the element shall be independent of these 
variations. In the first case the element of the integral in (A), 
considered as a quadratic function of six independent variables, 
must preserve the same sign, independently of the particular 
values of the variables which it contains. It must, therefore, be 
capable of being resolved into a function of six squares of the 
form 

A (Sz + aSp + aSq + &c.f + J?(8/? + /3'8j + &c.)« 

+ &c. (B) 

+ iS^S 

in which the coefficients ^, 1?, . . . /have all the same sign.* 

In the second case, in which the integral (A) is reduced to 
another which satisfies the first condition, it is plain that the ele- 
ment of the second integral will differ from that of the first by a 
quantity wliich can be made to vanish in the process of definite 
integration, i. e. by a quantity which is in itself integrable. 

We infer, therefore, that it is necessary to the fulfilment of 
this condition, that the quantity under the integral sign in (A) 
should be capable of being resolved into three others, one of 
which is integrable with regard to »r, ancrther integrable with re- 
gard to ?/, and the third such as to satisfy the first condition. 

The application of this principle to the case before us leading 
to formulae of great length, we shall content ourselves with giving 
the principal steps and results of this method. 



* Th^rie des Fonctions Aaalytiques, pp. 2G7-2G9. The nature of the eqaatioos 
derived from this condition, and the mode of deducing them, will be found in the Article 
quoted. The present discussion being rather curious than useful, I have not thought it 
necessary to enumerate them. 
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(1.) Assume, In accordance with the principle stated above, 

Then it readily appears that P, Q must be of the forms 
P = aSg^ + Pdqdp + ySqSz + cSp* + KSpSz + nSz\ 

Q = adq^ + P'Sqdp + ySqSz + a'Sp' + K'SpSz + VS^«. 

(2.) Differentiating the first of these with regard to ^, the se- 
cond with regard to y, and substituting in (C), we find 

<PV (PV (PV fPV 

dr^ a«* dP drds 

cpv d^V 

+ &c. 

in which it will be remarked that the coefficients of the squares 
and products of the variations of the highest order are the same 
as in (A). 

(3.) As the sign of K is independent of the variations 8r, S«, 
&c., which it contains, it must be capable of being resolved into a 
linear function of six squares similar to (B). This will give five 
conditions, two of which are evidently independent of the inde- 
terminate quantities, a, /3, &c., a\ (i\ &c., and express the fact 
that the sign of the polynomial, 

dr* da^ dP 

^V d^V d^V 

drda ' dsdt drdt ^ 

is independent of the variations Sr, S^, S^. 

(4.) If this condition be fulfilled, it appears from (3) that there 
will remain three others to be satisfied by means of the indeter- 
minate quantities, a, /3, &c., a, /3', &c. If it be possible to assign 
values to a, /3> &c., a, /3', &c., such as to satisfy these three con- 
ditions, without rendering K infinite within the limits of inte- 
gration, the value of the given integral will be a maximum or 
minimum, according as the sign of the polynomial (D) is negative 
or positive. The same method may be extended to cases in which 
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V contains differential coefficients of any order. But it is so 
rarely possible to integrate the equation 

= 0, 

of Prop. I., that it is, for any practical purpose, useless to pursue 
the subject further.* 

Prop. III. 

124. Let F be a function of the independent variables x, y, z, 
and of the function u and its differential coefficients, as far as the 
second order inclusively, and let it be required to determine the 
form of the function, such as to render the definite integral, 

\\\Vdxdydz (= U), 

a maximum or minimum ; the limits of integration being supposed 
to be so assigned that the definite integral may extend to all 
values of the variables x^ y, z, which satisfy the conditions 

(^, y» -2^) < 0, yp {x, y, z) > 0. 

It appears by reasoning precisely similar to that employed in 
the cases of single and double integrals, that to the fulfilment of 
this condition it is necessary that the complete variation of the 
first order should vanish, or, in other words, that the equation 

i>Z7=0 

should be satisfied. Substituting for DU ita value found in the 
preceding Chapter, and putting, for the sake of brevity, 

dV^ dV^ dKy _ dV^ ^ dVy, 

^ dx ^ dy ^^ dz dx dy 

and 



• The preceding discussion is taken from the Memoir of M. Delaunay, Journal dc 
TEcole Polyt, torn. xvii. pp. 92-97. 
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dx dy dz 

^ d^V^ ^ d^V^ ^ d'V^ ^ d»V^ ^ d^V„ ^ d}V^ 
da^ dj/^ ds? dxdy dxdz dydz* 

the equation 
becomes 



-K 



VSz + eSu + e' ^\ k'dxdy + ^\ahid»dydz = 0. 



( 
( 



This equation is evidently equivalent to 

F8z + eSu + e'^)^-0, (B) 

= 0; 

the first of these equations being supposed to hold for all values 
of a?y y, z^ which satisfy the equation 

the second for all values which satisfy the equation 

^(a?,y, 2)«0; 
and the third for all values satisfying the conditions 

(^»y> ^) < 0, yl^{x,y, z) > 0. 

The method of treating these equations is precisely analogous 
to that of the foregoing Proposition. The equation 

= 0, 

which is evidently a partial differential equation of the fourth or- 
der, gives the general relation between the function u and the 
independent variables a?, y, z, and the remaining equations serve 
to determine the arbitrary functions which enter into its solution. 
In considering the mode of determining these functions, we shall, 

2ir 
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as in Prop. I., confine our attention to the case in which the 

equation 

= 

admits of a solution containing arbitrary functions of the want 
quantities. This supposition will, as before, render the number of 
the arbitrary functions complete^ i. e. equal to the order of the par- 
tial differential equation. 

(1.) Let the form of the limiting function be given. This 
condition will give, as in the case of a double integral, 

82: = 0. 

The first of equations (B) gives, therefore, 

01 = 0, e'i = 0. (C) 

These, with the equation 

«(^,y, ^) = 0, (D) 

will furnish one equation between the arbitrary functions which 
enter into the solution of the equation 

= 0. 

This is proved exactly as in the case of double integrals. Let the 
solution of the differential equation be 

V, v being given functions of Xy y, z. Suppose 

V = ao? + hy ^^ cz, v = dx + b'y + cz, (F) 

Eliminating u, x, y, z between the six equations, (C), (D), (E), 
(F), we have two equations of the form 

/l{t?,V, i>l{VyV)y 02(V,V), (I>3{V,V), i>A{v,v)] =0, 

/2{v,v, 0i(v,r'), 02(V, v'), ^3(v, v), <l>i(VyV)} =0. 

Two others being found in a similar manner from the other limit- 
ing function \py we have altogether four equations for the deter- 
mination of the four arbitrary functions, ^i, 02* 03? i>A' Substi- 
tuting the values of these functions in (E), we have finally a de- 
terminate result of the form 

f(u,x,y,z) = 0. 
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(2.) If the value of w, corresponding to the limiting function 0, 
be also given, the preceding discussion will be modified in a 
manner perfectly analogous to that of Art. 112. The equation 

01=0 

will disappear, and be replaced bj an equation resulting from the 
given value oft*. Similarly, if the limiting value of any one of 
the coefficients, 

du du du 

dx' d^' dz' 

be also given, the equation 

will also disappear, and be replaced by an equation resulting 
from the given value of the differential coefficient 

(3.) Finally, if the form of the limiting fimction ^ be deter- 
mined by the elimination of u between the equation (£) and a 
given determinate equation, 

the variations Su, Sz will be connected by the equations 

dz da dz 

Hence, as in the case of double integrals, the first of equations 
(B) is equivalent to 

e'i»o 

being the same in number as before. It is unnecessary to pursue 
this discussion further, its principles being perfectly analogous to 
the corresponding case of double integrals. Any condition which 
reduces the number of equations iumished by (B) will, as in the 
former case, introduce a sufficient number of new equations to 
make up the deficiency. 
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CHAPTER VIII. 

APPLICATION OF THE CALCULUS OF VARIATIONS TO OEOMBTRY. 

II. — Theory of Surfaces. 

125. The applications of the Calculus of Variations to the 
theory of surfaces are necessarily of a very limited character. 
Excluding, according to the principle stated in p. 138, problems 
in which the quantity represented by the integral under consider 
ration is of physical nature, the number of those which remain 
will be very small ; and even in the case of these problems, the 
imperfection of the means which we possess for the integration of 
partial diiferential equations will generally prevent our arriving 
at satisfactory solutions. But it must be remembered that this ia 
an imperfection in the Integral Calculus, not in the Calculus of 
Variations. The rules of this latter science will in every case in- 
dicate, by an equation or equations, the distinguishing property 
which marks the surface, or class of surfaces, which we seek for. 
The deduction of the equation of the surface in finite terms, as a 
function of the co-ordinates, properly belongs to the Integral 
Calculus. 

Prop. I. 

126. To find the surface which will render JJ/irf5 a maximum 
or minimum, dS being the element of the superficial area, and ^ 
a given function of the co-ordinates x^ y, z. 

Putting for dS its value, 

y/ {I ^ p^ ^- q^) dxdy, 
the given integral becomes 

Here, therefore, 
whence 
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^=V(Wp«.s^|, ^-Tcn^' ""'-TCT^' 

r^=o, r^=o, r^-O; 

we find, therefore, by differentiation. 



dx y/{l 



p fdfi dfA (l + ^)r-pqa 

+p> + f)\dx'^^dz/'*''^ (l+p» + g»)!* 

dVg p /dfi dft\ (l+p^)t-pq» 

The equaUon 



dx dy ' 



{"%*'•%-%)-''■ 



p. 241, becomes, therefore, 

(l+g«)r-2/?g<+(l+p«)< 

(l+p« + 3»)l %V(l+l>» + 9») 

. (A) 

This equation is susceptible of a geometrical interpretation, analo- 
gous to that given to the corresponding equation, p. 140. For, if 
22, i? be the principal radii of curvature of the surface, it is known 
that 

5 "^ if (1+^ + 3^ • 

If then we denote by a, /3, 7 the acuie angles which the normal 
makes with the axes of co-ordinates, the equation just found may 
be put under the form 

^^__.(^cosa^ + cos/3^ + cos7^j. (B) 

From this equation we may readily deduce theorems analogous to 
those which have been already estabUshed in the case of curves. 
Thus if /i be a homogeneous function of the degree m, we shall 
arrive at a theorem similar to that of p. 152. 

Let, as before, a surface be described whose equation is 
fA = const., and let a plane be drawn through the origin conjugate 
(with regard to this surface) to the direction of the line drawn 
from the origin to any point on the surface possessing the pro- 
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perty ef rendering jjfidS a maximum or minimum. Produce the 
normal to this surface till it meet the conjugate plane, and let the 
line so produced be called n. Then, by proceeding exactly as in 
p. 152, we shall find 

Hence, 

Iffi be a homogeneous function of x^ y, 5r, (ke surface which ren- 
ders WfidS a maximum or minimum is such^ thai the sum of the re- 
ciprocals of the radii of curvature is equal to m times the reciprocal 
of the normal (drawn as above described). 

To find the conditions which are to be satisfied at the limits 
of integration, let us suppose that the required surface is bounded 
by two given surfaces whose equations are 

dz=pdx-k-qdyy 
dz^p^dx^qdy. 
Then since (p. 241) 

and '''d^-'^/{l^p'^f) 

dy p-p 
dx q- 4^ 
the equation 

Fo + ao(?-?)=0 

becomes 

,iov/(l+p +!7) + Mo ^(i^^.i^^^2) -^' 

or, clearing of fractions, and neglecting the supposition ^lo = 0, 

1 + pp + 5^^' = ; 
and in the same way we should find 

1 + pp" + qq = 0. 

The required surface, therefore, cuts its bounding surfaces at right 
angles. 
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Example. 

127. To find a surface such that the portion of its superficial 
area, which is included between two given surfaces, may be a 
minimum. 

Here -i ^f^ n ^f^ n ^f^ n 

The general equation becomes, then, in this case, 

giving either 

ii = 00, /? = 00, or R^R'^0. 

The first of these suppositions gives, as the required surface, a 
plane. This, however, is not the general solution, inasmuch as it 
would evidently be impossible to make it fulfil, in all cases, the 
conditions at the limits. We must, therefore, have recourse to 
the other supposition, 

R + R = 0. 

From which we infer that '< The mrface of a minimum area is in 
gefieral such, that its principal radii of curvature at every point of the 
surface are equal and of contrary signs.^^ 



Prop. II. 

128. To find the surface which will render 

iiifidS-^fi'dxdp) 

a maximum or minimum, dS being the element of the surface, 
and fi, fi being given functions of a, y, z. 

In this case 

r=|,i^(l+p« + 3«) + /«', 
whence 



* For a discuasion of this surface, the reader is referred to Monge, Application de 
r Analyse a la Geometrie, p. 184. 
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f;= 



fp 



dVg p /dfi dfii\ (1 + q*)r - pga 



V. 



M 



dVg q /dfi dfi\ (l+f^yi-pqa 

dy " V(l + P» + 3»)W'^^rf2r'* (l+p« + g»)S' 
The equation 

dx dy 
becomes, therefore, 

(1 -f g«)r - ipqa + (1 +jp«)< 

^ 1^ Lj!f^g^,^),l^,0. (A) 

Introducing, as in the foregoing proposition, R^ R, a^ /3, 7, we 

have 

11 1 / c/iti r%dfji da du\ ,^. 

_^_ = __(^cos«^ + cos0^ + cosT,^+^j. (B) 

The terms outside the sign of integration will evidently be 

dv 

M-iipf 

Treating this, as in the former Proposition, under the supposition 
that the surface is limited by two given surfaces, we have at each 
limit of the equation, 

fi{l -¥pp+qq) + /iV(l + p^ + f)--0. 

Hence, if cdqi (Oi be the angles at which the surface cuts its bound- 
ing surfaces, we have 



- Sz ] dx. 
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008 «o = - I-- COS Oof 
fiO 

COS wi = - i-- COS Oi ; 

Ml 



(C) 



00) 01 being the angles made with the plane of xy by the tangent 
planes to the two bounding surfaces. 

Eaample. 

129. To find a surface such that, under a given superficial 
area, it may contain the greatest possible volume. 

It is evident, from the general principle of isoperimetrical 
problems, that the integral whichls here to be made a maximum 
is 

JJ{i?-av'(l+/>' + 3»))Acdy. 

The solution, therefore, may be deduced fix>m the general propo- 
sition by making 

fi = - a, fi^z. 

This will give 

da^ "' dy "' dz "' dz' ^' 
and thus reduce the equations (A) and (B) to 

(l + j*)r-2pg* + (l+p«)< + l(l+p«-h9«)J.O, 

d 

111 m. 

Hence, The mtfcuse which^ under a given superficial area^ can- 
tains a nuunmum volume^ is such that the sum of its curvatures at 
every point is constant. 

130. The equations furnished by the terms outside the sign 
of double integration will, of course, depend upon the particular 
form in which the question is given. If it be required to deter* 
mine a surface such that the portion of it which is bounded by 
the curves in which it intersects a given surface and the plane of 
ay may be given, and that the volume included between the sur- 
face so found, the projecting cylinder of the first curve, and the 

2o 
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plane of xy^ may be ^ maximum, the first equation (C), p. 281, 

will be reduced to 

Z\ cos 01 « a cos (111. (a) 

Thus, for example, if the first bounding curve were situated in a 
plane parallel to ory at the distance 6, we should have 

zi = 6, cos 01 = 1, 
and, therefore, 

coswi = -. (b) 

a 

Hence we infer that the required surface cuts the bounding plane 
at a constant angle. The curve of intersection [is in this case a 
line of curvature. The second equation (C) becomes, under the 
same circumstances, 

COS(i>o = 0. 

The surface, therefore, cuts the plane of xy at right angles. 
If 6 =: a, the equation (b) becomes 

cos (111 = 1, or (111 » 0. 

It is easy to see, therefore, that the surface will touch the bound- 
ing plane in a point, the nature of the problem evidently excluding 
the idea of a curve of contact. If 6 > a, the equation (b) be- 
comes impossible. 

131. As another instance, let us suppose that it were required 
to join, by a surface of given area, two curves of given length, 
situated, the first in the plane of xy^ the second in a plane pa- 
rallel to xy^ so that the included volume may be a maximum.* 

Denoting by 

{\\zdxdy\ 
the value of the integral, 

\\zdxdy, 

taken through the entire space included within the first of the 

foregoing curves, and by 

[JJzctrc^y], 

the value of the same integral taken through the entire space in- 
cluded within the projection of the second, it is plain that the 
volume which is to be made a maximum will be represented by 

- *■ — - - , , 

* This |i«dblcm is taken fh>m M. Delaooay's Memoir, p. 1 1 1. 
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(a) 



(Ijzdakfy) - [jjzcLcdt/] + ZolVi/ia, 

the single integral being extended through the same space as 

Qfzc&rfy]. 

Again, the surface which bounds this volume laterally will be 
represented on the same system of notation by 

(JJ V (1 + p« + 3«)ciprfy) - [JJ V (1 +p' + ?»)da?dy]. 
Finally, the lengths of the limiting cunres will be expressed by 

respectively. Hence, according to the general principle of rela- 
tive maxima and minima, the function which is to be made a 
maximum will be 

JJ(z -a V (1 +i>* + 9*)) <ipdy 

+ f{y^o + -o\/(l+g)}d. + m.|/(l + |L;)rf,, (b) 

the double integral being extended through the whole space 
lying between the first curve and the projection of the second. 
The complete variation of this expression will be 

dy 



KtttttTO))^'''-''^^''''''^^^^^^'!^ 



V(l+P^+ 3*)' 



(c) 






Syo 1 da 



-m, 






dxi^J 



+ Dzojt/odx + 



Zq - »lo 






(-^^T"''- 
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Now since one of tbe limiting curves is situated in the plane of 
xy^ it is plain that 

Dz^ = 8zi + qx Syi = 0. 

The second curve being situated in a plane parallel to atf» the 
increment Dzq is evidently constant through the entire of the 
upper limiting curve. Eliminating, therefore, S^i, &sb 1>7 the 
equations 

&^i + yiSyi = 0, Szo + joSyo = J^^ot 

and equating to zero the coefficients of the remuning variations, 
Sz, St/u Syo) ^^oj we have the equations 

(1 + g> - 2pq8 + (1 +;>«)< + -(1 +p' + }*)i = 0, 

1.2. ^yi Ai 






(d) 



\yvdx -a 



dt/o 



recollecting that any term which appears without any sign of in- 
tegration must vanbh of itself (p. 231). Now since in passing 
from one point to another of either of the limiting curves, z re- 
mains imaltered, we have 

^1 + 5.^^ = 0, po^qo-^^-Q. 

Again, if we represent by pi, po ^l^c radii of curvature of these 
curves respectively, we have 

d^y\ (Pyo 

1 dai^ 1 dxo^ 
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Making these substitutions in the second and third of the pre- 
ceding equations, we have 



^ (1 + pi« + yi«) pi 



+ ^ = 0, 



V(l+l>o' + ?o*) f>0 



-^ = 0; (e) 



or, if we denote by 0i, 0O9 the angles which the tangent planes at 
any two points of the bounding curves respectively make with the 
plane of ory, 



pi cos 6i •= - 



— 9 pocos9o ■* — • 
a a 



Hence we infer that at each point of either of the bounding 
curves the projection of the radius of curvature of that curve 
upon the tangent plane to the surface is constant. 

We shall next consider the signification of the fourth equa- 
tion (d), namely, 

dyo 



Jyotia? -a 



Jo-po 



cbso 



V(l + po'+?o») 



ifo-O, 



(0 



the integrals being supposed to be extended through the whole 
of the upper curve. 

Now we have, in general. 



IKi^i)*^^"- 






dx; 



(g) 



the double integral being extended through the entire space en- 
closed by a given curve, and the single integral being taken 
through the circumference of the boimding curve. Hence if we 
describe a closed curve upon a siirface whose mean curvature is 
constant, and denote the single integral in (g), when extended 
through the entire circumference, by 

dyo 



q^-po 



dfo^dx^ 



V(l+/>o' + ?o*) 



wc shall have 



* For a proof of this theorem, which », as far as I am aware, due to Laplace, see 
Chap. X. 
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"^'-P'dxo 



dyo 



Making this substitution in (f), it becomes identically zero, and 
therefore flimishes no additional condition. 

Now it is evidently necessaiy to the validity of the foregoing 
reasoning that the portion of the surface situated at one side of 
the plane of the limiting curve should be dosedj as the theorem 
expressed in equation (g) would not otherwise be true. It is 
necessary also, that if a line be drawn perpendicular to the plane 
of ^, it should only intersect this part of the surfisM^e once. The 
failure of this condition would also introduce a modification in 
equation (g). If these conditions be fulfilled, the fourth equation 
(f) becomes, as we have seen, identical. 

If these conditions be not fulfilled, this equation will furnish 
a condition for the determination of one of the arbitrary constants 
which enters into the solution of equation (D). Thus, for ex- 
ample, if we take as a particular solution of (D) a siirface of re- 
volution round an axis parallel to the axis of ^, it may be proved 
from this equation that the required surface is sphericaL* 

* Delaimay, p. 116. As the case of a surfoce of reyolation has been oonsidered be- 
fore (p. 161), I do not think it necessary to dwell upon it here. 
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CHAPTER IX. 

APPLICATION OF THE CALCULUS OF VARIATIONS TO MECHANICS. 

132. The applications of the Calculus of Variations to Me- 
chanics are of two kinds. In that science, as in Geometry, we 
meet with problems of maxima and minima, which involve func- 
tions of variable form, and which, therefore, require for their 
solution the aid of the Calculus of Variations. 

But a more important application of our science was made by 
Lagrange, namely, to the deduction of the equations of equili- 
brium or motion of a system whose constitution is known. We 
shall now proceed to give examples of both these classes of prob- 
lems, commencing with the following very general case of the 
celebrated problem of the brachystochrone. 

Prop. I. 

133. Let a material point be constrained to move on a given 
surface, and let it be supposed that the forces which act upon it 
are such as to render the expression 

Xdx + Ydy + Zdz 

a perfect differential ; find the curve along which it should be con- 
strained to move, in order that the time of passing from one point 
to another may be a minimum. 

Let d9 be the element of the path, v the tangential velocity, 
and Tthe time; then it is evident that 

We have, moreover, 

tj» = 2\{Xdx + Ydy + Zdz) = ^(or, y, z). 

This question is therefore a case of the more general problem 
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discussed at the commencement of the preceding Chapter, to which 
it may be reduced by putting 

1 



Hence we have 



V 



dfi ^ \ dv X 
dx f^ ' dx v^^ 

dy" v^'dy" tfi* 

dfi}. dv^Z 
dz" v^'dz f^' 



-g — ^^"a (-^coso + Fcos/3 + Zcosy)'. (A) 



The first of equations (F), p. 180, becomes, therefore. 

From this equation may be deduced the following general pro- 
perties of the curve in question : 

(1.) Let R be the resultant of the forces which act upon the 
material point, and (u the angle which that resultant makes with 
the perpendicular to the plane of the normal section which passes 
through the tangent to the path ; also let be the angle between 
the plane of this normal section and the osculating plane to the 
path ; then we have 

We have also 

XcOSa + Fcos/3 + ^COSy = RcOSijj. 

Making these substitutions in equation (A), it becomes 

sin'O iPcos*a> u* . ,/» t^ 

-^ — , or -jsin'^ = /rcos'oi; 



p« r* ' ^ p' 



» 



or, since the signs of the two sides of the equation are the same,* 



v« 



— sinO = jRcosoi. 
P 



* If the signs were difTerent the pressure on the curve would yanish, and the motioD 
would not be constrained. This supposition applies to another problemi which is solved 
by the same equation. — ^Yid. injra, p. 293. 
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This equation expresses the fact that the resolved part of the cen- 
trifugal force, perpendicular to the plane of the normal section, 
i. e. along the tangent to the perpendicular section of the surface, 
is equal to the resolved part of R in the same direction. Now it 
is evident that the pressure on the curve in any direction is equal 
to the sum of the resolved parts (in that direction) of the resultant 
and the centrifugal force ; if, therefore, the total pressure be re- 
solved into two, one along the normal to the surface, the other in 
the tangent plane, the value of this latter component is 

— sinfl + i2cosai = 2/2cos(i;. 
P 
The total force on the point may be resolved into three, 

namely : — 1. A force along the tangent to the path, which acts 

solely in increasing the velocity. 2. A force along the normal 

to the surface, which acts altogether in producing a pressure on 

the surface. 3. A force perpendicular to these, which may be 

termed the deflecting force, inasmuch as it is that part of the total 

force which tends to deflect the material point from the path in 

which it is constrained to move. 

Adopting this definition, the result arrived at above may be 
stated thus: 

If a material pointy whose motion is restricted to a given surface j 
be constrained to move in a groove of sucli a form, that the time of 
passing from one point to anotlier may be a minimum^ the deflecting 
force, or pressure on the side of the groove, is double what it would 
be if the particle were at rest, t. e. if the tangential component were 
destroyed. 

(2.) If the resultant be in the plane of the normal section, the 
required curve is a geodesic line. For in thb case 

Xcosa + Fcos/3 + ZcoBy a 0; 
hence 

p ^ p\ fl = 0. 

The osculating plane is therefore perpendicular to the surface, &c. 
(3.) If gravity be the only force acting upon the point, and if 
the axis of z be taken perpendicular to the horizon, we find from 
equation (A), since X = 0, F= 0, ^= -^, 

1 1 1 o , 
2 p 



(a) 
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Again, 

^ = 2\{X(Jbi + Ydy + Zdz) = 2^(A-^); 

h being the initial height. Hence 

1 1 cos*7 
J^' p^^ 4(A - zY 

Let P (Fig. 14) be the place of the material point at any in- 
stant, PN d, normal to its path drawn in the tangent plane to the 
surface, and produced to meet the horizontal plane through the 
point of departure of the particle, PZ a perpendicular to this 
plane. We have then 

and, since PN is evidently perpendicular to the plane of the 
normal section, 

NPZ = y. 

Hence 

A-2r = PZ=PiV'.cos7; 

and if this value be substituted in the equation 

1 1 cos'y 

we find 

If the tangent plane to the surface at the point P be horizontal, 

Pi\r=OD, and i- -1=0. 

Hence it appears that whenever the tangent plane is horizontal, 
the osculating plane of the curve of quickest descent at that point 
coincides with that of a geodetic line. 

Again, if be the angle which PN^ makes with the osculating 
plane, we have, by Meunier's theorem, 

p = p sinO; 
hence 

1 1 cos20 1 



or 



p^ p^ p^ APN^' 

p = 2PN.cose. (c) 
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Hence at every point of a line of quickest descent on any surface, 
the radius of curvature is double the projection of the normal 
(drawn as stated above) on the osculating plane. 

Let the given surface be a sphere whose radius is unity, and 
let r be the spherical radius of curvature,* then 

p = sinr, p = 1, -5 - -^5 = cot*r. 

Let HH' (Fig. 15) be the great circle whose plane is horizon- 
tal, and let it be supposed that the body starts &om some point 
in this circle without initial velocity. Let the origin of spherical 
co-ordinates be taken at o, the pole of this circle, and let p be the 
place of the body at any instant, op the radius vector, oq the 
perpendicular on the tangent, and pn the normal. Assiune 

fi-opy v=pn^ w^oq. 

Then it is plain that 

cosy = sinir, PN=ioxkv^ A-z^cos/n. 

Making these substitutions in equation (a), we find 

Q COSjLI 

tanr = 2 -r-^. 
smir 

But 

cosirc^ir ' 

(the negative sign being taken, inasmuch as the curve is convex 
towards the origin) ; hence 

tan fidji = - icoiwdiTy 

or, by integration, 

sin'jT = mcos^. (d) 

From equation (b) we find 

tanr = 2tany (e) 

expressing a property obviously analogous to one of the cycloid. 



* See Graves* ediUon of Chaalet, pp. 98, 96. f ^^y P- 9^* 
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(4.) Let the force acting upon the material point be a single 
central force, varying as the n'* power of the distance. Then if 
we take as origin the centre of force, we have 

X = r«-J Xy Y = r«-» y, Z = r«-i z, 
^ = i\{Xdx + Ydy + Zdz) = — 1^^* 



)' 



Making these substitutions in (A), we have 

1 1 _ f n+ 1 Y [^ cosg + y cos ft + ZCOSy 

or, if we denote by p the perpendicular from the origin upon the 
plane of the normal section, 

1 1 fn+iyp^ 



p2 p"^ \ 2 I r*' 



(0 



Hence also if be the acute angle between the osculating plane 
and the plane of the normal section, 

sinO tanfl n+l p , . 

the upper or lower sign being taken according as the force is re- 
pulsive or attractive. 

(5.) In general if the central force be denoted by R, we shall 
have from (A), 



v2 



— sin0 = + (Xcosa + Ycosft -f Zcos-y) = ± Rcosto, 
P 

where w is the angle between R and the normal to the curve, 
drawn in the tangent plane. Hence 

± i? = ^. (h) 

|ocosw cosect^ 

This formula may be expressed geometrically as follows : 

Draw through the centre of absolute curvature a line perpen- 
dicular to the osculating plane. From the point where this per- 
pendicular cuts the tangent plane as centre, describe a sphere 

• It is here supposed, for the sake of simplicily, that the constant vanishes. The 
reader will find no difficulty in interpreting this restriction. 



CALCULUS OF VARIATIONS TO MECHANICS. 293 

through the point in the curve. Then if c denote the chord of 
this sphere which passes through the centre of force, we shall 
have 

B = .'-^. (i) 

c 

The principle stated in (6) shows that the same expression 
applies to the motion of a particle, unconstrained (except by the 
given surface), and subject to the action of a central force. 

(6.) We have seen (p. 180) that the equation 

111/ dfi ,.dfi d/iV 

-a - ;^ — sl^eosa ^- -f cos/3 ^ -f cosy 5^ j 

contains the solution of two problems, namely: — 1. To find the 

curve which renders jfids a minimum. 2. To find the curve which 

cds 
renders — a minimum. Hence, in the present case, the equation 

-z 71 = -I (Xcosa -I- Fcosfl + ZcosyY 

contains not only the solution of the problem of the brachysto- 
chrone, corresponding to the integral T, p. 287, but also that of 
determining the actual path which the body would describe un- 
der the action of the given forces, and merely constrained to move 
on the given surface. For this latter problem is (in accordance 
with the principle of least action) solved by determining the path 
of the body such as to render 

jvds 

a minimum. The two questions are therefore connected, as in 
p. 180. Hence, 

The actual path of a material particle, restricted to a given eur- 
face, and urged by a system offorcesy which make 

Xdx + Ydy + Zdz 

a perfect differential, and the curve of quickest passage from one 
point to another, are represented by Hie same differential equation, 



=/ U, y, 



P^=/(^»y.^ 
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(7.) If the material particle be wholly unrestricted, the equa- 
tion M = 0, of p. 177, will disappear, and the equations (C) will 

become 

dix cPx dx dfi ^ 

di'^^ds'^'dldJ^ ' 

dfi d^y dydfi , 

dy ^d^'dsd^^^' ^^ 

dfi d^z dz dfi ^ 
dz ^ d^ ds da 

Let a, /3, 7 be the angles made with the axes of co-ordinates 
by any line, /, in the normal plane to the curve. Multiply the 
foregoing equations by cos a, cos/3, cos 7, respectively. Now 

d^x ^d^y d^z 1 

cosa ^ + cos/3 ^ + cosy — = . - cosc, 

01 being the angle between the radius of curvature and the line /. 

Also, 

dx r%dy dz ^ 

cosa -7- + cosp -f- + cosy ;7- = 0. 

Hence we have, in general, 

jj, / dfx ^dfx d^\ 

-C09(o = - cos a -7- + 00313^ + cosv-r- ; 
p \ dx ^ dy ' dz) 

and in the particular case before us, where /i = -, 



t;2 



— cosa> = Xcosa+ ycosfl + ^cosv =/?cosa>', (1) 

u) being the angle between R and /. 

Let be the angle between R and the normal plane, and ij 
the angle between I and the projection of R on tlic normal plane. 
Then 

COSoi' » COS0 cos?;. 

Hence 

— cos (o = R cos tM) - R COS0 cos n ; 
P 

and as the line I is drawn arbitrarily in the normal plane, this 
equation can only be satisfied by making 
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01 ss l|, — = it COS 0. 

p ' 

Hence we infer, 

1/ a mcUerial poifUf acted on by any ay^em of fo^cei which aaiisfy 
the condition 

Xdx + Ydy + Zdz = dU, 

be constrained to move in a path mch that the time of passing from 
one given point to anoHier may be a minimum^ the radius of ab- 
solute curvature will coincide with the projection of the resultant force 
upon the normal planCf and the pressure on the curve unit be double 
what it would be if the point were reduced to rest by the destruction 
of the tangential force. 

For example, let this point be acted on by a single central 
force. Let the origin be taken at the centr6 of force. Then if we 
multiply the first of equations (k) by y, and the second by x^ and 
subtract them, we shall have 



But since 



it is plain that 



dfi _ X djiA ^ Y 
dx v^^ dy »*' 

dx dy 



Equation (m) becomes therefore integrable, giving 

( Jy J A ^ 

^{"^d^'y-d^)^'' 

Similarly, 

/ dx dz\ - 

Eliminating /li, and integrating, we find 

CUP + Ay + cz = 0. 
The curve is therefore plane. Hence we have 

— = JTvCOS^, 
P 
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being the angle between the normal to the curve and the radius 
vector drawn from the centre of force. This equation gives 

JX — 



/OCOS0 semichord of curvature' 

This is the well-known expression for the central force in the 
case of unconstrained motion. The preceding analysis shows that 
this expression applies equally to the case of constrained motion, 
provided that the curve to which the particle is constrained be 
such as to render the time of passing from one point to another a 
minimum. 

If in any of the preceding cases the path of the material par- 
ticle be limited not by two given points, but by two given curves, 
it appears from p. 181 that the required curve will cut its bound- 
ing curves at right angles.* 

134. As an example of the preceding case, suppose the mate- 
rial particle to be acted upon solely by gravity, and to have, at 
the commencement of its motion, a given velocity, and let it be 
required to determine the curve of quickest descent from one 
given curve to another. 

Let h be the height due to the initial velocity, and yo the or- 
dinate of the point from which the motion begins. Then if the 
axis of 1^ be taken vertical, and in the direction of gravity, we 

shall have 

t^=^2g{y-7/o + h). (a) 

Equation (1) becomes, therefore, 

— - — = cosp. 

P 

If then the origin be transferred to a point in the axis of - y (i. e. 

vertically above the origin at first assumed), at a distance equal to 

t/o - A, equation (a) will give 

rad. of cur V. = 2N, 

N being the normal terminated in the new axis of x. This is a 
well-known property of the cycloid whose axis coincides with 



• The suppositions /ii = 0, /io = 0, would give t'l = oc, v^ = x, and are therefore in- 
adniid^ible. 
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the axis of x. The curve of quickest descent is therefore a 
cycloid described upon the horizontal line, from which the par- 
ticle may be supposed to start without initial velocity. 

With regard to the conditions to be observed at the limits, it 
is evident, from the general principle of Art. 133, that the cycloid 
will cut its bounding curves at right angles. 

135. Again, suppose the particle to be attracted to a fixed 
centre by a force varying inversely as the n** power of the dis- 
tance, and to have an initial velocity equal to that which would 
be acquired in falling from infinity. In this case we have 

Xcosa + Fcos/S = i2co8^ r=yr-("**> (^cosa + ycos/S) =/f^***^/?, 

p being the perpendicular from the centre of force upon the tan- 
gent. Making these substitutions in the equation of p. 295, and 
putting for p its value in terms of r and/>, we have 

2rdp + (n - l)pdr = 0. 

Integrating, and adding an arbitrary constant, we find 

Substituting (or p its value in terms of r and a>, and putting 

n+ 1 

we have 

dr 



dia "B o^ 



Hence we find easily 

r* cosmitf « a*, 

the polar equation of the required curve. 

Prop. II. 

136. To find the line of quickest descent for a material par* 
tide moving in a medium resisting as any function of the velo- 
city, and acted on solely by gravity. 

2q 
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The present question is evidently not included in that which 
forms the subject of the foregoing Proposition, inasmuch as any 
system of forces which includes the resistance of a medium will 
not satisfy the criterion, 

Xcb; + Ydt/ + Zdz = dU. 

It will therefore be necessary to consider it separately. 

Assume = «^, and let 9 {=/(©)) be the function which ex- 
presses the resistance of the medium. Then if, as in Chapter IV., 
we take 8 as the independent variable, we shall have the time of 
descent expressed by 

ds 
the functions x, y, 9 being connected by the equations 

(A) 

the axis of y being vertical, and the positive ordinates being 
measured downwards. Hence, according to the principle of the 
method of Lagrange, we have the equation 



\ 



K 



8-i^ + XSX + XiSXi](fo = 0. (B) 

But 

i/u da as ds da 

Substituting these values in (B), integrating by parts the terms 
involving the several quantities, 

dlx dSt/ dSe 
ds ^ ds^ ds * 

and equating to zero the coefficients of the variations &f, 8y, SO, 
wjb have 
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ds da ^ da 



Integrating the first two, we have 

Assume 

^ = (^» + XiO. 

Differentiating this expression, we find 

Hence, and from the third equation (G), we find 

da \dt '^ ^ ) ~ dt' 

or, eliminating 6 by means of the equation Li = 0, 

dkidy dt „ 

^^WTs^d,- ^^^ 

dx dti 
But if the first two equations (0) be multiphed by -r-, -p, re- 
spectively, and added, we shall have 

dki dy _dX 
da da da' 

Substituting this in (E), and integrating, 

« + c = 2A. 

It is easy to show, by reasoning similar to that of Prop. I., 
Chap. rV., that if the length of the curve be not given, the con- 
stant c must be neglected. For the addition of an arbitrary con- 
stant to t would be equivalent to supposing that the original 
integral was 

1(70 ■'•')* 
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Neglecting c, therefore, and eliminating X by means of the equa- 
tion 

we have 

(^ + Xie)T- = 2a; 

or eliminating Xi by means of the equations (D), 

f(H-*e)^ + 2e$^ = 2«. (F) 

\ g }da g da 
Eliminating -7-, -^ between (A) and (F), we find 

This equation determines 6 in terms of «, and if the value so 
found be substituted in the second equation (A), an equation will 
be obtained in y and a, which will be that of the curve required. 

If the resistance of the medium vanish, we have 6 = 0, and 
the equations Li = and (6) become 



K-^^^)---- 



Integrating the first of these, we find 

tf - 2^y = c. 

Eliminating between this and the second, and solving for —^ 
we have 

I - ^ V[h - % - ')• 

the equation of a cycloid, as before. 



calculus of va&iati0v8 to mechanics. 301 

Prop. IU. 

137. Let a flexible cord of variable thickness be attached to 
two fixed points ; find the curve which it ought to form in order 
that the centre of gravity may be lowest. 

The cord being supposed to be inextensiblci it is plain that 
its thickness at any point will be a given function of the arc, 8. 
Let this fimction be denoted by S, Then the distance of the 
centre of gravity from the axis of a? will be represented by 

jj/Sds 

But as the integrals in this expression are taken through the 
whole extent of the curve, it is evident that 

J5cfe = volume of cord « const 

Hence the integral which is to be rendered a minimum is 

jySda, 

Treating this expression according to the method stated in 
Chapter IV., we shall have the two equations. 



2- X--0 

d$ as 
Integrating these equations, and assuming 



(A) 



we shall have 



Hence we find 



as 



2X-V|o» + (* + 'S.)»} 



(B) 
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Substituting this value in the equations (B), and integrating, we 
have 

r cuts 

^ f (b + Si)d8 

^■^"'"J^fa^+Cft + SO^)- 

If « be eliminated between these two equations the result will 
be the equation of the required curve. The solution contains, as 
will be seen, four arbitrary constants: of these, two are deter- 
mined by the given position of the extremities of the cord, one by 
its length, and the fourth by supposing that the arc d, which has 
been taken for the independent variable, is reckoned from one 
extremity of the curve. This constant will evidently disappear 
in the elimination of 8. If the thickness of the curve be constant 
we shall have 

5^:1, Si^a. 

Substituting these values in (C), and performing the integrations, 
we find 



a + c 



44^V{i^(4^)'}]. 



or, eliminating Sj 



x-v c 



■4^'V{('4-T'}} 



the equation of a catenary. 

If the extremities of the cord be not fixed, but merely re- 
stricted to two given curves. 

Mo = 0, Ml = 0, 

the terms free from the sign of integration will give the equations 



).«-^(i)>=«- (£),^- (I), «*.-». 



the variations Sjto, Syo» S^i, ?yi, being connected by the equations 
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duo ^ duo ^ dui ^ dui ^ ^ 

Hence we have 

duQfdy\ du^fda\ ^ duj fdy\ duj /dx\ ^^ 
dxQ\d8/o dyo\d8 Jo ' dx\\d8)\ dyi\d8 )\ ' 

showing that the required curve cuts its bounding curves at right 
angles. 

It is evident, from the principles of Mechaniqis, that the curve 
determined in this Proposition is that which the cord will assume 
when in equilibrium under the influence of the force of gravity 
only. This principle is assumed in the following Proposition. 

Prop. IV. 

138. If in the preceding Proposition the cord be placed upon 
a given surface, determine its position of equilibrium. 

Let the axis of z be vertical, and let the equation of the given 
surface be 

Then it is evident that the method of Lagrange will give, as in 
Prop, v., Chap. IV., the equations . 

X' — - ~ X— = 
dx da' da * 

dz da da 

Multiplying these equations by -r-, -^, — , respectively, and add- 
ing them, we find 

•T- = 5i whence X = 5i + a. 
aa 

Again, if we denote by a, /3» y the angles which the plane of 
the tangent normal section makes with the co-ordinate planes, 
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and proceed as in pp. 179, 180, we shall readily obtain the equa- 
tion 

1^ 2. - -s'<^Q«'y m^ 

This equation defines the required curve. If the extremities of 
the cord be not fixed, it is easy to see that it will cut at right 
angles the curves to which these extremities are restricted. 

Prop. V. 

139. To determine the form of the elastic curve^ i. e. the curve 
of equilibrium of an elastic spring, whose extreme points are 
given, or restricted to two given curves, and which is not acted 
on by any external forces.* 

Adopting the principle of Daniel Bemouilli, we shall define 
the elastic curve to be that in which the integral 

[ds 

taken through the whole extent of the curve, is a minimum. 
This problem is therefore included in the more general one dis- 
cussed in Prop. IV. Chap. IV., which is applied to the present 
case by putting 

1 , 2 

(1.) Let the extreme points be given, and let the line joining 

these points be taken for the axis of a. Equation (E), p. 169, 

4 
becomes (putting - ^ for a) 

1 = !? 

Hence in p. 170 wc have 

Y- ^" Y -yl 



* Eiiler, Meth. Inven., p. 24d. 



X +/ = 



(A) 
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Making these substitutions in equation (F), we have 

This is the equation of the elastic curve if the position of the ex- 
treme tangents be not given. 

If the position of the extreme tangents be given (in the same 
plane), we must recur to the general equation (C), p. 168, 

II p^ = ay -bx -k- c. 

But as this equation may always be reduced by transformation of 
co-ordinates to the form (£), it is evident that the elastic curve 
may in all cases be represented by the equation (A), the position 
of the axes of co-ordinates depending upon the given position of 
the extreme tangents. If a general solution, not requiring any 
particular position of the axes, be required, it is immediately de- 
duced from (A) by a transformation of co-ordinates. It may also 
be easily deduced from the general equation (C) as follows : 

2 

If we substitute for /u' in equation (C) its value - -g, we shall 

have 2 , 

— ^ ay - ox -^ c. 

Substituting for - its value, 

and integrating with regard to y, we find 

2 



^(l+p») 



= ^ay^ - b\xdy -\-cy + c. 



1 fin 

Again, putting for - its value - (1 +/>*)"» -j^, and integrating 



P 
with regard to x, we have 



^ = \bx^ - ajydx -cx + c'^ 



V(l+P*) 

= ^ix' - axy + a\xdy - ex + c". 
. 2b 
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Eliminating jxdy, and arranging, we have 

where 

Hence it appears that the general solution contains five arbitrary 
constants ; of these four are determined by the conditions which 
must be satisfied at the limiting points, and the fifth by the given 
length of the elastic spring. 

If the extreme points be merely limited to two given curves, 
it appears, from the principle of p. 171, that the line joining the 
extreme points is perpendicular to the tangents to the two limit- 
ing curves. 

Finally, let it be supposed that the elastic spring is so adjusted 
as to touch the limiting curve at each extremity. 

The general equations* for the solution of the present case 
are, 

«^K£).-<--*'-'(S).(S),-». 

(C) 

which, with the equations 

are sufficient to determine four of the arbitrary constants, a, b, c, e,/. 

The fifth is determined by the given length of the spring. 

Suppose, for example, that the bounding curves were the 

right lines, 

y = ma; + p, 

y = nx + J. 
These equations will give 

n- (ii- mr"' m.->- 



* The discussion of this case has beeo inadvertently omitted in the text. It will b« 
found in the note on p. 171. 
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Making these substitutions in equations (C), we have 

a + mfi = 0, a + ni = 0, 
or (unless the given lines be parallel) 

a = 0, i-0. 
The general equation (G), p. 168, becomes 

p s const. 
The elastic curve is, therefore, in this case, a circle. 

Prop. VL 

140. Given the volume of a surface of revolution, to deter- 
mine its form so that the attraction upon a point in its axis may 
be a maximum.* 

If the solid be divided by planes perpendicular to the axis, 
the attraction of an indefinitely thin lamina included between two 
of these planes is 



^"""{^-Tihf)}' 



the axis of revolution being taken as axis of x. The attraction 
of the entire solid will, therefore, be 



''f('-7(^)'*'- 



The volume of the solid will be 

Tr\^dx. 



Hence the integral which is to be made an absolute maximum is 

\Vda!, 
where 

a being an indeterminate constant The equation 

jsr_^ + 4c.„o, 

dx 



" Airy'i Mithemitifl Tr^tt, p. 347. 
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of p. 38, is therefore reduced to N^ 0, or 

, /^ ax> + ^<^y = 0. (A) 

The factor y-0 being inadmissible, we have, as the equation of 
the generating curve, 

the constant a being determined from the given volume. 

Prop. VII. 

141. Given the superficial area of an attracting surface, to 
determine its form so that its potential^ with regard to a given 
point, may be a maximum. 

If the given point be taken as origin, and the law of the at- 
traction be represented by ^{r\ the potential of the attracting 
surface will be 

where dS is the element of the surface, and 

0(r) = - \ylt{r)dr. 

Hence, as the superficial area is given, the integral which is to 
be made an absolute maximum is 

JJ{0(r) + a)d5. 

The present question is therefore a case of Prop. I., Chap. VIII., 
in which 

A./^\ ^r. ^^ ^* ^ ^^ ^^y ^f^ ^ ^ 

il = Q\T) + a, -rr~ = —, , -7- = -; , -— = — , 

'^ ^ dx dr r dy dr r dz dr r 

Substituting these values in equation (B), p. 277, and putting for 

-— its value - ^(r), we have 
dv 

1 1 _ ypif) / j?co3a4ycosj3 + gcosy \ . 

R^R'^ 0W + a V ^ / 

or, if P be the perpendicular from the origin upon the tangent 
plane, 
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If the portion of surface with which we are concerned be bounded 
by two given surfaces, it is evident, from the general principle of 
p. 278, that unless 

«(n) + a = 0, (C) 

the surface must cut the first limiting surface at right angles, and 
that unless 

^(n)) + a = 0, (D) 

it must so cut the other limiting surface. The equations (C) and 
(D) evidently denote that the limiting curves of the several sur- 
faces which solve the problem are situated upon spheres whose 
centre is the attracted point, and whose radii are the several roots 
of the equation 

^(r) + a = 0. 

142. Suppose, for example, 

then 

^ ^ n+ 1 
Making these substitutions in (B), we find 

1 1 Pr-i 



R^ R" f**! • 

n + 1 

Equations (C) and (D) would become, on the same supposition, 

ri**i = (n+ l)a = fb**'. 

The two limiting curves would therefore be situated upon the 
same sphere. The general equation (B) would give for each of 
these curves either 

-g + -g; = «>, or P - 0, 
denoting that the curve is either a gifigular curve, or the curve of 
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contact of the circumscribing cone. But it is easy to see that the 
hypotheses, 

/LCl = 0, /Llo = 0, 

would not, in general, give a real maximum. For we have seen 
(p. 271) that it is necessary to the existence of a maximum or 
minimum value that the quantity 

fihould not change its sign within the limits of integration. Now if 

r=/uV(l +;>« + }«), 
we have 

€//)« "(l+;?« + 9«)j' dpdq (l+;>« + 32)l' df (l+p» + 9«)l* 
Hence, 

^^P^^^g^P^^^d?^^ 

(1 + g8)8p» - 2pqSpSq + (1 +p^) 8p* 
^ {l+p^ + f)i 

8p« + Sq^ -f (qSp - pSqy 

The sign of this quantity is evidently the same as that of /n. 
Hence, unless /la be a function which passes through zero without 
changing its sign, the supposition that fi vanishes within the 
limits of integration ought to be inadmissible. We must, there- 
fore, in general, recur to the other supposition, namely, that the 
surface intersects its limiting surfaces at right angles. 

ON THE APPLICATION OF THE CALCULUS OF VARIATIONS TO THE 
DEDUCTION OF EQUATIONS OF EQUILIBRIUM AND MOTION. 

143. Hitherto the applications of the Calculus of Variations, 
to which our attention has been directed, have been in strict ac- 
cordance with the definition of that science as laid down in 
Chapter I. So long as the increments with which we are con- 
cerned arc of a nature purely mathematical, it is plain that the 
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value of a function can be changed in two, and but two, ways, 
namely, cither by a change in one or more of the independent 
variables, or by a change in the form of the function. And if we 
wish to give to the symbol of the Calculus of Variations, S, a dis- 
tinct signification, we must be careful to apply it only to those 
increments which result from a change in form. If, therefore, m 
denote an independent variable, &r, considered as a symbol dis- 
tinct from dx^ is, mathematically speaking, unmeaning. As long 
as we confine ourselves to purely mathematical conceptions, an 
independent variable admits of but one species of increment. But 
the case is materially altered by the introduction of the mechani- 
cal conception of motion. The symbol 8 no longer denotes the 
increment which is produced by a change in form, but the incre- 
ment which is produced by a change in position, by the motion 
of a particle from one point of space to another. In fact the in- 
crement denoted by S is not a variation^ but a displacement; and 
although the science whicli treats of such increments is, generally 
speaking, identical in its rules with the Calculus of Variations, it 
is, nevertheless, in its fundamental conceptions, essentially dis- 
tinct; and no small obscurity has been thrown over the purely 
mathematical science by the introduction of principles which pro- 
perly belong only to the mechanical science. Our first object, 
then, must be to consider how far this fundamental difference of 
conception introduces a difference in the rules which have been 
laid down in the preceding part of this work. One of these dif- 
ferences has been already alluded to. The symbol Sy as applied 
to an independent variable, ceases to be identical with c/, the lat- 
ter having reference to the distance between one molecule and 
another, and the former denoting the displacement of the same 
molecule. Again, in the purely mathematical, or, to sp^ak more 
properly, geometrical science, we have not found it necessary to 
make use of such symbols as 

S.d!r, S.dxdy, i.dxdydz^ &c., 

the quantities with which we have been hitherto concerned not 
being elements^ but aggregates of elements, or, in other words, in- 
tegrals. Thus in investigating the variation of a definite integral, 

such as 

^\Vdxdydz, 
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it is plainly unmeaning to assign a variation to the element dxdydt, 
inasmuch as the value of the expression does not in any way de- 
pend upon tliis element, but solely upon the limits of integration 
and the form of the function to be integrated, V. 

But in the investigation of the equations of oquilibrium or 
motion of a continuous system, the wm'aiitm of the element, that is 
to say, the change in geomelrieal magnitude which it undergoes 
in consequence of the displacement of the molecules which com- 
pose it, cannot bo neglected. We shall lind that this species of 
variation is introduced into mechanical problems in two ways, 
namely: — 1. By the nature of molecular force. 2. By the nature 
of the equations of condition which subsist in a continuous 
system. 

The moment of a force, as defined by Lagrange, is measured 
by the product of the force and the effect which it tends to pro- 
duce. Thus, if /'be the force, ui the quantity which it tends to 
change, and B a symbol denoting the change, the moment of the 
force F will be 

FSw. 
Now certain Ibrces (as, for example, the force of elasticity) 
defined by the change which they tend to produce in an element 
of the continuous system under consideration, and cannot be ade- 
quately defined with respect to a change in any finite portion. 
Thus, although the force of elasticity does tend to alter the mag- 
nitude of a finite portion of the system, it cannot be adequately 
defined with respect to such a change, inasmuch as tlie same effect 
would be produced by other kinds of force wholly different in 
their nature, as, for example, by forces whose operation was li- 
mited to certain regions only of the finite portion. The essential 
difference of the force of elasticity is that it acts in everi/ element 
of the system. It is evident, therefore, that the mathematical ex- 
pression of the moment of a Ibrcc, such as the foi-ce of elasticity, 
must include the variation (as above defined) uf au clement. 

Again, it may so happen that one of the conditions by which 
the system is restricted may not be capable of being expressed 
otherwise than by an equaiion consisting of elements or in6ni- 
losimals. Thus, for example, the incomprcssibiliiy of a fluid cui 
only be represented by an equation of the form 



tne 

JsEl 
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dm e const. 

For it is evident that an equation such as 

M = const., 

M being any finite portion of the fluid, would not denote that the 
fluid was incompressible, but merely that the compression of part 
of ^ was equal to the dilatation of the remainder. Now since the 
application of the method of Lagrange requires the variation of 
the equations of condition, it is plain that if one of these equations 
be of the form stated above, its variation will involve the varia- 
tion of an element. 

If, then, we distinguish by the name of mechanical variation a 
variation produced by displacement, the investigation of the me- 
chanical variation of an element will be an essential preliminary 
to our present purpose. 

Again, in the application of the principles of Lagrange to the 
equilibrium or motion of a continuous system, it is frequently 
necessary to determine the mechanical variation of functions si- 
milar in their nature to those which have been already investi- 
gated mathematically. Thus, for example, if $, i|, ^ be the actual 
displacements of a molecule in a continuous system, and if 

y-J\^^. y, z. j^. dy' dz'dx'"dx'") 

it is frequently necessary to determine the mechanical variation 
of F, i. e. the change which V undergoes in consequence of a 
virtual displacement of the molecule. It will, therefore, be ne- 
cessary to inquire whether and how far this mechanical variation 
is identical with that which has been deduced by purely mathe- 
matical considerations. We shall proceed to consider these ques- 
tions severally. 

Prop. VIII. 

144. To find the mechanical variation of the element 

dxdydz^ 
or, in other words, the change in the volume of an elementary 
parallelepiped of a continuous body, produced by the displace- 
ment of the molecules of which it is composed.* 



* M^ctniqiw Analjrtiqne, pp. 191-4. 

2s 
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Let iT, y^ z be the co-ordinates of a molecule in the body, and 
suppose that after the displacement of the molecule these co- 
ordinates become 

^ + £, y + »l, ^ + ?i 

the complete displacement being thus made up of three partial 
displacements parallel to the axes of x^ y, z respectively. 

It is evidently necessary to the application of mathematics to 
a problem like the present, that we should suppose the displace- 
ments to follow some regular law, connecting by a determinate 
relation the displacement of any given molecule with its original 
position. We assume, therefore, that each of the quantities ^, n, Z 
is a function of the co-ordinates rr, y, z, 

LetABCD (Fig. 16) be one of the faces of the parallelepiped 
dxdydz^ as, for example, the face dxdy. Then it is plain that the 
co-ordinates of the several points are 

-4, 0?, y, z, JB, 0? + etc, y, z, 

C, ^, y + dy, z, D^ a + da, y-¥ dy^ z. 

Now suppose the several molecules to be displaced, and let the 
new position of ABCD be A'BCU, Then the co-ordinates of 
the points ABCD are : 

Of u4', 0? + £, y + I?, e + X,> 



0£ B, x-¥dx+^-\- -j-dxj y + ri-\--rdx, z + Z-\---7-dx. 

cUc da da 

Of C, ^ + ?+^dy, y + dy + n + ^dy, z + ti-^ — dy. 



(A) 



Of /y, X + da-\-^ + --T- da ■¥ --T-dyj y + dy + ri + -p da -^ -P- dy, 

y dZ . dZ y 

z-^Z+-T-da-\--rdy, 
da dy ^ 

Hence we have evidently 

(B) 
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The figure ABCD is therefore a parallelogram. Neglecting 
quantities of the second order, we have 



AB = 1 



.g)^ ^■c.(i.$)*. 



( 



Proceeding in the same way with the remaining faces of the 
parallelepiped dxdydz^ we shall easily see that the figure which it 
assumes is still a parallelepiped whose three edges are 

('-*>'■ 04;)* ('^i)*- 

Neglecting terms of an order higher than the first, the product of 
the three edges will be 

To find the change in the angle at which two edges, AB^ AC^ 
are inclined to each other, we have, denoting the angle between 
AB and AC by y\ 

2AB.AC cosy = AB^ + AC^ -BC*. (D) 

But from expressions (A) we find 

Substituting in (D) the several values of ^B, AC, BC^ and 
neglecting quantities of an order higher than the first, we have 



and in the same way 



, dli dti 

. dn^dZ 

cosa « "j- + •j*- 
dz dtf 

From these expressions it is plain that the angles of the new 
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parallelopiped will differ infinitely little from right angles, a 
therefore, that the volume of the parallelopiped will differ fin 
the expression (C) by a quantity of an higher order than any 
the terms in that expression. Hence it is evident that the vai 
tion of dadydz will be 



(i4*i)^- 



If the displacements be of the species denominated virtual 
is usual to denote them by the symbol S. Employing this nc 
tion we shall have 



S.dxdydz = f 



d&B dSy dSz\ ... 

—r- + -^ + —r- I dxdydz, 
da dy dz ) 



We shall, for the sake of uniformity, confine the use of 
symbol S to displacements of this nature, using ^, i}, (J^ to den 
real displacements. 

Prop. IX. 
145. To find the mechanical variation of F, where 



V=f(x, y, z, 5, .,. L ^, ^, &c, g, &c., 



§ ^- '' 



containing differential coefficients of ?, ij, ^ of any order. 

If we assume, as in p. 314, that the displacements follow so 
regular law, and, therefore, that ^, ?j, ^ are functions of Xy y, z, 
will immediately appear that V can be varied only in one of t 
ways, namely: — 1. By a change in some one of the quantii 
Xy y, z, 2. By a change in the form of some one of the functi< 
£, ?j, Z- The variables /p, y, z are, as is evident from p. 311, 
pable of two species of increment, namely, the increment wh 
|[ relates to the distance between two points or molecules in 

body, and the increment which refers to the displacement of 
individual molecule. The former species being excluded fr 
the present problem by the signification of the term variat} 
which denotes a change referring throughout to the same m< 

Icule, we shall have, by the principles of Chap. I., 
1 
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+ i-8», + &c. + ^8? + &c. 

ai| a( 

Or, as it may be more briefly written, 



denoting by 



dV.^ dV dSK „ 
' dx 



(dV\ (dV\ (dV\ 
\d^ j' \dy )\dz p 



(A) 



the complete differential coefficients of ^considered as a function 
implicit as well as explicit, oi*,y, z. It is evident from this ex- 
pression that the mathematical variation, which is 

dV^j, dV dSK o 

^'di 

will not be identical with the mechanical unless 



(S)H^^*m^-''- 



But in the ordinary use of the sjrmbols a?, y, z, which denote the 
co-ordinates not of any really existing molecules, but of former 
positions of the molecules^ no such symbol as &r can occur. In 
this case, therefore, 8 F is given by (B). 

We shall now proceed to give some examples of the application 
of the method of Lagrange to problems of equilibrium and motion. 
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confining our attention to the case of a corUimuma system, partly 
because k is to this case that the method of Lagrange is most advan- 
tageously applied, and partly because it is only in this case that 
the peculiar rules of the Calculus of Variations, as distinguished 
from any other method of arbitrary increments, become necessary. 
The method to be pursued being, in its nature, very uniform, a 
small number of examples will suffice to illustrate it. 

Pbop. X. 

146. To find the conditions of equilibrium of a flexible sur- 
face, extensible or inextensible, acted on by any system of forces.* 

Let dS be the element of the surface. Then, if this surface be 
inextensible, the principle of virtual velocities gives the equation 

JJ(X8x+ Y8y-¥ZSz)dS = 0; 

and the inextensibility of the surface gives the equation of con- 
dition, 

SdS^O. 

Hence, according to the principle of Lagrange, the equation, 
which is to be treated by the rules of the Calculus of Variations, 
is 

jj{XSx + YSy + ZSz) dS + jj XSdS = 0. (A) 

Assuming 

we have 

dS= Udxdy^ 

and therefore 

8.dS= m.dxdy + iUdxdy. 

Now it is evident from Prop. VIII. that 

also, 

-,, dU^ dU ^ 1/ d^z dS2 

^^=iu^'^d^^y^u\p-d^^^i^ 



* M^€anique Aoalytiqae, p. 148. 
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denoting here by ^z the mcahematical variation of z^ that is to 
say, the increment which it receives in consequence of a change 
of form only. Substituting for Siz its value, 

Sz - pix - qStfy 

integrating by parts, and putting, for the sake of brevity, 

dx dy 

we have 

\\Uiy^jj{iz-'plx'-qly)]\dx+\[Vhs^^{lZ'-plx'qly)]\dy 

^ll^VX^\^-^^^-,Vp)ixdxdy 

(B) 

+ JJ(I7Z- V)lzda:dy^O. 

Equating to zero the coefficients of S^, Sy, &;, under the sign of 
double integration, and reducing, we find 



where 



(dy\ dX dk 
Xda)" dx'^^dz' 

\dy)^ dy ^ dz' 

Multiplying these equations by dx, dy, dzj respectively, and add- 
ing, we have 

-r-dx-k-T'dy + 'T'dz^ Xdx + Ydy + Zdz. (D) 

dx dy ^ dz ^ 
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If the forces which act upon the surface be such as to satisfy the 
condition 

Xda + Ydy ^ Zdz-^ dn, 

we have, from equation (D), 

Substituting this value in the third of equations (C) we have, as 
the equation of the surface, 

(n-f a)p (n + a)g 

U U 

^ + -^ J7Z=0; (E) 

ax dy f \ / 

or if the equation be transformed, as in Prop. I., Chap. VIII., 

P + "d? = - pj (Xcosa + FcosjS + Zcosy). (F) 

Now it appears from Chap. VIII. that this equation also furnishes 
the solution of an ordinary mathematical problem of maxima and 
minima, namely: 

Given the superficial area of a surface, to determine it so that 

Jj Udxdy 

may be a maximum or minimum. 

It is evident, therefore, that the mechanical problem of equi- 
librium is in this case identical with a purely mathematical ques- 
tion of maxima and minima. We shall see afterwards that this 
is a case of a more general theorem. 

We shall now proceed to consider the conditions to be fulfilled 
at the limits of integration. 

Suppose the given flexible surface to be bounded by two 
flexible threads, each capable of motion along a given surface, 
with which it is everywhere in contact, but incapable of motion 
in the substance of the membrane itself. The fulfilment of this 
last condition being evidently implied in the signification of the 
symbol 8, which excludes the idea of change from one point of 
the substance to another, it is unnecessary to consider it further. 

Let the equation of* one of the limiting surfaces be 

dz = pda; + qdt/. 
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We have then, from the signification of 8, 

Sz - pSx + qSy. (G) 

The tenns under the sign of single integration in (B) give, as in 
p. 247, for each limit of integration, 

Substituting for Sz its value derived from (G), eliminating 

dy , ^ 

-J- by the equation 

dy ^ p -p 
dx q - q* 

and equating severally to zero the coefficients of £y, &r, we find 
the single equation, 

1 + pp + qq' « 0. 

The surface of the membrane, therefore, cuts its bounding surface 
at right angles. The same is manifestly true for the second 
bounding surface. 

147. The reduction of the equations derived from the co- 
efficients of S^, 8y to one, is evidently essential to the possibility 
of fulfilling the conditions of the problem. It is not peculiar to 
the present case, and may be proved generally as follows : 

It will readily appear, from the composition of the terms un- 
der the single sign of integration, that the increments &r, Sy are 
introduced into these terms in two ways, namely: — 1. By the 
mechanical variation of the element dxdy, 2. By the substitution 
of 

Sz-pSx-qiy, or (p -p)&P + (j'- j)8y 

for the mathematical variation S>z- The terms introduced by the 
variation oidxdy are evidently of the form 

\Qlxdy + JeSyrfst, (H) 

the coefficients of &r, Sy being the same in both. With regard to 
the terms introduced by S"^, if these terms be represented by 

\Q,^zdx + \Qi{Szdy, 
2 T 
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it is evident that the part which contains Sa, iy will be 

JO|(f>' - p)Sx + (q' - q)Si/]dx+lai{{p'-p)Sx + (q' - ?)8y)rfy. (I) 

Adding the expressions (H) and (I), changing the independent 
variable as before, and equaling to zero the coefficients of &e, Sy, 
we find 

-g| + Q0>'-;»-Ox(1>'-;.)| = 0, 

e + O(3'-<?)-Oi(^-9)2 = 0. 

tiy • J?' — p 

If now we substitute for -~ its value -^^ — — these equations be- 

come identical, and equivalent to the single equation 

e + Q{^ - j) + Qiip-p) = 0. 
If the membrane be flexible and extensible, the condition 

will disappear, and a new force be introduced, whose moment is 

FSdS. 

Hence it is evident that the preceding discussion is adapted to 
the present case by simply changing X into F, The conclusions 
arrived at are therefore the same. 

148. As an example of this proposition, let us suppose the 
membrane to be urged by a force which is at all points perpendicu- 
lar to its surface. This condition will evidently give 

Xda^ + Ydy -h Zdz = 0, 

and therefore X = a. Substituting this value in the third equa- 
tion (C), we find 

d P- d ^ 

dx dy a 

where F is the acting force. Equation (F) becomes, in the same 
case, 

R R a 
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If the force be constant, the surface of equilibrium will have its 
mean curvature constant, a property which, as we have seen in 
p. 281, belongs to the surface which contains a maximum volume 
under a given superficial area. This is evidently the case of a 
flexible surface subjected to the pressure of a homogeneous elastic 
fluid. 

If the acting force were that of gravity solely, we should have 
in(F) 

n -^gzy 
and, therefore, 

1 1 jrcosy 

or, if iVbe the portion of the normal intercepted between the sur- 
face and the plane whose equation is 

z + - = 0, 
9 






R R N 
expressing a property analogous to that of the catenary. 

Prop. XI. 

149. If any continuous body be acted on by a system offerees 
which satisfy the condition 

Xdx^ Ydy + Zdz^dU, 

as also by a force tending to increase or diminish the element of 
the body, the investigation of its equilibrium may be reduced to 
a question of ordinary maxima and minima. 

Let dm be the element of the body. The moment of the force 
which tends to augment dm being 

FUm, 

the equation furnished by the principle of virtual velocities will be 

\{Xix + Yly + Ziz)dm + \Fidm = 0. (A) 
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Substituting for dm its value, which will be of the form 

VdXf Vdadf/j or Vdxdydzy 

according as the given body is a line, a surface, or a solid, in- 
tegrating by parts, and equating to zero the coefficients of &p, 
Sy, &, severally, we find the three equations of equilibrium. We 
shall consider specially the case of a solid body, as being the most 
comprehensive. We have then 

dm = VdadydZj 
where 

^=/(«a?,y,-2^,w,— , &c.), 

u being a quantity depending upon the aggregation of the mole- 
cules, heat, or any other cause which affects the density of the 
body, which is, in this case, represented by V. We have, there- 
fore, 

or, since 



\da; 

dV 
dx 



+ US>u + ^x-j— + &c.}dxdi/dzj 

where U, Fo &c., have the same signification as in Prop. III. 
Chap. VII., and 

fdV\ fdV\ /dV\ 

\dxP\dy}\dz) 

denote the complete differential coefficients of V considered as a 
function, implicit as well as explicit, of or, y, z. Substituting this 
value in (A), integrating by parts, and equating to zero the co- 
efficients of Zx, ?y, Sz, S'w, we have 
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— (f)-m-». 






FU-- 



If the first tliree equations be multiplied by dx^ dy, dz respec- 
tively, and added, we shall have 

:r— (ir+j— ^y+j— ^ = ^^ + Ydy + Zdz = dH ; 
dx dy ^ dz ^ 

oTy by integration, 

F^n + a. 

If this value of jPbe substituted in (A) that equation will become 

J{8nrfm + (n + a)8dm) =0, 
or 

SJnrfm + aSjdm = 0. 

Hence it is evident that the condition of equilibrium is foimd by 
determining, among all forms of the function u which leave the 
mass of the body imaltered, that form which renders 

indm 

a maximum or minimum. The simplification which this intro- 
duces into the general problem, in permitting us to disregard the 
variations of the elements, is too obvious to require further notice* 

Prop. XII. 

150. To find the equations of motion of an elastic body, whose 
several molecules have undergone an indefinitely small displace- 
ment from their original position of equilibrium. 

In applying the method of Lagrange to the present case, we 
commence with two important assumptions, namely : 1. That 
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the sum of the internal moments of the body may be represented 
by the variation (mechanical) of a single function, V. 2. That V 
is a function of the first diiBferential coefficients of the displace- 
ments of the molecules. 

The first of these assumptions is evidently true for a body 
whose molecules attract or repel according to any law of the dis- 
tance between them. But recent experiments show that there are 
bodies whose constitution is not of this nature, and the assumption 
of the general truth of (1) can only be regarded as a hypothesis 
whose degree of probability will depend upon the number of 
experimentally true results which can be deduced from it 

The reason for the second assumption is groxmded upon the 
nature of molecular force, which appears to depend upon relative^ 
not absolute displacements of the molecules. 

We shall now proceed to investigate the equations of motion 
for an elastic body not acted on by any external forces, and with 
a given form of the function V. The method being in its nature 
very uniform, it will be sufficient to exemplify it by a simple case. 
For more ample information upon this important problem the 
reader is referred to Professor Mac Cullagh's memoir on the Un- 
dulatory Theory of Light;* Mr. Green's memoir on the same 
subject;! and especially to Mr. Haughton's two Memoirs, on the 
Equilibrium and Motion of Solid and Fluid Bodies,^ and on the 
Classification of Elastic Media. § 

Let the co-ordinates of any molecule, in its original position, 
be .r, y, z ; and suppose that after the displacement they become 

Then we shall assume that the nature of the body is such that the 
sum of the moments of the forces developed by the displacement 
may be represented by 

IJjS Vd^dydz, 
where 

* Transactions of the Royal Irish Academy, vol xxi. 

f Transactions of the Cambridge Philosophical Society, voL vii. p. 11. 

X Transactions of the Koyal Irish Academy, vol. xxi. 

§ Ibid. vol. xxii. Part i. 
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U being any function of «, y, z. The general equation of motion 
being 




85 + § Sn + ^ rf?) cdxdy^fo = jp Fi/xdycfe, (B) 

our first object in adapting it to the present case must be to de- 
termine the mechanical variation denoted by the symbol SF. 
Now in performing the operation denoted by 8, it must be recol- 
lected that this symbol refers to a virtual displacement of the 
molecules from the actual position in which they are placed by 
the conditions of the problem. We have, therefore, in this ope- 
ration, no concern with any position which these molecules may 
have previously had. Hence it is evident that the symbol S does 
not apply to a;, y, z^ which are the co-ordinates not of any really 
existing molecules, but merely of the positions which these mole- 
cules /lad in their original state of equilibrium. The mechanical 
variation of F therefore coincides with its mathematical variation, 
and results solely from a change in the form of the functions 5» i|> K- 
We have, therefore, 

\rfa? dy dz)\dx dy dz 

Substituting this value in the second member of equation (B), 
integrating by parts, and equating to zero the coefficients of 
8^9 8i|, 8C under the sign of triple integration, we have the three 
equations of motion, 

= — ui— + — 

dx \dx dy 

dz \dx dy dz)' 
or, if we assume 



d»K 



*<fc» 




'dfi 



dx dy dz^ 
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Udu> 
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rf<» 


t dx 
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d«ii 


Udu 


a» df7 


*«" 


« dy 


£ dy 


(PK 


Udw 


wdV 


<ft» 


€ Ck 


c cfe * 



(D) 



An equation, with a single dependent variable, may be deduced 
from these by adding them afler differentiating respectively with 
regard to a:, y, z. Performing this operation, we easily find 



dfi "" 6 Vcir» ■*'dy« '^ dz^ ) 



\eda ^dx/dx \b dy e^ dy ) dy "^ \e dz e^dzjdz 

\£& € dx dy edy dz e dz J ' ^ ^ 

The terms without the sign of triple integration give the equation 

i\U'(^ + ^ + ^\ (8^dydz-\-Sfi'dadz + iZ'dxdy)^0. 

Let a, /3, y be the angles made with the axes by the normal to 
the limiting surface, and let dS be the element of this surface. 
Then it is evident, from p. 216, that the foregoing equation may 
be written 

i\[rf^ + ^' + ^^ (cosaSr + cos/38n' + cbsygC) dS = 0. (F) 

In applying this equation we may have any one of the following 
cases : 

(1.) The external molecules may be absolutely fixed. In this 
case we have at the limiting surface 

85'= 0, 8i,'=0, 8r=0, 

and the equation (F) becomes identical. 

(2.) The external molecules may be restricted to a given sur- 
face, admitting of motion along the surface, and excluding motion 
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perpendicular to the surface. Let the equation of the limiting 
surface be 

Then since this equation is supposed to subsist between the co- 
ordinates of any one of the external molecules, however it may 
be displaced, we have 

and therefore, from p. 327, 

or 

cosaSS + cosj3Sf| + cosyS? = 0. 

The equation (F) is therefore again identically true.* 

(3.) The external molecules may be completely free. In this 
case the limiting equation can only be satisfied by making 



-(^^^■^f)-». 



and therefore 

151. The most important case, however, is that in which there 
are two media in contact with each other, differing in the form of 
the function F. As an example of this case we shall consider the 
following question : 

Let two elastic media ( Fj, V%) be in contact along an indefi- 
nite plane, which we shall take for that oixy. Let the values of 
V for these media be 

^„ jS|, C|, ^8, i?8, Cg, being constants. Suppose now that the 
molecules of the first medium are disturbed by a plane wave re- 
presented by the equations 

* M^caniqne Analytique, tom. i. p. 207. 

2u 



330 APPLICATION OF THE 

gl = Lx COS :r- (Vyt - Z), 
Ai 

1,1 = Ml cos Y- {vxt - z), (H) 

Ai 

^1 = Ni cos Y" (t?i< - z). 

Ai 

Let it be reqiiired to determine the nature of the plane wave 
which is propagated in the second medium. 

The action of the molecular forces being insensible at finite 
distances, it is evident that if we wish to find the motion of a 
molecule situated in the first medium at a finite distance from the 
plane of separation, we must make, in the general equation. 

For a molecule similarly situated in the second medium. 

For molecules situated in, and infinitely near to the plane of 
separation, 

and in investigating the conditions to be observed at the limits of 
integration it is evident that we must make use of this last value. 
It is easy to see, indeed, that as each of the quantities, Fi, F^, 
contains only displacements of its own molecule, the three ques- 
tions alluded to, namely, that of the motion in the first medium, 
that of the motion in the second medium, and that of the transmis- 
sion of the motion from the one medium to the other, will be fully 
solved by making 

F= Fi + F^ 

in the general equation. This equation becomes, therefore, 

= f 8 Vidrdydz + f 8 Vidxdydz. ( I ) 
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But 

^ir A dliidl^ii p drtzdSm . r dZidSZ^ 
dx ax dy dy dz dz 

Substituting these values in (I), integrating by parts, and equating 
to zero the coefficients of 85ii 8»ii> 85i, under the sign of triple 
integration, we find 

the equations of motion in the first medium, and 

the equations of motion in the second medium. 

The terms without the sign of triple integration give the 
equation 

jjAi^iKidydz + liBi^Sfi\dxdz-^\jCi^S!:idxdy 

^ (M) 

-jjA2^SK2dydz-iiB^^Sfi'^dz-iiC^^S!:,4xdy^0, 

the quantities S^i, &c., being accented, to show that they refer to 
the limits, and a negative sign being interposed between the two 
classes of terms, inasmuch as the integrations are performed in 
opposite directions. Let a, /Sy y be the angles which the normal 
to the bounding surface makes with the axes of co-ordinates. 
Then if the preceding equation be transformed as in p. 215, we 
shall have at the limit of integration. 

In the present case, where the bounding surface is the plane of 
.ry, we have 

cosa = 0, cos/3 = 0; 
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and the foregoing equation becomes 

But since the displacement of the same molectile most be the same 
to whichever medium it be referred, we must have 

Hence we have, finally, 

We have, besides, the three equations^ 

K\ = Tsj VI = ii's, ?i - ?«, (O) 

which denote that the vibrating molecules at the bounding surface 
may be considered as belonging to either medium. There are, 
therefore, four conditions expressed by equations (N) and (O), to 
be fulfilled when the oscillation passes from the one medium to the 
other. When the nature of the oscillation in the first medium is 
given, these equations, in conjunction with the equations of pro- 
pagation (L), serve to determine the undulation which is trans- 
mitted into the second. 

In the present case, where the several quantities 

^\i -Si, Ci, A2y Bif Cq, ti, t2i 

are constants, if we assume 

-ai*€i=^i, -bi^Bi = Biy -ri^€i=(7i, 

the equations (K) and (L) will become 

(PKl_ 2^^ ^'^^> 2 ^'^2 

dt^ "''' dz'' de """' "5?* 

Now since the motion in the first medium is, by hypothesis, repre- 
sented by the equations (H), if we substitute in (P) the values of 
5i7 nu ?b derived from these equations, we shall have 

L\ = 0, Ml = 0, vi = i\. 
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To determine the motion in the second medium, we have, in the 
first place, the general solution of (Q), namely, 

g, =/(a? + (ht,yyz) + F{x - a^t, y, z), 
,,2 « ^(y + bit, Xy z) + <^{y - bit, or, z), 
Jj = ijff (« + Cit, x,y) + '¥{z- City X, y). 

In order that these equations should represent plane wave motion, 
they must be reduced to the form 

& =/(iwy + nz + « + a^) + F(my + n'z + « - Oft), 
us B ^ (& + &c.) + ^ (fa? + &c.), 
Z2 = }l,(^px + &c.) + ^ (px + &c.). 

The conditions at the limits are 

resulting from the equivalence of vibrations, and 

derived from the quantities under the sign of double integration. 
The equations 

combined with the equations 

ii = 0, Jfi = 0, 
give generally, as is easily seen, 

Sg = 0, i|j = 0. 

This reduces the general solution to 

The equation 
becomes, therefore, 

iVi cos ^- vi^« i^(iM? + jy + ci^) + ^(p';p ^iV" ^)' (S) 

Ai 

Again, we have from equation (R), by the substitution of the 
values of Cb S'a* 

U ^ ^ . U ^ ^ Idi, d^\ C^/dyf, d^\ 
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Integrating this equation with respect to t, we have 

^(pa + qy - c^O - ^(p^ + ?y + ^0 = ^ J^ cos^v^t-^ O, (T) 

Q being an arbitrary function of ^ and y. 

Solving equations (S) and (T) for ^ and ^, we find 

\ l/«t?i/ Ai 

/ Cl €2\ 2v 

'^{px-\-qy-\-Ci/i)^\ Niil--^-^] cosy-vi^- Jo. 
From these equations it is easy to see that we must have 

and,- therefore, 

1^ (+«*<) = i jv^i fi - ^\ cos f2:„,<. 

\ C/«t?i/ Ai 
,/,(. + C,0 = i iVl fl - ^) cos 1^ 1' (2 + <^). 

\ Cgt?]/ Ai Ci 

The wave motion, which is propagated into the second medium, 
is therefore represented by the equations 

52 = 0, „,= 0, (V) 



Hence 



K 



2 






335 



CHAPTER X. 

IPPUCATION OF THE CALCULUS OF VARIATIONS TO THE INTEGRATION 
OF FUNCTIONS OF ONE OR MORE INDEPENDENT VARIABLES. 

152. The general principle upon which depends the present 
application of the Calculus of Variations may be briefly stated as 
follows : 

A differential expression of any kind is said to be integrahle 
when it admits of being expressed as a function of quantities 
which refer solely to any assumed limits of integration. Xbus, 
for example, the expression 

Vdx 
is integrable if it be possible to satisfy the equation 

without determining the form of the function y^ or assigning any 
particular values to the limits ;ro, ^i* It is evident, from the na- 
ture of the process of integration, that the function F must be of 
the form 

/{'■•'■•(I),- •P).}-/{-'^(l).-(S^U}- 

Now if this equation be admissible it is evident that the variation 
of the given integral will be of the form 

8 f" Vdx ^Axiyi^Bii (^ + &c, + A^y^ + B^ (^ V &c. 

If we compare this with the general expression of Art. 11, 

8 r* Fito = iV^iSyi + (Pi)i8 {^ + &c. + N^y^ + &c. 



j:(^-'^*'^-*^-)v- 
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it will immediately appear that the two expressions cannot be 
identical unless the term 

+ &c. J Zydx 

vanish without any determination of the function y. Hence it is 
evident that the form of F'must be such as to render the equation 

ax 
identically true. 

Conversely, if this equation be identically true, the given 

dijBferential 

Vdx 

will be integrable. For in this case the variation of the integral 
will depend solely upon the variations of the limiting quantities, 

The given integral is therefore a function of these quantities only, 
and consequently the differential 

Vdx 
is integrable. 

This reasoning is extended with equal facility to integrals of 
all orders. For we have seen that the variation of a definite in- 
tegral consists of two classes of terms, namely: 1. A series of 
terms depending upon the variations of the limiting values of the 
indeterminate functions, sc. the primitive function and its differen- 
tial coefficients which are contained in F. 2. A series of terms de- 
pending upon the variation in the general form of the primitive 
function itself, &c. 

Now if the form of Fbe such as to cause these latter terms to 
vanish, it is plain that the value of the given integral will depend 
solely upon the limiting values of the several indeterminate quan- 
tities. The given differential expression is therefore integrable, 
that is to say, its integral admits of being reduced to another of a 
lower degree. Hence we have the following general rule : 
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Let F be a function containing any number (n) of indepen- 
dent variables, au ^8> ^n^ one dependent variable, u, and its 

several differential coefficients with regard to iiri, ;e^, &c. Let it 
be required to determine in what case the integral 

jj J Vdxidx% .... dxn 

is reducible to another of the order n - 1. 

Determine, by the rules of the Calculus of Variations, the 
complete variation of the given integral, and reduce it imtil the 
quantity under the highest sign of integration contain but one 
variation, iu. Then if the form of the fimction Fbe such as to 
cause the coefficient of Su to vanish, the given diffisrential admits 
of being once integrated. 

We have thus seen that the rules of the Calculus of Variations 
give us the means of determining inmiediately the criterion of in- 
tegrabUity of a differential function. 

It is also evident that we shall be enabled, by the same rules, 
to determine in what case an integral such as, for example, 

JJ Vdxdy, 
may be reduced to another, 

\]Vdxdy. 

For if this reduction can be effected, it is plain that the diffe- 
rential 

(7- V)da:dy 
must be integrable. 

We shall now proceed to consider successively the cases of 
single and double integrals. In the former of these the generality 
of the principle here laid down enables us to proceed at once to 
the most extended case, namely, to determine the conditions ne- 
cessary, in order that a given differential function may be capable 
of being integrated any number of times successively. This will 
form the subject of the following Article. 



2x 
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Pbop. I. 
158. Let 






and let it be required to determine the conditions necessary, in 
order that V may be integrable m times successively^ m being 
less than n. 

It is evident firom the pinetples laid down in the preceding 
Article^ that» if Fbe integrable m times successively, the varia- 
tion of 

will, when reduced as ftr as possible, consist entirely of terms 
fiee from the sign of integration. Now 

Consider any term of this series as 

We have, then, neglecting terms free from the sign of integration, 

Hence 

..{<-l,.(f^'8^-*f'^8,^. 

Now if this expression be free from all signs of integration, it is 
evident that the coefficients of Sy under the several signs 

|« J^^i, &c. 
must vanish of themselves. Hence we have the equations 
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or, since Po = -^, 



<&c. &c. &c. 

^ ^ 1.2...n-m + l daf^i " 

If these m equations be satisfied independently of the form of the 
function y, the given differential function will be integrable m 
times successively. 

The same method may be applied to the case in which V con- 
tains any number of dependent variables, y, z, u, &c. Each of 
these variables will introduce m equations similar to (B). Hence 
we infer generally that if V contain m dependent variables, the 
number of equations which must be satisfied in order that it may 
be integrable m times successively will be mm*. If n, n , &c., be 
the orders of the function V in the several dependent variables 
which it contains, i. e. if 

it is evident that m cannot be greater than the least of these 
quantities. If 7n = 1, that is to say, if it be required to find the 
condition to be satisfied in order that Vda may be a perfect diffe- 
rential, all the equations (B) except the first disappear. The 
required criterion is therefore 
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This agrees with the result obtained in the preceding Article. 



Prop. II. 

154. To find the form of the function V duch that ffVdxdif 
may be reduced to a single integral, where 

The method here adopted is precisely analogous to that 
already given for the case of a single integraL It consists in 
forming the expression of the ftmction O, which remains under 
the sign of double integration in the yariation ot j^Vdxdy^ and 
then determining the form of F, so as to cause that function to 
disappear of itself 

Now it is readily shown, as in p. 250, ihat the differential 
coefficients of the first and second orders will disappear from O if 
F be a linear function of j9, q^ and in that case only. Hence we 
must have 

r= op + /3y + y, 

a, /3» y being functions of ^, y, z. It is plain that in forming the 
expression for 

dV, dV, 

"^' df/ ' ^ ' 

we may reject all terms involving differential coefficients, inas- 
much as all such terms will disappear from the final result. 
Forming the expression on this principle, we have 

d.v J dx' \dy ) dy' dz' 



and, consequently, 



Qdy da rf/3 

dz dx dy 



We infer, therefore, finally, that 
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The double integral j 
may be reduced to a single integral^ if 

fipc^ y» ^, Pi q) = pPii^y y> z) + ?^2(«, y, z) - F^ (j?, y, z), 

the functions -Pi, -Pg, -F3 being connected by tJie equation 

dF\ dFj, dF\ _ Q . 

dx dy dz 

155. As an example of this, let 

/u being a function of a:, y, z. We have then 

Fi = ^Xj F2 = /Lcy, F9 = /tiz. 
Whence 

d/^ dtA dF^ da dFz da 

l^'f'^'db:' -^""^^d^^ -dT'^^'di- 

Equation (A) becomes, therefore, 

do: -^dy dz ^ 

The double integral, 

JJ/[i(pa? + 5y - z)dxdy, 

will therefore be reducible to a single integral if /u be a /tomo- 
geneous function of the order - 3. Hence we may infer the fol- 
lowing theorem : 

Let a number of surfaces be described through the same closed 
curve, and let dS be the element of the superficial area of any 
one of these surfaces. Let also P be the perpendicular from the 
origin upon the tangent plane, and Xj y, z the running co-ordi- 
nates. The value of the integral. 



ffs»(?i)^. 



extended to the entire of the surface bounded by the closed curve, 
will be the same for all these surfaces. For since 

PdS = - (px ^ qy - z) dxdy^ 
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it is evident, from the foregoing di8cu88ion» ihal the 'value of tliia 
integral depends only upon die KmUimg values of 4?, y, z, i. e. upon 
the bounding curvey which is, bj hypothesis, the same for all 
these sur&ces.* 

Fbop.III. 

156. To determine the oonditiions requisite in orde^ that 

SVdxdy 
may be reducible to a single integral, where 

r, 9, t being the differential coeffidents of the second order. 

Proceeding, as in the foregoing Propodtion, we shall fiarm the 
value of O, and then determine the form of F, so that this quan- 
tity may vanish of itself. Now we have already seen (pp. 249-258) 

* This theorem may be difibnnfly proved as IbllowB: 

Letr, 0,^betheix>lArco-KHxUiiAtesofapoiiitoiitheiiirfiMe. Thenebioe 

z y 

co«0 = -, tanfs^ 

r X 

and, therefore, 

X y 

^ = '^ ; ^}f — :: — :;<'» » 

y* + *» «» + y« 

we find, by the ordinary rule, 

sin BdBdp ^ ^*^^'* dxdy. 

Hence it is easy to see that the given integral may be put uider the form 

or, patting for x and y their values, 

an expression which, as it only contains the independent variables, is evidently redudbk 
to a single integral. All methods of this nature are inferior in generality to th ^t giyen 
in the text, by which we arrive at a rule for determining the integrability of any given 

function of ar, y, z, /), 9. 
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that the coefficients of the third and fourth orders will disappear 
from Q when (and only when) V is of the form 

A(rt-8^)'¥Br-^2C8 + Dt'¥E, (A) 

where A, B, Cy D, E are, in general, functions of />, q, x, y, z. 
This will give 

V i^ ^^^ ^^ o ^C' dD dE .^^ 

r,.(r.-^_ + ._^2.^^._^_, (B) 

^ ^ dq dq dq dq dq* 

V^^At+B, 7^ = -24« + 2C, PV = ^r + /). 

In forming the values of 

dV^ dVy d»V> d^V^ cPFya 
dx' dy' da^ ' dxdy' dt^ ' 

it is plain that we may reject all coefficients of an order higher 
than the second, inasmuch as we have before seen that all such 
terms will disappear from the final result. 

Differentiating upon this principle, we have 

dV^_ fdA dA dA dA\ dB dB dB dB 
dx \dx ^ dz dp dq ) dx ^ dz dp dq^ 

rfFq,^ JdA dA dA dA\^dC dC dC dC 
dy \dy ^ dz dp dq ) dy ^ dz dp "dq 

Hence 

dF> .dV^y^dB_^ dB^dC^ dCdE 
dx ^ dy ' dx ^ dz dy ^ dz dp 

/dA dA dC^dD\_ fdA dA dB dC\ 
\dx ^ dz dq dp J \dy ^ dz dq dp J 

Similarly, 

dV^ idV^y^dD_^ dD_^dC dC dE 
dy ^ dx ^'^ dy ^ dz dx ^ dz dq 

(dA dA dCdB\^ fdA dA dD dC\ 
'^^[dy'^^ dz'^ dp dq) \dx'^^ dz dp '^ dq )* 
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Hence 



~e(rt-iF) + Lr + 2M$ + m+n; (C) 

where 

A a^ <P-<< tPA €PJl tPA 
dz dxdp dydq ^ dzdp ^ dzdq 

d?C dPB ^p 
dpdq d^ ^P* 

_ d^A - <PA ^d^A 

+ 2— — -^ ^_ ^E. (n\ 

dz dxdp dydq *^ dzdp ^ dzdq 



+ 2(—+ ^V — 
\dydp ^ dzdp) dp^ 

(d?A d^A d^A d^A\ 
[d^^Pd^^^d^^f^d^J 



M^- 



dC ^B d»B £D d»D cPE 
dz dxdq " dxdq dydp ^ dzdp dpdq 

dx* '^ dxdz ^ <i2* 

dD ££^ £^ ^_ d'D 

dz dydq dxdp " dzdq ^ dzdp 

+ 2 ( ^^ + ^^ - — . 
\dxdq dzdq) dq* 

„ d»B ^ d*B ^d^B 
^'l^'-^Pd^'-P'-d? 

d^D „ tPD ,d»D 
^l^^^^d^^^W^ 

+ 2(—+ — + — + ^ 
\da;dt/ ^ dxdz dydz dz* ) 

/d*E d*E d^E <P.g \ dE 
\dxdp dydq 'dzdp ^ dzdq) dz 



/ 
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If, therefore, the given function V be integrable, it must satisfy 
the equations 

9=0, Z. = 0, Jf=0, iV^=0, n = 0. (E) 

These equations, therefore, furnish the criterion of integrahilUy of 
the given differential function 

Vdxdy, 

We shall now consider some particular cases of the general 
problem, which will be found to lead to interesting results con- 
nected with the theory of surfaces. 

(1.) Let 

V^Airt-^). 

Here we have 

J5 = 0, C = 0, /) = 0, ^ = 0, 

and, therefore, 

n = 0. 

The equations (£) are, therefore, reduced to 

dz dxdp dydq ^ dzdp ^ dzdq 

d^^^^d^-'^'d^'^^ 

(PA d^A d^A (fi^ 

dxdy ^ dydz ^ dxdz ^^ dz^ " ' 

d'A ^ d^A .(PA ^ 
d^^^^Pd^^P 1^-^' 

Integrating the last three of these equations, which is easily 
effected by assuming 



(F) 



^dA dA ^dA dA 

^ dx P dz^ ~ flfy ^ dz^ 
we find 

u^it^iz-pa-qy.p.q), v = xf, {z - pa - qy, p, q), 

A^Xi^{z -px - qy,p, q) + y\P(z -px - qy,p, q) 

■^Xiz-px-qy.p.q). (G) 

2y 
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Substituting this value in the first of equations (F), and putting, 
for the sake of brevity, 

z - px - qy =^ iM)i 
we have 

dp dq \ dz ^ dz dz ) \ dw dw dwj 

Integrating with regard to w, we have 

d^ dt^ 

Substituting this value in (F) we have, putting - -r— , - -j— , 

for 0, i/», and omitting, as is plainly allowable, F{p^ q)^ 

d^ d^ 

If P be the perpendicular from the centre upon the tangent plane 
at any point of a surface it is known that 

P« 



The foregoing value of A may therefore be written 

^ dp •" d^ ^^> 

This is the most general value of J, which renders 

A (rt - 5^) dxdy 

integrable, i. e. such that the value of the integral 

\lA{rt-'s'')dj;dy 

is dependent solely upon the nature of the limiting curve and 
the values which z and either of its differential coefficients have 
at the corresponding points of the surface. Hence we have the 
following theorem : 

J/a number of surfaces be described, touching along the same 
closed curvcy the value of the integral 

JI ^dpdq (K) 

extended through that part of any one of the surfaces which is 
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bounded by the curve of contact, mil be the same for all the eutfaces 
80 described. 

This theorem is evident, if we recollect that 

dj>dq = (r^ - 8^)dxdy, 

For it is plain, from the foregoing discussion, that the variation 
of the definite integral will contain only the variations of the 
limiting values of ^, z, and p or q (p. 232). Since, then, the sur- 
faces have a common curve of contact, this variation will disappear 
altogether. The value of the integral therefore remains constant 
in passing from one of these surfaces to another. The same con- 
clusion holds if the surface be entirely closed, i. e. the value of 
the integral (K) will in this case be the same for all c2o«edf surfaces. 
For in this case the variations of the limits will vanish of them- 
selves.* 

Hence also. 

If the tangent plane^ at any point of a surface, have a closed 
curve of contact, the value of the integral (K), extended to the entire 
of that part of the surface which is bounded by that curve, will be 
zero. 

For by the preceding theorem the value is the same for the 

surface as for the tangent plane. 

(2.) Let 

V^Br + 2Cs-^Dt, 

where B, C, D are functions of jt> and g. 
Here we have 

^ = 0, B=f(p,q), C=F(p,q), D^i^{p,q). 

* This will, perhaps, appear most readily if we suppoae the definite integral to be 
transformed, by taking as co-ordinates the radius vector and the angles which determine 
its position, the origin being placed within the surface. It will then assume the form 

Now the equations of the limiting curves are, in general, of the form 

0=/iW. 0=/o(0); 

and the single integrals which occur in the variation of 

are supposed to be extended through the entire perimeter of each of these curves respec- 
tively. But in the case of a closed surface, these curves become points, and the single 
integrals consequently vanish. 



348 APPLICATION OF THE 

Hence it is easy to see that the equations 

become identical, and that the equation 

9 = 
becomes 

dj* dpdq dp* 
It may be readily shown that this equation is satisfied by making 

Hence, recollecting that 

J: 1 (1 + ^)r - 2pq8 + (1 +/?*)< 

ve infer that 

If a number ofsuffaces be described as in (1), the value of the 
definite integral^ 



11(5 ^ i) 



dxdy, 



extended to the entire of that part of any one of the mrfacee which 
is bounded by the curve of contact, will be the same for all these 
surfaces.* 



* This theorem, which has been before referred to, is more easOj proved by a par- 
ticular method. For, if we assimie 



^ = ,/^. . _o . _o\» V = 



we shall easily see that 



L + L^J^l.M 

R R \dx dyf 



KU*sH-J('l-')-lvT 



Hence ^ " dy 

dx. 



S-^ 



+ P' + 9») 



It would not be difficult to multiply examples of the present application of tlie Cal- 
culus of Variations, but the length to which the present work has already extended forbids 
me from entering fiu-ther into the subject. I shall, therefore, conclude this Chapter with 
the consideration of two questions, which seem to be of some importance. 
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Prop. IV. 

157. To find whether it be possible to represent the super- 
ficial area of a surface by any formula such as 

where F is a quantity referring solely to the limits of integration, 
and Py 0, are the perpendicular from the origin upon the tan- 
gent plane, and the polar angles which determine its position.* 

The method to be pursued in all such investigations as the 
present is as follows : 

Let 

iJVdadt/ 

be an integral by which it is known that the required quantity 
may be represented, and let 

r + jindOdij^ 

be the expression by which it is proposed to be represented, n 

being an indeterminate function of 0, 0, and some third quantity, 

which in the present case is taken to be the perpendicular on the 

tangent plane. Transform the double integral in the proposed 

expression (by changing the independent variables) into another 

of the form 

ardxdt/. 

We have then 

JiVdxdy = r + IJVdxdy, 

and, consequently, 

Ji{V- V)da:dt/^l\ 

If, therefore, it be possible to determine P (or IT) such that 

(F- V')dxdf/ 



* It is known that in a plane curve the length of any portion may be represented by 
an expression of the form 

where P is the perpendicular on the tangent, and u the angle it makes with any fixed 
line ; T being a quantity which refers solely to the limits. The object of the present pro- 
position is to determine whether there be an analogous formula for the quadrature of any 
portion of the surface. 
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may satisfy the criterion of integrability, the problem is possible; 
if otherwise, it is impossible. 

In the present case, where the independent variables in the 
proposed expression are the angles which determine the position 
of the perpendicular upon the tangent plane, it is known that 

Hence it is evident that if the expression 

be transformed into one of the form 

Vdxdy, 
we shall have 

F = (r^ - ^)f(z --pa! - qi/,p, q) ; 
also, 

If, therefore, the proposed representation be possible, the ex- 
pression 

{ v(i +p^ + q^) - (^ - «^)/(^ -px - q!/ypj q)] dxdy 

must be integrable. We have, then, in the equations of Prop. III. 
A^-f{z-px-qy,p,q\ 5 = 0, (7 = 0, Z) = 0, 

Substituting these values in the equations 

i = 0, J/=0, N=0, 
it is easily seen that they become 

dp^ * djydq ' dq^ 

which are manifestly impossible, inasmuch as -E is a given func- 
tion. It is, therefore, impossible to express the area of a surface 
by any such formula as (A). 

The present example shows the utility of the Calculus of 
Variations in examining into the question of the possihiliti/ of 



CALCULUS OF VARIATIONS TO INTEGRATION. 351 

effecting any proposed reduction of one multiple integral to ano- 
ther differing from it in form.* 

Prop. V. 

158. Let i?, if be the principal radii of curvature of a closed 
surface, P the perpendicular on the tangent plane, and dto the 
element of the spherical surface described by a portion of this 
perpendicular whose length is equal to unity. Then 

\\{R 4- R)dio = 2\\Pdw, (A) 

the integrals being extended through the entire of the closed 
surface. 

It is easy to show that 

dio = sinfldfld0 = (1 ^^^ ^). ^^y ; 

also, 

p z-px-qy 

If now we assume 

JJFrfj;rfy = JJ(2P -{R + R)] d«, 

and substitute the foregoing values of R, R, P, du, we shall have 
V^2 ;-P1-% irt-<i»)^ ^^^ ^^ V/T "f ^ ^^' ' (B) 
Comparing this with the general form (A), p. 343, we find 



* I have investigated the general foim which the fanction V should have, in order 
that the area of any portion of a sur&oe may be capable of being represented by a for- 
mula soch as 

T-^SSVdOdf, 

but the result is altogether di£fbrent from F(P, 0, ^}. The reader will find it considered 
in the note upon the present Article. It does not appear to me to be possible to estab- 
Bsh, in the present question, any analogy between the case of the surftoe and that of the 
cnrye. 
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{z-px-qy) D 1 + g* 
(l+«» + o»)«' l + p» + o»' 

(C) 

Now since B,C,D toe Independent of x, y, z, and sinoe, more- 
over, A satiafies the equations 

dA dA - dA dA f. ,_.. 

it is plwi that the values (C) will render the quantities L^ if, N^ 
n, identically zero. It remains, therefore,to examine the result of 
these substitutions in 9. 
We have, from p. 344, 

dz dxdp dydq ^ dzdp ^ dzdq 

^d^C d^B tPD 
dpdq d^ dp* 

Differentiating equations (D) with respect to p and q respectively, 
and adding them, we find 

2—^— — — —^0 
dz dxdp dydq ^ dzdp ^ dzdq 

This reduces the value of 9 to 

^ dA ^d^C d^B dPD 
9 =-?- + 2 



dz dpdq d^ dp^ 

dA 
dz 



Now 



dp \dq dp J dq \dp dq / 



dC -/> 2pf 



Hence 



dq l+jt>3 + j8 (l+jt>« + j«)2' 

dD 2pf 

dp "(l+pi + fy' 

dC dD ^ -p 

dq dp " l4-j9* + 5^' 
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and, therefore, 

d fdC dD\ 1 2jt>« 

dp\dq dp) l+p» + 3«"^ (l+p> + ?»)»' 

Similarly, 

d_(dC^dE\ __ 1 2(f 

dq\dp dqj^ 1 +/>« + 9» "^ (l + p« + ?*)«' 

Hence 



±(dC_dD\ d_/ 
dp \dq dp J dq\ 



dC dB\^_ 2 dA 



dp\dq dp) dq\dp dq ) (1+J>* + ?^)' dz 

We have, therefore, 

9 = 0. 

Since, then, the integrals are supposed to be extended through 
the entire of the closed surface, it is plain that the complete va- 
riation of 

WVdxdy, or Jj(2P-(i? + /r))rfa>, 

will be identically zero. This integral will, therefore, have the 
same value for all closed surfaces. If) therefore, we can find its 
value for any onu surface, we shall, by this theorem, find its ge- 
neral value. Let the surface be a sphere described round the 
origin as centre. We have then 

i? + if = 21? = 2P, 

and, consequently, 

JJ{2P-(i?+i2'))rfa> = 0. 

Hence, in general, 

\\(^R + R)dw ^ 2\\Pdu), 

If dS be the element of the surface, and if in the left-hand mem- 
ber of equation (A) we put for d(o its value 

dS 
RUT 

we shall have the theorem 




1 4) d5 = 2SPJ.. 



2 z 
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Other theorems of the same kind might be obtained in a 
similar way; but as the object of the present Chapter is rather 
to state a general method, than to examine particidar problems^ 
ihe foregoing illustrations will probably be considered snfEicient 



NOTES. 



NoTB A, Page 4. 

Thib may be readily shown as follows : 

(1.) F^yft = F{it + Vr) = i?^Yr + i^ e 2FVr, 

F^yft = JP(2Vr + V^) =» F2yft + JP^r = 3F^; 

and, in general, 

Fi> = iFyft, 
% being an integer. 



(2.) Let 






• 

1 « 


m 

» 


Then since 














F. 


nyr 


= flFYr, 


if we put nyr for ^r, 


we 


have 










F. 


n 


i^y.; 


and, therefore. 











n n n » 

The theorem is, therefore, true for all rational yalues of t^ and may 
easily be extended to irrational yalues by the method of exhaustions. 



Note B, Page 27. 

The term ** second variation," as generally used, is ambiguous. 
1. It may signify the variation of the variation. 2. It may denote the 
quadratic part of the series which is obtained by the substitution of 
y + ^ (or y + I'yr) for y. If this series be 

-4 + 5I+ (7i» + &c 

the term CV is sometimes denominated the second variation. These 
significations will become identical if 

^y = 0. (a) 



356 HOTBS« 

Now in the applications of the Calcolas of Variatioiis to the inTea- 
tigation of maxima and minima* we are only concerned with the latter 
signification. I have, therefore, introdnced the condition (a), in order 
to obviate any confusion which might arise from the doable meaning. 

I cannot but think that M. Delaunay has been misled by this am- 
biguity, when, in the theory of maxima and minima, he employs the 
second variation in the first of the foregoing significations.* For in 
this signification of the term the second variation has not (as it seems 
to me) any connexion with the theory of maxima and minima. 



Note C, Page 32. 

The reader must not suppose that indeterminaW functions admit of 
no maxima or minima' except those which are discoverable by this rale. 
For, on referring to the reasoning employed in the Differentia Cal- 
culus (which is, in this point, identical with that which is used in ibe 
present case), it will at once appear that this reasoning is based upon 
the assumed possibility of taking the increment so small that any 
term of the series may exceed the sum of all those which follow it. 
This is true only if the coeffijoients of ail these terms be finite. If any 
of these coefficients be infinite, the condition is np^ longer necessarily 
possible. In fact in this case the development fails altogether. But 
we cannot conclude from thence that the function does not admit of a 
maximum or minimum. Thus in the curve ABA\ Fig. 17, the ordi- 
nate ^F is a maximum, although the value of the differential co- 
efficient, 

dy 

dx 

is finite. This maximtim is not therefore given by the ordinary rule, 
which fails for the above-mentioned reason, namely, that the second 
differential coefficient becomes infinite. 

Similarly, in the theory of maxima and minima, as given by the 
Calculus of Variations, if the second variation (as defined in (2), 
Note B), become infinite, the reasoning upon which the rule depends 
will fail, and the given indeterminate function may admit of a maxi- 
mum or minimum which does not satisfy the condition 

D\Vdx = 0. 
Vid. note upon p. 1 63. 

* Lioaville, Journal de Math., torn. vi. p. 225. This enx>r (if it be an error) does not 
aflfect M. Delaunay's conclusion. 
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Note D, Page 72. 

It is evident, from the general discussion contained in Props. II., 
IIL, and lY ., that, if either the conditions of the problem or the func- 
tion which is to be made a maximum or minimum contain the limiting 
values of coefficients of an order higher than n- 1, the Calculus of 
Variations does not appear to furnish a solution. It may naturally be 
asked, then, whether such problems admit of anif solution ? The 
answer to this is easy, if we recollect that, in the general discussion al- 
luded to, mixed functions are tacitly excluded. It is assumed through- 
out that the function preserves the same form for all values of a;, from 
a:^ to Xi inclusive. The question discussed is not, therefore, whether, 
under the conditions of the problem, a given integral admit of any 
maximum or minimum value, but whether such a value can be given 
to it consistently with the supposition that the form of the function y 
remains unchanged. Problems of the class above alluded to do not ad- 
mit of such a solution. But if mixed functions be admitted, the possi- 
bility of the solution will be restored. 

This reasoning will, perhaps, be rendered more dear by a geome- 
trical illustration. Let 



A-'-th 



and let it be proposed to describe between two given points, ^4, £, a 
curve such that the differential coefficients, 

dx' dx^' ' ' ' dxr' 

may have, at each of these points, given values, and that the definite 

integral, 

SVdx, 

may be a maximum or minimum. 

The solution of this problem is given by a mixed curve, consisting 
of (1) a finite portion satisfying the equation 

dPi 

and passing through the points A, B. (2.) An infinitesimal portion at 
each extremity, satisfying the other conditions of the problem. 

Thus, for example, if it were required to determine a curve of mi- 
nimum length passing through two given points, and touching two 
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given lines, the solution would be a mixed cuire, connstiDg of a finite 
right line connecting the giyen points, and terminated by two infinir 
tesimal elements touching the given lines. 



NoTB £, Page 82. 

This theorem may readily be proved by the separation of the sym- 
bols of operation and quantity.- 

If we denote by A the symbol of differentiation as applied to K 
only, and by A' the same symbol as applied to u only, it is easily seen 
that the expression 

may be written 

{(A + A^"* A'^ ± (A + AO"* A'^jZu, 
or 

(A + AO^ A'*' {(A + AO"^ ± A'^^jik 

Now it is readily proved that either of the expressions 

(A + A^ + A'**, 
(A + AO***"* - A''**^ 

may be represented by a series of the form 

A»» + Aa^* (A + A') A' +5A«*-* (A + A')« A« + &c. + ^ (A + A')- A'«, (b) 

where A^ B^ and E are functions of n. For if we assume 

X=:(A + AOA', 

we shall have 

-A±t/(A* + 4Z) A±V(A'+4Z) 
A'« ^ , A+A'= ^ . 

Hence 

(A+ AO** + A'*' = ;^ [( \/(A» + 4Z) + A)«» + ( v^(A» + 4Z)- A)»*] 

It 

If this expression be arranged according to the powers of X, and if we 
then replace X by its value (A + A') A^, we shall evidently have a series 
of the form (b). The same method vrill obviously apply to the ex- 
pression 

(A + A')**** - A'*^^ 
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Substituting the yalue so found in 

(A + aO"^a"^((a + aO*^± A'"^). 
we have 

A** (A + A')"^A'"^ + iiA*^»(A + aO"^*'-^"^** + &C. 

where 

n s ^(lu - m') or = ^(m - m' - 1), 

according as m - m^ is even or odd. 

Hence we haye, finaUj, 

d-iT— - d-^iT— - 

^^± ^^= (A*-(A + AO"'A'-^+&c|irw 

dx^ dor' Idx^* daf^^' 

cbf^ dac^*^ 



+ :r3n + &c., 



putting 



daf^ daf^* 






Note F, Page 84. 

The following theorem is easily proved by the method of separation 
of symbols : 

^drQ drPQ mdr-^P'Q m.m''\dr^P"Q ^ 
dar dar I dxr^ 1.2 doT-^ 

+ (-l)-Pt-^Q; (a) 

putting, for the sake of brevity, 

dP (PP _ d^P 

Pf - -_ Pff - P("») 8 

dx' da?"' dor' 

If now we multiply the equation 

, . du jn A d^ 

by uly and subtract it from the value of U^ we shall have (putting for 
y its value, tU) 
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6/ s u , + u ■ ' + &C. 

ax da? 

Or, as it may be more briefly expressed, 






(c) 



m having all values from 1 to n. We shall now proceed to show that 
each term in the sum 2 may be represented by a series of the form 

-»-— » + + &C. 

dx da? 

Applying the theorem (a), and putting 

we have 

^i* d^tr 1 c^"*-^ 

4- — — (See. 

^ 1.2 c^a?"-^ 

We have also 

77) 771 ~* 1 
1 • ^ 

If this value of {utYh% substituted in (d), the general term of the re- 
sulting series may be represented by 



M 



daf 
where it is easily seen that 

771.W- I . . .» + 1 m.77l- 1 . .. (7+ 1 

~ 1.2.3. ..m-/? * 1.2.3.. .m-^' 

the upper or lower sign being taken according as m - /) is even or odd. 
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Now if p be not equal to 9, it is plain, from the form of this expression, 
that there must be another term, 

±^ ^ • 

the upper or lower sign being taken according aap- qis even or odd. 
Hence if we assume 

it will at once appear that, with the exception of the terms in which 
p = q (which have already the required form), all the terms of the 
series (c) may be arranged in groups of the form 



(■ 






But we have before seen (Note £) that a group of this form may 
always be expressed by the series 

eft df^^t 

dafl dxf^^ 

We have, therefore, 

^ ^dt ^ ^ dH . r, ^ 

2tt , ' ==Ct+ — T + — -7-3 — + &c. + j-r— ^^ 

dxT dx da? daf* 

Now it is evident that the coefficient of < in 

2.t< ^^^^ — -- 

oar* 

will be 

ct*u 

Hence 

d^u 

dor 

Substituting thb value in (e), and putting bi, b^y &c. for C„ C2, &c, 
we have 

3a 
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^ dor dor 






dx dx^ daf* 

and therefore, finally, 

,--, , eft cb^ ^ "^ daf 

This demonstration is taken, with some modifications, from M. De- 
launay's Memoir. 

Note G, Page 127. 

M. Delaunaj, in reasoning upon this problem, concludes that if the 

order of the equation 

Z = 

be higher than that of the function F, the conditions 

x. = o. x. = o, (g)=o. (1)^ = 0. &c. 

are necessary.* 

But his reasoning upon this point does not appear to me conclusive. 
A careful examination will, I think, show the reader that, admitting 
the truth of the infinitesimal conditions given by M. Delaunay, these 
conditions may be satisfied by the equations 

(Ml = 0, (A.)o = 0, &c., 

as well as by the equations 

^1 = 0, \) = 0, &c 

I have given in Chapter IV. some examples which appear to be 
altogether inconsistent with the truth of M. Delaunay's result. Thus, 
in treating the problem of the shortest line by the method of Lagrange, 
the function V is of the order 0, and the equation 

L = 

of the order 1. Yet the conditions 

Xi = 0, Xo = 0, 

are altogether inadmissible. 

• Journal de I'Ecole Polytcchnique, torn. xvii. p. 85. 
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Note H, Page 136. 

The remark in the text is to be understood as applying only to the 
method of treating the equation 

The two cases differ essentially in the mode of applying the theory of 
Jacobi to the investigation of the conditions which relate to the second 
variation. This part of the subject has been considered by M. Delau- 
nay. But, in that part of his memoir which regards relative maxima 
and minima, the reasoning does not appear to me quite satisfactory, 
and the conclusion is far less perfect than in the case of absolute maxima 
and minima. 

I have already pointed out (Note B) a misconception which he 
appears to me to have formed as to the meaning of the term ^* second 
variation." There is, however, no difficulty in modifying the reasoning 
so as to remove this error, and that without affecting the results ar- 
rived at. It is the imperfection of the results themselves which has 
induced me to omit this part of the theory. The reader who is curious 
on the subject may consult M. Delaunay's Memoir, which has been 
already frequently referred to. 



Note I, Page 152. 

This theorem, as well as the corresponding theorems of pp. 184 and 
278, apply properly to integral functions only. There is no difficulty, 
however, in extending them to the case of fractional functions. Thus if 

where /i' is an integral function of the degree m', and /i^' an integral 
function of the degree m'', we should have 

_ (^eosa - ^ cos^ -j = -(^cosa - -f cos^ -j 



/* 



1 / J/' ^dfi''\ 



Uence if the construction given in the text be made separately for the 
two curves, 
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and if the corresponding portions of the normal be denoted bj 

PIP, PN'\ 

we shall find hj proceeding as in the text, 

1 mf tn!' 

" ^ " PW " TW'' 

A similar extension is readily obtained for the theorems of pp. 184 
and 278. 



Note E, Page 163. 

An elegant construction has been given for this curve by M. De- 
launay, viz.: 

If an ellipse or hyperbola^ whose transverse axis is a, be supposed to 
roU upon the axis ofx, its focus will generate the required curve. 

Let the polar equation of the rolling curve, the generating point 
being the pole, be 

r =/(»), (•) 

and let the equation of the curve generated be 

y = 0(x), or dy = pdx. (b) 

Then it is easy to prove the following equations, 

dr r^dw ^ ^ 



rdtv ^' ^ {dr" + f'^da/') 

These formulae enable us to pass from the rolling curve to the curve 
generated, or vice versa. For if the rolling curve be given, the equation 
of the curve generated will be found by eliminating r and to between 
the equations (a) and (c). If the equation of the generated curve be 
given, that of the rolling curve will be found by eliminating x and y 
between the equations (b) and (c). By this method we are sometimes 
furnished with a means of constructing a curve given by the differential 
equation 

Thus, in the present case, where the equation of the generated curve is 

ay = {f-\-c)y/{l +;;-)» 

if we put for y and p their values given by equations (c), we shall have 
for the diifercntial equation of the rolling curve, 

div = — — -. 

r y/ (ar - /'^ - c) 
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lutegratiDg this equation, we find 

the equation of a focal conic section. Comparing this with the ordinary 
equation 

1 1 - ecosft^ 

we find 



^=K '-A'-Tj- 



Hence the proposition is evident. If c = 0, the conic section will 
become a finite right line, and the generated curve a circle, as in p. 164. 

There is a remarkable peculiarity connected with this problem, 
which has been already alluded to in the note upon p. 32, namely, that 
the equation furnished by the Calculus of Variations does not include 
all the cases which may arise. For we have seen, in p. 164, that if the 
curve intersect the axis of revolution, we must have c = 0, and that in 
this case the curve will become a circle. The same thing will appear 
from the foregoing construction. For it is plain that a curve, generated 
by the focus of a conic section which rolls upon a right line, can never 
(unless the conic section become a right line) intersect the axis of revo- 
lution. Now, suppose the original problem to have been given as fol- 
lows: 

To construct upon a given base AB, Fig^ 18, a curve such that the 
superficial area of the surface generated by its revolution round AB 
may be given, and that its solid contents may be a maximum. 

This problem evidently admits of a solution. But this solution is 
not given by the sphere, inasmuch as its superficial area is a determi- 
nate function of AB, and cannot therefore be made equal to any other 
given quantity. The solution of this problem is, therefore, not con- 
tained in the equation 

1 1 2 

- + - = -. 
P n a 

It is easy to see that in this case the development of the new form of 
F, according to powers of i, fails. For the second variation is, in 
general, 

KiPV d'V d^V \ 
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But since 

we have 

d^V ^ d'V ap cPV ay 



dy^ • dydp VO+J^)' df (1 +p')S' 
If for (1 + 2?^^ we put its value derived from the equation 

ay^{f^c)y/{\^p% 
we shall find 

dp* ay 

Now if c do not vanish, the supposition ^ == renders this quantity in- 
fiaite. The method therefore fails altogether. 



Note L, Page 171. 

There is another case, which has been omitted in the text, that, 
namely, in which the maximum or minimum curve is required to touch 
the limiting curve at each extremity. 

None of the variations, 

vanishing in this case, it is easy to see that the terms outside the sign 
of integration will give the equations 



, o fd^^ dhx d-y dcy\ 



(a) 



Lot the equations of the limiting curves be 

y=f\{^\ y^Mx), (b) 

Then since the required curve touches both these curves, we have 

■<lj\ _ (4f\\ (df\ dy ^ (^\ r,b-\ 

AJ," \(L>-J,\<l^J^' rf^'o \drJo\dJ,; ^'"' 

And since equations (b) and (c) are supposed to liold however the curve 
be varied, wc shall have from equations (b), 
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and from equations (c), 



we have also 



fdS!,\ _ /d/o\ fdSx\ f(Pf„\ (dx\ . 

a (?), * (D, (?), - «• 



(«) 



Solving equations (e) and (f) for 



(0 



we find 



(d^\ fdiyS fdSx\ fdSy\ 
\ds):\ds):\ds)o'\W)j 



(dx\ (^\ (d\f,\ 
fdix\ _ _ KdaJAdsJAdx^Ji . _ _ fdff\ (d^\ fd>f{\ 

Vd»A "" \dx A UA 

Eliminating, by means of the equations (d) and (g), the several 
variations 

from the equations (a), we find 

«-(i),-'-'(m(S),-'^ 

"-(f).-'v(^Ua-«' 
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or, on account of equation (b), p. 168, 

"Kf).-<----->@).(S).-«- 



(h) 



To interpret these equations let AB^ Fig. 19) be a line whose equation 

is 

a^ - hx -\- c = 0. 

Let Pi be the point 2:1^1, PiN^ the normal to the limiting curve, ri its 
radius of curvature at the point P^ and FiPi a perpendicular on the 
line AB, We have then, since the curves touch at Pi, 

V(a'+6')co8jyr.P.;,. = «(|)+&(|). 
V(a« + h*)P^pi = a^i - fer, + c. 






Making these substitutions in the first of equations (h), we have 

ri = - PiPi sec i\riP,;)i = - Pi iVi, 
and, similarly, 

To = - PoPo secNoPoPo = - Po^o. 



Note M, Page 195. 

Although the equations (C) are not integrable generally, the fol- 
lowing remarkable property of the curve in question may be deduced 
from them : 

Let two planes be drawn making angles with the co-ordinate planes 
whose cosines are 

a b c 

^/{p^r^f")' v(/'+/*+/'*)' y/^p^r^f^y ^'^^ 

respectively. Let (Fig. 20) be the origin, PP any arc of the curve, 
and ;>//, TTTT^ its projections upon the planes (1) and (2) respectively. 
The sector Opj>' is proportional to the difference between the perpen- 
diculars Pt, P'tt'. 
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The truth of this theorem will at once appear from equation (6), 
p. 199, which may be written 

e{ydx - xdy) + h{xdz - zdx) + a(2dy - ydz) ^f*dx ^-fdy -k-fdz. 

For i£ we denote the element of Opj/ by dAj it is evident that 
, , _ J e(i/dx - xdy) + b(xdz - zdx) + a{zdy - ydz) \ 

Also, 

^ P^ /'^ + fdy +fdz 

Making these substitutions in equation (G), we have 

V(a» + ^ + &)dA = -i/C/^ +/^ +f^)d.PT. 
Integrating, and putting 

we have 

A = Orp' = K(Pir - P'lr'). 

If the planes (1) (2) be at right angles, it is easily seen that the pro- 
jection of the curve on (1) will be a right line, and, therefore, that the 
curve will be plane. This agrees with the conclusion stated in p. 198. 
The curve may also be represented by two differential equations of 
the first order. For if we take the plane (1) for the plane of yz, it is 
easily seen that equation (G), p. 199f niay be written 

ydz - zdy = Idx + mdy + n&, 
or 

(jf - n)dz - {z-k- m)dy = Idx; 

or by transforming the co-ordinates y, z, and taking, as before, s for the 
independent variable, 

dz dy ,dx 

Differentiating this, we have 

d^z cPy , d^x 
^ d^ d^ d^ 

We have also the identical condition 

dxd^x dyd^y dzd^z 
ds'd?^ d8 d^^dsd?^ 
3b 
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£liininating, by means of tbese equations, 

from the equation 

fd^Y fd^y /d'zy 1 
US') "^ W j "^ W) " m^' 

and reducing, we have 

dy dz 
d^x 1 ^dl^^da 



ds* my/ip^f^z') 
Integrating, and adding an arbitrary constant, we have 

_ = -{C+V(^ + / + z')). (b) 

The curve is therefore represented by the system of equations (a) 
and (b). 

Note N, Page 242. 

The discussion given in the text is, of course, incomplete. In order 
to prove generally that the solution given by the Calculus of Variations 
is perfectly definite, it would be necessary to show that a function of 
two independent variables is completely determined by a partial diffe- 
rential equation, combined with a number of particular conditions 
equal to the order of the equation, and referring only to particular 
systems of values of the independent variables. Of this important pro- 
position I have not succeeded in obtaining a complete demonstration, 
independent of the nature of the particular conditions. The following 
proof, however, although applicable only to a particular class of condi- 
tions, may be considered of some importance : 

Let 

L = 

be a partial differential equation of the n'* order. Suppose also that 
the values of z and of one of its differential cocfiicients of each order, 
as far as the order n - 1 inclusive, corresponding to a given system of 
values of x and y, be also given. The general- value of r, in terms of x 
and y, will in this case be perfectly determinate. 

Let the given system of values of x and y be represented by the 
equation 

/(^» y) = 0. (a) 
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Let also the particular conditions be 

Now since these equations are true for all values of x and y which sa- 
tisfy the equation (a), it is plain that we must have from the equation 

dz dzdy _ dX 
dx dy dx dx^ 

d*z ^dy d^z dy^ d*z^ dhfdz ^ fPX 
doc^ dxdxdy da^ dy^ dixfdy da^^ 

the values of ~ -7^, &c., being derived from (a). If these differcn- 
( I X axi 

tiations be continued up to the n^ order inclusive, it is evident that the 

equation z=^Xy combined with its several differentials, will give it + 1 

relations among the quantities which enter into JD. Similarly we shall 

have from the equation 

dz 

dx"^' 

n relations ai^ong these quantities. 

Treating in the same way the equations 

we have among the several differential coefficients : 

From the equation X = 1 equation. 

dr^z 
— — j- = X^i ... 2 equations. 



z = X n+ 1. 



The total number of equations which subsist among these quantities is, 

therefore, 

(n 4- 1) (n + 2) 

r72 

This is evidently also the number of the quantities themselves. Hence 
we infer that if the values of z and one differential coefficient of each or- 
der, as far as n - 1 inclusive, corresponding to the system 
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be given, the values of all the differential coefficients, as far as the or- 
der n inclusive, corresponding to the same system, will be given also. 
Again, since the equation 

is supposed to hold for all values of x and y, it is plain that we must 
have 

— = — = 
dx ^ dy ' 

The introduction of differential coefficients of the order n + 1 will there- 
fore furnish us with two new equations derived from L, And as each 
of the n equations (b) admits of one more differentiation, it is plain 
that we shall obtain from them n new equations. We shall thus have 
in all n + 2 new equations. This is precisely the number of the new 
quantities introduced, namely, the n + 2 differential coefficients of the 
order n + 1. These coefficients are therefore determined. And the 
same reasoning may evidently be extended to differential coefficients of 
all orders. Hence we infer generally as follows: 

Ifzhe a Junction ofx and y which satisfies the partial differential equa^ 
tion {of the n*^ order) 

and if moreover^ the values of z and of one differential coefficient of each 
order ^ as far as n-\ inclusive^ corresponding to a given system of values 
ofx and y, be given, the values of all the differential coefficients of all orders 
corresponding to the same system will be also given. 

The function z is therefore perfectly determinate. Hence it is plain 
that the n conditions (b) are necessary and sufficient to determine the 
arbitrary quantities which enter into the solution of the equation 

Z = 0. 

As these conditions are independent of each other, it appears natural to 
conclude that the determinate character of the problem results solely 
from tlieir nuniber. It would be desirable, however, to have a more 
general discussion of the question. 



Note O, Page 252. 

This reasoning may be extended to the general case, in which V 
contains differential coefTicients of any order. The method of investi- 
gation is precisely similar to that which has been given in the text, 
and the result may be generally stated as follows: 
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If F be a function of a;, y, z, and of the differentials of this latter 
quantity, as far as the n*^ order inclusively, the equation 

Q = 

will, in general, be a partial differential equation of the 2n^ order. 
But this equation will be reduced to one of the order 2n - 2, by the 
disappearance of the two highest order of terms, when (and only when) 
F is a function of 

of a degr&t not higher than the second, and in which the coefficients of 
the terms of the second degree are connected by this condition, that the 
sum of the coefficients of all such terms as 

drz drz 



( drz y 

\cbrK dy) ' 



daf-\df' daf"' 



in which the indices of dx and dy respectively are equal, shall be equal 
to zero. Thus, for example, if il be the coefficient of 



•z y 



\dx^. 

since there are three other terms equivalent to this in the sense just 
defined, namely, 

d^z d*z d'^z d^'z d'^z d^z 

dopKdip * dar"^ . dy' daf^.df ' dar\ df' daf^.dy" ' daf^.df' 

i£B, C, D be the coefficients of these terms respectively, the above- 
mentioned condition requires that 



Note P, Page 286. 

The reader will observe that one important case has been omitted, 
that, namely, in which it is required to determine, among all closed 
surfaces of equal superficial area, that one whose solid content is a 
maximum. This is known to be a sphere. But this solution has not 
yet been obtained from the equations furnished by the Calculus of 
Variations. The terms which refer to the limits of integration will in 
this case disappear altogether (vid. p. 347)f and the only equation fur- 
nished by the Calculus of Variations will be 

1 2__i 
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It would seem, therefore, that the sphere ought to be the oidy closed 
surface included in this equation. But this has never been proved.* 



Note Q, Page 361. 

It may be worth while to investigate generally the form which V 
should have in order that the area of any portion of a surface may be 
capable of being represented by 

This is readily effected by the method given in the text For if we 
assume 

it will be evident, from the general principle laid down in pp. 349-^0, 
that the expression 

must satisfy the criterion of integrability. We have then, in the gene- 
ral formulse of p. 344, 

5 = 0, C=0, D = 0, £: = - v'(J+l>' + ^)- 
The equation 

n = o 

becomes therefore identical ; and the equations 

Z = 0, JLr=0, iV^-0, 
give 

<^A (1?A_ •^__ 1 +(/' 

W"" ^d'l/d^'^^'dF" {1+ p' + q^)^ 

d*A d'A d'A d'A pg 

d^ "^ ^ d^ "^ ^ dxdz "" ^^U~~ (TT^rr^' 

d'A d^A ^d^A _ 1 + p^ 

~d^'^ ^ d^ ""^ 'dJ"~ (1 +i)- + ^OJ* 

These equations, which arc easily integrated by the method of p. 345, 
give 

■^yylr{z- px - qy, p, 7) + x(^ - ;>^ - (?/A />, !?)• (a) 



* Delaun.iy, p. 111. 
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It remains, then, to consider the equation 

e = 0; 

or, as it may be written, 

dA d fdA dA\ d fdA dA\ ^ 

Now equation (a) gives 

^ + «?[£ = - l±i^iL±M^ + rt 
dx^^ dz (!+;>« + ,/)} ^^' 



dy^^ dz (l+p* + ^)} ^^• 



Hence 



dp\dx^ dz) (l+;?*+9*)i ^ {l+f^q^^ dp' 

^ T— ^a—\ = - ^y.y -^ ^^ . o^ y-^(p^ + 9 y)Q , <j± 

dq\dy ^^ dzj (l+;^ + ^»)}'^^^ (l+i>* + (?*)r d^' 
Adding these expressions, we find 



also, 



d_ (dA dA\ d_ fdA dA\ d^ dy/^ 
dp\dx '^ ^ dz) '^ dq\dfj '^ ^ dz J ~ dp '^ d^' 

dA dA , ^^^. d(t) dir dx 
-T- = :r- (p. 346) = a:-i: + y-2l+-^. 
dz dw ^^ ' dti) " dw du) 



Substituting these values in equation (b), and integrating with regard 
to w, we have 

a?0 + yV^ + X = - ^- l^"^ - -^ JV^*^ + ^(P^ 9)- 

Omitting F(p, q\ which may evidently be considered to be included 
in or '^, and assuming, as before, 

* = - 10(7(1', ♦ = - jylrdw^ 



we have 



^ (l+i)» + ^)J dp dq' 



and, therefore. 
If we put 



<I> = 0, ♦-O, 
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we shaU have the area of any portion of the surface represented by 

Hence we may deduce the following theorem : 

If a tangent plane be drawn at any point of a closed surface, and if 
we denote by T the distance between the point of contact and the point 
in which it cuts the line from which is measured, the total superficial 
area will be given by the expression 

The truth of this is obvious, if we recollect that 

T» = «• + y* + (j)x + qi/y. 

For it is plain, from the foregoing investigation, that the value of the 

integral 

JiidS + ^T'd.o) 

is the same for all closed surfaces. Let the surface be a sphere whose 
equation is 

«* + ^ + ^' = 1. 

Preserving the usual significations of and 0, we have 

T=t&u0, 
and, therefore, 

{jT^dw = 'tan'^ sin OdOd</> = 2v\ tSLn'O sin OdO 

^ f'/sin(? . \ , 
= 2^ — 77i-smO]dO = -S7r, 
Jo \cos-0 ) 

Hence, in the case of a sphere, we have 

and therefore, in general, 

S^-\[\T'd^. 

It may be interesting to verify this theorem for the case of a sur- 
face of revolution. 

Let AB (Fig. 21) be the axis of revolution, APE the generating 
curve, and PE a tangent at any point. Suppose the angle ^ to be 
reckoned from the line AB, then if Pj\r be the normal, and Py the 
ordinate, to the curve, we shall have 

PNA = (?, T=PE = - PYsecO. 
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Let the equation of the curve be 

dy=pdx', 
then 

Now since T is evidently independent of 0, we have 
Substituting for and T their values, we have 
or (integrating by parts) 

If the limiting points be A^ B^ it is plain that the term free from the 
sign of integration vanishes, and consequently that 

But the second member of this equation manifestly represents the su- 
perficial area of the surface generated by the revolution of APB, 
Hence the proposition is evident. 



THE END. 
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